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We derive Nielsen identities for the gauge invariance of the effective potential and the
physical Higgs mass in the ’t Hooft gauge and verify them to one-loop level. In addition to the
standard derivation we also show how they may be derived by considering a BRS transformation
which acts on the gauge parameter.

1. Introduction

The abelian Higgs model forms a useful laboratory for exploring the gauge
dependence of the effective potential. A recent, comprehensive paper by Aitchison
and Fraser [1] (hereafter AF) provided explicit one-loop calculations in a restricted
class of ’t Hooft-like gauges, extending the earlier more formal results of Nielsen [2],
who worked in a Fermi gauge. The identities derived covered both the gauge
dependence of the effective potential and that of the physical Higgs meson mass.
They are of the general form shown below:
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where V is the effective potential, m the physical Higgs mass, ¢ the c-number
classical field, § the gauge parameter, ¢, the value of ¢ at the effective potential
minimum.

The object C(¢, §) is a field theoretic expression which can be calculated in some
expansion scheme. The content of these identities is simply that the implicit (via ¢)
and explicit gauge dependence of ¥ and m? cancel out, which means that the
minima of the effective potential and the physical Higgs mass are gauge-parameter
independent. In their paper AF worked with the gauge-fixing term
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where @ is the quantum scalar field and 4* the quantum gauge field.

(3,4 + en,®,)’, (3)
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They did not use a ’t Hooft gauge because they were unable to derive the
appropriate Nielsen identity and they conjectured that the derivation was impossible
for any gauge-fixing term that contained explicit {-dependence inside the brackets.
We show here that this is possible for gauges of the form

- %(GFA“+ eﬁv,-(D,-)z. (4)

This contains, as a special case, the 't Hooft gauge

1
_-iz(aﬂAM+e$Eij¢j0¢i)2’ £ij= ( —(l) é) (5)

One must exercise a modicum of care in using the 't Hooft gauge because the
minimum field expectation value that is being calculated is introduced into
the lagrangian in the gauge-fixing term. The field shift that is carried out to calculate
the effective potential via Jackiw’s method [3] is not to be confused with the ¢,
appearing in the gauge-fixing term. It is only at the potential minimum that the two
are identical.

2. Derivation of the Nielsen identity

The reader is encouraged to consult AF’s paper, as we follow their methods
closely, but we summarize the relevant details in appendix A. The lagrangian we
consider is

£(x)= - §E,F” +1(3,2,)(3"9,)
—ee,;(9,0,) D, 4" + L2422 — zig( 3,4 + et0,@,)°
+ iuldp? - %d)“ + 0,4* 0 — eXrye, £0,9;,
=01+ @7, F,=0d,4,—9d,4,. (6)
The BRS [4] transforms for this lagrangian are
84,=¢d, ¥, 8y =0,

SyY* = — %(BMA‘H— etv,®,),

80, = cee, 9, (™7
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The Nielsen identities are derived by performing a BRS transform on the augmented
generating functional (appendix A)

=f[D¢a]exp(i/d4x (B(x)+K,Q,+ ]2, +hO)

= [[D2.Jexp(iSy). (8)

where @ (x) is the generic field, J (x) the generic source, Q,(x) the BRS charge,
" denotes the presence of O, k denotes the presence of K Q,, h(x) the source for O.
We choose the operator O as

0= —1y*(9,4* - efv,®,). 9)

Consider the BRS transform of O: 80 = ¢0,
2
80 = e[ 7% (( aMA#) — e2£2(0,®,) ) Oy — —e2§¢*¢slj ; ] . (10)
Using the equations of motion for the ghost field we obtain

80 =¢ [2£((8 A") _e2£2(0i¢i)) 3% _ezg‘p*\peu i ] (11)

One now compares this with

L 1

9= 2£((a A*)' = 2 (0,9,)%) - e 264 e, 0,0 ] (12)

We see that, to within a term which vanishes when we consider the effective
potential, £3£/0¢ has been expressed in terms of a BRS-transformed operator. This

enables us to follow AF’s proof through to arrive at the embryonic first Nielsen
identity

3V(¢ £) fd4 3F(0(x)) 3V(¢i,£) e£U¢' _[d4 fd4 8F(0(x))

T K(0) 99, 502(2)

*

(13)

where {2 is the spacetime volume, ¢, the classical field, I'(O) the 1PI generating
functional with one insertion of O.

With a gauge of the form above (4) there are, however, two stationary points {5] of
the effective potential, only one of which satisfies v;,¢, =0, which would cast (13)
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into the required form. At tree level we have

_ 6,u.2 1/2
bo=epr| %)
v, [6 1,2
¢io=m[x(ﬂ2—$ezvz)] ) (14)

However, as has been elucidated by Fukuda and Kugo [6], the second solution is
spurious, in that it does not correspond to a vanishing expectation value of the gauge
field. This can be gauged away only at the expense of an x-dependent vacuum
expectation value for ¢,, which takes us out of the context of the effective potential.

Fukuda and Kugo have further shown that the direction of spontaneous symmetry
breaking is unchanged by higher-order corrections. Thus by choice we can take

b;

io = PoN;» m= (1’0) > (15)

= ve;, e;=(0,1),

discarding the spurious solution and considering the effective potential as a function
of ¢ = ¢, only. Writing C(¢, )= — [d*x 8I'(O(x))/8K(0),
(e, §) . 8V(¢> £)

o - 0. (1)

§———"+C(¢,8)—5

3. One-loop verification of effective potential identity

Expanding (1) order by order in # we obtain

o
I

774 co(9,8)

b =0. (16)

The superscripts denote the order in 4. We can calculate both ¥ and C® by
Jackiw’s functional method. Starting with the latter,

Co.6)= =it f at OIT( 5] T- 1 (x)(3- A(x)  ekoy(x)

X o9 (0)@,(0)exp| 3 Surl 6, 2103, (17)

35E

Surl. @] = S:[6+ @] - S:[6] - [ d*x B(x) 5 (i8)

D o=y
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The one-loop term is

CO(9,8)=ih [ d*x <O|T(%)2%¢*(x)(3-/l(x) — e£0®,(x)) e (0) 8, (0)[0).

(19)
We use the propagators in appendix B to evaluate this:
C“’=%iefd“k i —ik*(¢p + év) + —ie®tv  i(k?—&e%p?)
k*+ e’tve Dy (k?+ evg) Dy ’
(20)
Dy=k*— kz(m% — 2e2§0¢) + e2¢2(e2§202 + §m%) s m3=1\¢p? — p?.
We simplify this to
2 ,2g, 02
C(1)= %1e2£fd-4k (2U+ ¢)k e £U¢ (21)
(k*+ e2tv¢) Dy
We now consider the one-loop effective potential
VO(6,8) =i [ a*k [In(k>+ e%ve) — 3In(— k> + e%?)
—4In(k?—=m?)—1iln DN], mi=1A¢? — pl. (22)
So,
s _ ifd“k e*ve 1 [2k262£v¢ + 2e%p’t Wt + e2¢2m§$] (23)
9 k?+etve 2 Dy ’
which equals
vy Qv+ ¢)k*— viep?
£ = —tiekom3 | &%k (24)
9¢ f (k2+62£v¢)DN
Now note that
Vo
v mio. (25)
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Adding the terms up we obtain

©)
+CO(4,£) "Z, 0. (26)

o

This verifies the first Nielsen identity in a gauge of the form

1 2
- EE((?#A“+e$vi<D,.) . (4)
4, One-loop verification of mass identity

The mass? to one loop is given by
m®=m?+ ¥ O (m?). (27)

—iX is the part of the one-loop Higgs self-energy tensor which is the coefficient of
n;n; (the projector onto the physical Higgs space). To simplify calculations, follow-
ing AF we expand in powers of e and A, choosing A ~ O(e?). This allows us to
write to order 2\

m*0 = m2 + ¥ D(0) + m? , (28)

o L

Fig. 1. Graphs removed by expansion scheme. (a) Too high order in A. (b) p? independent. (c) p>
independent.
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(a)
(b)——{/ b
(©

Fig. 2. Graphs to be calculated.

i.e.

M, 5
2 8V ax " (r*)

= (29)
2 2
¢ 7 2
We now choose to work in the 't Hooft gauge proper:
Q=(O’_¢0)’ 90=(¢0’0)' (30)

The expansion scheme and the choice of gauge eliminate the graphs of fig. 1 and the
Higgs-photon mixing graphs respectively. This leaves the three graphs of fig. 2 to
calculate, which we have done here using the MS subtraction scheme with M as the
arbitrary renormalisation mass:

2
> ¥(0) °s —Llns—%},

2 b=bo

S0 =<,

(2b) d=dq 167
2 24,2
ay et e“td 3
(22) (0) = 241 MZO— g_11115]. (31)
€ d=¢g
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Adding the terms up we obtain

¥ (0)

total

2 26,2
- £% [me g‘f" - 1]. (32)
oep 1677 M

Working to O(#k), ¢, is the classical minimum of the potential. Now note

Im? ImX®
2 1 2 1
Milgmg, = 3AGG =Apy= —5— )
e 99 d=do ¢ o=t
217D 2 }\ 2 2.2
8V . :65 ¢0 %1ne€¢0~% . (33)
3g? |77 % 3242 M?
P=¢9
So
2(1y 2 A 2 2842
mn| i, ] (34)
g =0, 327T M
In our expansion scheme and gauge
ey, e
CV(¢, &) oy = — 2ln——2 . 35
(¢ g)lu— -7 32772 MZ ( )

P=¢,
Once again the terms (34) and (35) sum to zero, verifying the mass identity to one
loop:
am*® am*®

9 99 oms,

S. Alternative derivation of identities

¢ +CY(¢,£) =0. (36)

Some recent work by Piguet and Sibold [7] makes it possible to derive the Nielsen
identities within the framework of a set of BRS transformations which also operate
on &, the gauge parameter. This removes the rather ad hoc introduction of the
operator O and places the Nielsen identities in the wider context of a set of identities
derived in ref. [7]. They showed that, in a pure Yang-Mills theory,

ar
S(F)+xa—§—0, (37)
where
8E=ex (x Grassmann variable),

8T 8T oI 8T _ oI
— 4 - il
S(F)—Trfdx(apnaA“C+60 5. Pagr )’

p* is the source for 4 ,, o the source for 8.

I
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The auxiliary field B is introduced in order that the gauge fixing, in a Fermi
gauge, may be written in the form

Bor =362+ B(3- A) + 1x¥*B+ 0,4* D,y (38)

To obtain the effective action precursor of the Nielsen identity we differentiate (37)
w.r.t. x and set x to O:

S(—%)+%=O. (39)

We now repeat the process in more detail for the abelian Higgs model in the 't Hooft
gauge, which we have been considering, translating the gauge fixing and BRS
transforms into the language of Piguet and Sibold:

Por=3EB2+ B(0, A"+ ebv,®,) + 3,4 I"Y

—e’ty*ye, 0,0+ sx VB + exy*v,®;. (40)

ijvi
If we denote, as before, the insertion of an operator P in I" as I'(P):

a—axr =T(3¢*B + ey*v,9,). (41)

Using 8£/8B = 0 to eliminate the auxiliary field B we obtain

I —tB (3 A+ ebu,d) + ixv,

1
B= —E(8~A+e£ui¢i)—2i£xz,b*. (2)

This allows us to rewrite dI'/dx:

3 1
=T —2—£(8-A—e$v,¢,.) =Tr(0"). (43)

The operator insertion is precisely 1 /¢ times that of the operator O which we had to
construct in the previous derivation. The BRS transforms for our theory are

dy*=eB, 8y=0, 8B=0,

04,=¢d,¢, 00, =eee; Y P;,

8¢ =ex. (44)
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Identity (37) becomes

bt 5K o T Bage | T XG0 (45)

/ 4o [ 3T 8T 8I' _or ar
184, YT K, 5o, U pyr

Substitute for B:

8r 8r LT ar _
fda ( 3% é(6‘ A, +e£v¢,c)8¢ 2£x4/ )+X8_§—0'

8Ki 8¢, * Sy
(46)
Differentiate w.r.t. x and set x = 0:
61"(0) 8F(0') 8 8T 8I'(0")
4 4 Py
Jat [at ( 0¥t 5K B, T 3K, oo,
1 8r(o’) 1 ér or
—~ (9 A+ etv,o, - =0. (47
g( c egvzd’:c) Sy* 2£ Sy* ) ag ( )

Multiplying through by £, specializing to x-independent ¢, and setting the other
fields to O gives

% . 8T(0(x)) av edvdic [ 4 24 ST(O(x))
-—fdx SKI(O) a(ch:_ fdxde. (13)

This rederives the first Nielsen identity.

Appendix A

The first term in the Nielsen identity (1) is £9V /03¢, so we consider £9I' /3¢,
noting that by virtue of it being an explicit differentiation,

or ow

—(,E=a—§ . (A1)

£9I'/d¢ generates 1PI Green functions with the insertion

/d (‘l—g((a A) —e*t* (v, )2)_62§\I/*¢5ijvi¢j)- (A2)



D. Johnston / Nielsen identities 697

We cannot quite generate this insertion from a BRS transformed operator but the
extra y*n term vanishes when we consider the effective potential. We now denote
the insertion by O(x) and write

Ji [D@Da]a(x)exp(i [ atx (euﬂ(p,,))

=ﬁx—)fd4z f[Dq’a]h(Z)a(z)exp(ifd“x (B+Jad>a)),

(A.3)
We write the Z, of (8) more explicitly:
2= _/[DA#] [DY ][ DY*1[ D@, Jexp(iS,),
Si=[d'x (E+ Kieye, @, +J,4" +j @+ "y +9*n+h0).  (A4)

Carry out a BRS transform on Z,:
[d*z[D4,]...[p2]
1 — -
X (J“(?"\p - nz(&A +etv,®,) +jeye, P+ hO)exp(sz) =0, (AS)

ie.

8 1 8 é |5
4 LA 242
fdz(Jﬂa"Bn* né(a“S.],L_FegU‘Sj,-)+ji8K,.)Z"

= —i[d*[D4,]...[D®]h(2)0(2)exp(i,). (A.6)
Legendre transforming the LHS we obtain
L= Wi~ [d* (LAt +moy + 4 +jid,).
W,=—ihlnZ,,
where A, etc. are the classical fields.

57, o,
30, oK,

81, 8l 1
fd"z (— 8Ak 8u¢c+—~8¢’; E((?-Ac+e$l)i4>ic)—
pe ¢

=— E}Zfd4z [DA,]...[D®D,1n(2)O(z)exp(iS,). (A7)
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Functionally differentiate w.r.t. A(x) and then set 4 = 0, which removes the tildes.

(F,(O(x))=T,  withO insertion),

fas ( 8T ( O(x))a g+ 200(x)) 1(a Ao+ etvg,)

we  0C Sy*

_ 8T, (0(x)) &_fﬂ 8T, (0(x))
8¢, 0K, 08¢, OK,

- Zlkf[DAP] ...[D®,10(x)exp(iS,). (A8)
But
Zikf[DA] [ D®,]0(x)exp(iS,) = ag () av(Vk)

ar, oI
=241 [a% ——FE—y*(x). (A9
At this stage specialize to the effective potential, which reduces (A.8) to:

v

#e()=% b,
other fields 0

v .. 0r(0(x))
tog = [ a 5K,(0)

ev,¢;.& 4 a4 SF(O(X))
_dexfdz—w. (AlO)/(8)

The mass identity follows by considering £(3/3¢X 8% /8¢,.8¢,.) (and noticing a
convolution). This gives, eventually,

=247} fd“re”’"fd“zF(z,r)

( aa +C(9, £)3¢) phss( 27)

phys ’
d=o $=d
8°r'(0(x))
Flz,x—p)= —omanl) A1l
()= R ) 66 () |y (a11)

At the potential minimum Aphys( p?), the inverse propagator for the physical Higgs
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is zero, so we arrive at

=0.
¢=¢g

d , a
(£8_§+ C(9o, 5)%)”‘2

Appendix B

The propagators (for calculating C®V, ¥ and X) are

ik2—£e2¢2 inm;
i j ( )(Sij_ni"lj)"‘ . s
Dy kz—ml2
k k k k
AN el g, - ) ipel
Y v iC gP"’ k2 iD k2 ’
k2 — m2— e2tp?
C= 2122, D=£( e eEv).
k*—e“¢ Dy

The vertices (those used in calculations only) are

_esij(kl + kz)u,

52
—ie“fv;e;

2i62¢ig;l.v .

699

(A.12)
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