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We explore the use of a product spin transformation
Tl = 0109

where 01 5 are adjacent spins at both ends of abond, in
solving the standard nearest-neighbour 1d Ising model
and plaquette Ising models (1, 2, 3) in 2d and 3d.

The exact solutions facilitated by this tfransformation
highlight the role of boundary conditions in inducing

correlations in the case of periodic boundaries and their
potential impact on finite-size scaling (4).

1d Ising, free BCs

e Free boundary conditions, partition function
L—1
Z1d, free = Z exp | O Z 0i0i+1

{o} i=1

e Evaluate using the variable fransformation

{o1,09,...00} = {71, 72,...TL}

where in this case
Tl = 0109, Tp = 0903, ..., T[,—_1 = 0[,_10],

e Setfing 77 = o7 tThe mapping {¢} — {7} is one-to-one.
e This allows us o write 7 in factorized form as

L—1
Z1d, free = Z EXp (6 Z Tz’)

{r} i=1

e May then frivially be evaluated to give

Z1d, free = 2 H Z exp (1) = 2Ch<5))L_1

1=1 7,=

1d Ising, periodic BCs

e Periodic BCs — the constraint

L L
HT,,; = HO‘ZZ =1
1=1 1=1

must be imposed on the r-variables.
e This can be implemented in the partition function as

L
Z1d, periodic = Z €Xp (6 Z 7j

{7} i=1
e Giving

Zld, periodic

- . i
1D, evBm)+]] D miew(m)

=1 1=*1 1=171,==1

— 2k |ch(B)" + sh(8)"]

— oL (gt [1 +th(5ﬂ

This is the well known result for periodic BCs, usually ob-
tfained via a fransfer matrix calculation.

e The constraint arising from PBCs induces an additional

th(B)"

2d Plaquette, free+-various BCs

o L, x L, laftice, free boundaries in the y-direction
e Define 7, y = 04 yoy y+1, With the condition 7, 1, =0, 1,
e Free boundaries in z-direction also

llr——l l;y__l
Zfree, free — ZGXP b >J >J Ox,y9r,y+10x+1,y%x+1,y+1

(o} r=1 y=1

—1L,~1
— Zexp (5 S‘ S‘ ijyTx_H,y)

{7} r=1 y=1

— 2Lx(Z1d, Isimg)Ly_1
e Using the free boundary 1d solution
Zfree, free = oleky oy (ﬂ)@x_l)(l’y_l)

¢ Periodic boundary conditions in z-direction

L,—1
Zivce, periodic = 25 ch (B)F 5D (14 th (8)F)

L,~1

_ Ly —1
— oluly oy (5)[’%(% 1) Z ( yh )th(ﬁ)Lxh

h=0

e Free and periodic BCs equivalent in thermodynamic
limit, but finite-size corrections differ (as with 1d ising)

2d Plaquette, periodic-+-periodic BCs

e fransformation 7,y = 0440 4+1 IMPOSEs the L, con-
straints | [ 7., =1

e Partition function is now

La: Ly
Z = Z EXp (ﬁ Z Z Ux,yax,y+10x+1,y0x+1,y+1)

(o} r=1y=1

L, Ly L, Ly
— ols Z exp (5 Z Z T%yTxH,y) H ) (H Ty 1)

Ly La:
7 =2k ch(B)HEN L TT T (1 + th (8) 7w ymoiny)
{r} [y=1z=1 i

L, L,
X H 0 H Ty 1
r=1 y=1

e Graphically the factors of th(3) 7y y7.:+1 . WhiCh appear
when expanding the product are represented as hor-
izontal dimers.
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e GAps in the filled rows of dimers may also be present
due to §’s Both a horizontal configuration of dimers
and its "dual”, where shaded and unshaded bonds
are swapped, may appear.

e Gives (4):
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3d Plaquette

e Isotropic Hamiltonian:
He—33
= ——= o000
2 u

e /ero-tfemperature;: elementary ground state com-
posed of:

e Flip of whole planes parallel fo either one of the
xy, Yz, zz-planes allowed

e Sfrong first-order phase transition (3)

3d Plaquette, anisotropic

e Anisotropic variant no interaction in z-direction, so-
called "Fuki-Nuke” model (1):

H = —% (Z ooo0 + Z 0000)
[, O,

e AlsO solvable by the transfor-
maftion 7 = oo, reduces to lay-
ers of standard 24 Ising models

e Free BCs in z-direction

L,—1
4 = 2L2 H Z exp

ZZl {T%%Z?élzz}

T Tx7yaz7-$ay+]-7z ))

— 2L2 H 29 [sing — 2L2 (ZZd Ising) bl

e Periodic BCs in z-direction induce correlations

7 = Zexp (—BH{T})) H H <1+ HTx,y z)

{7-} r=1y=1

e Gives additional 1-point correlations C; (and higher)
by comparison with free boundaries (4).

Z = (Zag. tsimg) (1 +OF 4 )

Conclusions

The key point to be drawn from the various ex-
act solufions discussed here is that correlations
may be induced in finite systems Qs a conse-
quence of the choice of boundary conditions.

References

(1) M. Suzuki, Phys. Rev. Lett. 28 507 (1972);
Y. Hashizume and M. Suzuki, Int. J. Mod. Phys. B 25 73 (2011);
Y. Hashizume and M. Suzuki, Int. J. Mod. Phys. B 25 3529 (2011).

(2) G. K. Savvidy and F. J. Wegner, Nucl. Phys. B 413, 605 (1994);
T. Jonsson and G. K. Savvidy, Phys. Lett. B 449 253 (1999);
T. Jonsson and G. K. Savvidy, Nucl. Phys. B 575 661 (2000).

(3) M. Mueller, W. Janke and D.A. Johnston, Phys. Rev. Lett. 112 200601 (2014);
W. Janke, M. Mueller, and D. A. Johnston, J. Phys.: Conf. Ser. 640, 012002 (2015);
M. Mueller, D. A. Johnston and W. Janke 2014, Nucl. Phys. B 888 214 (2014);
M. Mueller, D. A. Johnston and W.Janke, Nucl. Phys. B894 1 (2015).

(4) W. Janke, M. Mueller, and D. A. Johnston, "Boundary conditions subtleties in plaquette models (and the 1d Ising
model)”, (arXiv:1601.03997)

Prinfed at Heriot-Watt University




