Appendix S1: Steady state and stability analysis of parasite-grass-forb model

The two-step model outlined in the main text (equations 1 and the subsequent
normalisation to ensure total frequency equals 1) can be written as single-step
discrete-time system of equations.

P, = P (Wep P + Wos G, + W F)/N(R,G,,F),
Gy = G, (WepP, + Wee G, +We F)/N(R,G,, F,), (A1)
I:t+1 = Ft (WFPR +WFGGt +WFF Ft)/N(Pt"Gt’ Ft)’

where the function in equation (A1) is defined as

N(R’Gt'Ft):R(WPPR+WPGGI+WPFFt) (A2)
+G, (WGPR + W G, + Wee Ft)+ F (WFPR + WG, + Wi Ft)

To find the steady states we simultaneously solve the system of equations (A1) with
the conditionthat B,, =P =P,G,,, =G, =G and F,, = F, = F . We can determine

the stability of each steady state by evaluating the eigenvalues, A, of the Jacobian of
(A1) and asteady stateis stableif | |<1.

There are three equilibria where only one species exists (P, G, F) =(1,0,0), (0,1,0) and
(0,0,1) . Below we show the results for one equilibrium (the others are analogous due
to the symmetry: i.e. theresultsfor (P,G, F) =(0,1,0) can be determined by
interchanging the subscripts P and G).
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There are three equilibria where two species coexist (again we show the results for
one equilibrium but the others can be determined by interchanging the appropriate
subscripts).

(P,G,F) :( Wee ~Woe Wep ~— Wep OJ (A3)
Wog T Wop =W ~Wep Wpg + Wep =W ~ Wep

with associated eigenval ues

1 =04 _ Weg (Wep = Wep ) + Wop (Wog = W) J _ Wee (Wop = Wp) + Wep (Wpg — Weg)
1 1712 ’

3
WepWeg ~ Wep Wi WepWee ~ Wep Wi

It can be shown that whenever the equilibrium in (A3) has positive values then
0< 4,4, <1 and 0< A,. Stability of the equilibrium therefore requiresthat A, <1

whichistrueif the following two conditions hold:



(Wep = Wep ) (Wog = W) + (Weg = W )(Wep = Wpp) <O

(WFP - WPP)(WPG - WGG) + (WFG - WPG)(WGP - WPP) <0

The three species coexistence equilibrium is

(P.G,F)=(P,G',F"), (A4)
this expression can be determined algebraically and it can be shown that the
equilibrium has positive values when all one species and two species equilibriaare
unstable. To determine the stability of equilibrium (A4) we consider the following
system two difference equations (which is analogous to equations (A1) and uses the
condition F, =1-P, -G,):

R.=RNP(R,G)/N(R.G),

Gua =G NG(R,G/N(R,G,) #9)
where the functions in equation (A5) are defined as

NP(R,G,) = Wep R + Wes G, +Wee 1-R = G)),

NG(R,G,) = Wep R + WG, +Wee 1-R —G), (A6)

NF(R,G) =W R + W G +Wee 1-R = G),
N(Pt’Gt) = R NP(R’Gt) +Gt NG(R’Gt) +(1_ R _Gt)t NF(R’Gt)-

Stability of (P",G",F") in (A5) can then be determined by ensuring that the Jacobian,
J, of equations (A5) at the coexistence equilibrium satisfies the Jury conditions which
state that 2> 1+ det(J) >|trace(J)|. Algebraic conditions that ensure that the Jury

conditions are satisfied can be determined (but are complicated). These conditions are
used to produce figures 2 and 3 in the main text. For the special case where

Wog =Wep =W =8, Wgp = Wpr =W =b and W, =W, =W =C it canbe
shown that (P",G",F") isstable provided ab > c¢® and unstable (with oscillatory
dynamics) otherwise.



