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In a recent paper, Nmlsen suggested a method for obtaining h~gher-order correctmns m the Coleman-Wemberg model We show 
a simple exphc]t caleulatmn that this ~s consistent with his ~dentlt]es and corresponds, as be noted, to a "daisy" expansmn 

In a recent paper [ 1 ], Nielsen considered the 
apphcatmn of  his ldentttms to models m which there 
is a mxxmg of orders m the loop expansion, e~ther 
due to high temperature effects [ 2 ] or the fine-tun- 
mgofparameters [3,4] Inbnef,  theldentmeswhmh 
control the gauge-dependence of  the effecuve poten- 
tial m gauge theories (and quantities derived from 
xt) are of the form shwon below [5,6], 

O V/O~ + C( ,b, ~) O V/Ocb=O , ( l ) 

where Vls the effective potentml, ~ is a gauge param- 
eter, ~5 is the semlclassmal field and C( ~, O is a field- 
theoretic expressmn whmh may be calculated m some 
expansxon scheme The ~dentlty states that under a 
change m the gauge parameter ~--,~+~i~ the seml- 
classmal field undergoes a compensating change 

~ ~5 + C ( ~ ,  ~)8~/~ and that the values of physical 
quantltxes are preserved We can rewnte (1) as 

dV/d~--O, (2) 

where d/d~ denotes the total vanatlon with respect 
to ~, both explicit and xmpllclt (wa q~, which is cal- 
culated using a gauge-fixed lagrangmn) 

The ldentmes are a d~rect consequence of  the BRS 
mvanance of the theory [ 7,8 ] and, barring patholo- 
gies m our chmce of gauge-fixing, we would expect 
them to hold m general [6,9] However, as Nxelsen 
pointed out, we are constrained by our ignorance to 
work in some approxlmatmn scheme In many cases 
m field theory a loop expansmn (which is equivalent 

l L a b o r a t o l r e  assocld  a u  C e n t r e  N a t i o n a l  de  la R e c h e r c h e  

Soen tx f ique  
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to an expansion in h) is feasible and in such cases we 
can expand (1) order by order in h We note that 
because C is derived from the effective action with 
an operator insertion it receives its first contnbution 
at one-loop order We thus find, for the two lowest 
orders 

OV(°)/O~=O , (3) 

and 

OV°) /O~ + C°) (  ~ ,  ~) 0V(°) / 0 ~ = 0  , (4) 

where the superscripts denote the order m h In a 
standard loop expansion (3) wdl be trivially satis- 
fied as V <°) is just the classmal potential which will 
be independent of the gauge-fixing In general, both 
terms in (4) will contribute [6 ] but in some cases, 
such as a gravltaUonal theory where the background 
saUsfies the classmal equations of motion, the second 
term is zero and we find a one-loop effective poten- 
tial whxch is gauge-parameter independent [ 10,11 ] 

However, we can run into problems with models 
which mix orders m the loop expansion In his paper 
[1], Nmlsen contrasted the Coleman-Wemberg 
model (massless scalar QED) [3], where it is possi- 
ble to find a gauge-independent approxlmatmn 
scheme, and self-consistent dlmensmnal reduction m 
Kaluza-Klem gravity [4], where it is not In this 
paper, we show by explicit calculatmn that the Cole- 
man-Weinberg model in a Pauh-Feynman type 
gauge 

- -  /z ..~u.o.~,~,,~-B( O,,A ) + ½~B ~ (5) 
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(where B as an auxdlary field which may be inte- 
grated out to gave the usual gauge-fixing) does satisfy 
the Nmlsen identities an the "daisy" resummatmn 
scheme that Nmlsen suggested We also observe that 
this as not the case an the ' t  Hooft/R¢ gauge because 
the lowest-order equivalent o f  (3) as, in fact, gauge- 
dependent 

We take the lagrangmn of  the theory to be 

L#= - IFu~F u~ + ½ (Du ~,)(DU ~ , )  - V¢,(~ 2) 

+ B( OuAU ) + ½~B 2 -C*I--1C, (6) 

where Du¢~,= OuO,+ee,sAu~s, l runs from 1 to 2 and 
Vd as the classical potentml The ghosts, although free, 
are retained to facdltate the denva tmn of  the aden- 
taty I f  we take the spontaneous symmetry breaking 
to be in the 1-dlrectmn a standard calculation [6] 
shows that the one-loop effective potential is given 
by 

= __1 f d4 k {3 ln( - k  2 q'- e2 (~ 12) V<,) 
2 d 

+ln [ (k2)  2 - 2 ( k  2 - ~ e 2 ~  2) O V J O ~  2 ] 

+ l n ( k 2 - 2 O V c l / O ~ 2 - 4 ~  2 02 Vcl/02 ~ 2 )  } (7) 

We can perform the integral above, using dimen- 
sional regulanzatmn and mammal subtractmn, to find 

V ~') =(1/64zt2){3e4C~4[ln(e2C~2/M2)_½] 

+ m ~ [ l n ( m 2 / M  2) - ~ ] + k ~ [ l n ( ~ / M  2) - ~ ] 

+ k4[ln( k2 / M  2) - ~ ]} ,  (8) 

where k 2 and k 2 are the roots o f  the quadratic 
expression an k 2 an the second term in (7) and m 2 as 
the V¢, part an the third term If  V¢,= (2 /4 ) )0  4, we 
have exphcxtly 

m 2 = ½ 2 ~  2,  m22=~2~ 2 ,  (9) 

and 

k 2 = ½m 2 + lm2(m22 _ 4~e2 t/i2),/2 , 

2 2 k2 = ½m2 - ½m2( m 2 - 4 ~ e 2  ~ 2) ,/2 (10) 

The Coleman-Wemberg scheme as obtained when we 
choose 2 ~ O ( e 4 ) ,  so only the first term in (8),  iris- 

lng from transverse gauge bosons, contributes and the 
effective potential is given by 

V' = (1/64~ 2 ) (3e 4 (~4 [In( e 2 c~2/M 2) - ~ ] ) 

+ (2/4 v) ~ 4 ,  (11 ) 

where we have used a prime to denote lowest order 
in 2 Fortuitously this is gauge-mvanant  so we have 
the eqmvalent o f  (3),  

OV'/O~=O (12) 

Had this not been so we would have been stuck, 
because there as no O(1 ) con tnbu tmn to C to bal- 
ance out the gauge-parameter dependence The next 
approxamatmn, according to Nmlsen, is to subsUtute 
V' for Vc, in (7) To see that this does, indeed, cor- 
respond to an infinite resummatmn of  daisy dia- 
grams, we consider the expressmns for the resummed 
gauge-boson/scalar propagator and for the physical 
scalar propagator As a lemma, we note that only the 
transverse part of  the bosomc loop contributes to the 
dalsms because the longitudinal part of  the loop as 
given by an integral o f  the form 

(k 2 - m 2 ) ¢  
e 2 d4k ( k 2 ) 2 _ 2 ( k  2 - e 2 ~ 2 ) m  2 , (13) 

which as o f  O(e2;t), whereas the transverse part as 
given by 

e2I, oop=3e2 f d4k k2_ le2~2  , (14) 

which as of  O(e  4) and hence o f  lower order if 
~,~ O ( e  4 ) 

Taking the physical scalar (q), q) ~ ) propagator first, 
we see that it wall be given by a sum of  diagrams of  
the form shown an fig 1 This gives 

2 n 

. = o ( k  2 - m 2 1 ) \ k  2 - m z j  ' (15) 

o r  

1 
Dll - (k  2 - m  2 _le2fioop) (16) 

I f  we now write V' = Vcl + V~oop, we see that 

e 2/loop = -- 21 d Vloov/O ~2 , (17) 

SO 
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F~g 1 The ~1/1~)1 propagator an the resummed theory as g~ven 
by a series of the form shown The single sohd line represents the 
standard O,/q~, propagator and the wavy line the transverse part 
of the gauge-boson propagator 

1 

D l l - k 2 _ 2 0 V , / 0 ~ 2 4 ~ 2 0 2 V c l / 0 2 ~ 2  (18) 

We see that we have replaced only the first derivative 
term with V', which is to be expected, as the second 
denvanve term contains an extra power of  e: for 
Vjoop The contribution to the effective potential of  
(18) i s  

,f I / ~  = - ~  d4k [ ln(k 2 - 2 0 V ' / O ~  2 

- 4 ~  2 02 Vd/O2qSz)] , (19) 

where we have denoted our resummed approxima- 
tion by V" 

I f  we now consider the resummed q)2A u propaga- 
tor we see that it may be written as a sum of diagrams 
of the form shown in fig 2 This gives 

_ leC ku cb 
D2u 

= .~o  (k2) 2 - 2 ( k  2 - ~ e 2  cb 2) aVd/O~ 2 

ie2 I~oo~( k ~ -~e2 ¢, 2) 
X ( ~ ) 2  - 2 ( / d  - ~ e 2 ~  2) OV¢,/O~ 2 ' (20) 

¢x.rx/x ~ -  ~ "4- O 

+ . . .  

Fig 2 The ~2/A u propagator in the resummed theory is given by 
a slmdar senes to fig 1 In this the solid hne represents the ~2~2 
propagator and the mixed ¢b2/A u propagator is given by a strmght 
hne adjoined to a wavy lane 

where the first part comes from the mixed propaga- 
tor at the end and the second from the loops and 
~2~2 propagators We can rewrite this, using (17) 
again, as 

- I e~ku~  (21) 
D2u= ( k 2 ) 2 _ 2 ( k 2 _ ~ e 2 ~ 2 )  OV,/O~2 , 

which gives the following contrlbunon to the effec- 
tive potential 

-if V~2A/S =-~-- d4k {ln[(k2) 2 

- (k 2 -~e2th2)20V'/Oc~21} (22) 

The transverse gauge-boson propagator receives no 
corrections and its contribution to the effective 
potential stays unchanged, 

V:~.At/=-~ d 4 k l n ( - k 2  + e 2 ~  2) (23) 

We now write V" = g ~  1 ~1 + g~.) 2A. + gf~/sAt/ TO verify 
the Nielsen identity in this approximation scheme 
note that 

O V" --le2~t2~ 

0 ~ -  2 

f 0 V'/0~b 2 
X d 4 k  (k2) 2 _ 2 ( k  2_~e2~2  ) OV,]OCI~ 2 , 

(24) 

which will be of the required form if we can identify 
the integral expression with C ( ~ ,  ~) In the 
Paull-Feynman gauge, C is given by [ 6 ] 

f d 4 x l h ( O l T ( 1 / h )  

x[-½C*(x)OuAU(x)  eC(0)q~2(0)] 10) (25) 

with a lowest-order contnbutlon of the form shown 
in fig 3 where we use the resurnmed q~2/gauge-boson 
propagator This gives, m momentum space, 

l e  ; 1 
C - - - ~  d4k  ~-~ 

- i k 2 e ~  
x (k2) 2 _ 2 ( k  2 _ ~ e 2 ~ 2  ) OV,/Of~2 , (26) 
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F~g 3 The lowest-order contribution to C m the resummed 
scheme is as shown The dotted hne represents the ghost propa- 
gator and we have used the resummed ~2/A,, propagator 

which corresponds exactly to (24)  
We have thus seen that  the "da i sy"  approx imat ion  

scheme is consistent w~th the Nielsen identi t ies in the 
P a u h - F e y n m a n  gauge In an R e gauge the s i tuat ion 
is different  Wi th  a gauge-fixing o f  the form 

~uge-nx,~-B(O~,A +e~e,.l(~, ) ~ j )  + ½~B 2 , (27)  

the one-loop effective potent ia l  is given by an expres- 
sion of  the form (8)  but  with 

k2=m2,+~e2~ 2, k ~ = e 2 ~ 3 2  , (28)  

and  the addi t ion  o f  an extra te rm 

- 2e4 ~2 ~4[ln( e2 ~ t~2 /M2) - 2 ]  (29)  

Thus the 0 ( 2 )  expression is gauge-parameter  
dependent  and, by the argument  after eq (12),  we 
cannot  use the 0 ( 2 )  effective potent ia l  in this gauge 
as the start ing poin t  for our  approx imat ion  scheme 
We note In passing that  the p rob lem would persist  in 
a high- temperature  approximat ion ,  where we use the 
expansion [ 2 ] 

1 oo 
f d 3 k  {ln[k 2 + (2nlt/fl) 2 

= -- 7t 2/90fl 4 +,tt2/24fl 2 (30)  

The te rm (29) in the effective potent ia l  would give 
rise to a gauge-dependent / t  2 term 

To summanze ,  a prerequisi te  for an expansion 
scheme which satisfies the Nielsen Identi t ies Is a low- 
est-order approx imat ion  to the effective potent ia l  
which is gauge-parameter  Independent  [the equiva-  
lent of  (12)]  We achieved this m the Cole- 
m a n - W e m b e r g  model  by a jud ic ious  choice of  gauge 
but  in some schemes, such as self-consistent d imen-  
sional reduct ion in K a luz a -K le ln  gravity,  this may 
not  be possible [ 1 ] Given  this start ing poin t  we can 
then " sum the dais ies"  to obta in  a higher-order  
approx tmat ion  
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