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ABSTRACT

We derive Nielsen identities for the gauge invariance of the effective
potential and the physical Higgs mass in the 'tHooft gauge and verify them to
one loop level. In addition to the standard derivation we also show how they
may be derived by considering a B.R.S. transformation which acts on the
gauge parameter:

A, Introduction

The Abelian Higgs Model forms a useful laboratory for exploring the
gauge dependence of the effective potential. A recent, comprshensive paper
by Aitchison and Fraser! {(hereafter A/F} provided explicit one loop
cakculations in a restricted class of 'tHooft like gauges, extending the earlier
mote formal results of Nielsen?, who worked in a Fermi gauge. The identities
derived covered both the gauge dependence of the effective potential and
that of the physical Higgs meson mass. They are of the general form shown

below.
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y: effective potential
m : physical Higgs mass
¢: c-number classical field
£: gauge parametsr

dg: value of 4 at effective potential minimum

The abjectC (4,%) is a field theoretic expression which can be calculated
in some expansion scheme. The content of these identitias is simply that the
implicit {via ¢) and explicit gauge dependence of V and m? cance! out, which
means that the minima of the effective potential and tiie physical Higgs mass
are gauge parameter independent. In their paper A/F worked with the gauge

fixing term:
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They did not use a 'tilooft gauge because they were unable to derive the

appropriate Nielsen ldentity and they conjectured that the derivation was -+ 7_\/M/ é >\ %MW € Md/eug \E\/ é )
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impessible for any gauge fixing term that contained explicit £ dependence

inside the brackets. We show here that this is possible for gauges af the @ = é. t é,_ ,M/\/ - ) A ) A

form: The B.R.S." transforms for this Lagrangian are:
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This contains, as a special case, the 'tilooft gauge : % u/* = ‘—_% ()/w Aﬂ: e E\/(, Jp)
] | B o |

(5] “‘9":_2(9/'-[\/”+Cz€t5 d)o'oé-;) €ig= (—I s} %éb = éeécg’kp@{i

The Nielsen identities are derived by performing a B.R.S. transform on the

n

One must exercise a modicum of care in using the "tHooft guage because

: ; ; augmented generating functional {appendix A)
the minimum field expectation value that is being calculated is Introduced into

the Lagrangian in the gauge fixing tarm. The field ahift that is carried out (&) ZK= S[Déoc]& P((/ Sd x éc) t K“Q"“ +-J‘°(é“ +l’10)
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to calculate the effective potential via Jackiw's methad? is not o be confused - S[D@ —-I ( 6
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with the ¢jD appearing in the gauge fixing term. It is only at the

; _— o (x): generic field
potential minimum that the two are identical. «
I (xk: generic source
Q, fx): B.R.S. charge
A . , ~ denntes the presence of 0
B, Derivation of the Nielsen Identity
k: denotes the presence of KaQa
. hix}: source for G
The reader is encouraged to consult A/F's paper, as we follbbw their
methods closely, but we summarize the relevant details in appendix A. The We choose the cperator O as :

Lagrangian we consider is: *@ M E )
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Consider the B.R.S. transform of 0 : So =
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We see that, to within a term which vanishes when we consider the effective
potential, £ Y3 has been expressed in terms of a B.R.S. transformed
operator. This enables us to follow A/¥'s proof through to arrive at the

embryonic first Nielsen identity.
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Q:  spacetime velume
#: classigal field

r{0): 11 generating functional with one ingertion of .

With a gauge of the form above (4) there are, however, two stationary

points? of the effective potential,only one of which satisfies Vigg =0

which would cast (13) into the required form. At tree level we have:
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However, as has been elucidated by Fukuda and Kugo®, the second

solution is spurious, in that it does not correspond to a vanishing expectation
value of the gauge field. This can be gauged away only at the expense of an
x—dependent vacuum expectation value for ¢;. which takes us out of the
context of the effective potential.

Fukuda and Kugo have further shown that the direction of spontanenus
symmetry breaking is unchanged by higher order corrections. Thus by

choice we can take:

Ve = VE .

=GN n.=(1,0)
discarding the spurious solution and considering the effective potentiat as 2

function of ¢ = ¢, only. Writing: - . (){q’j(_ _g_r_j(ch-))
We arrive at : C@ z) S SK(O)
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C. OneLoop Verification of Effective Potential Identity

Expanding (1} order by order in M:

o Z!m+6@éﬁvw O
5 5% 2¢



6 7

1) and which equals:
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The superscripts denote the order in h, We can calculate both V

[1) by Jackiw's functional method. Starting with the latter,

am g <)= -vth <O|T(“’) [~ e (2 AmeZvéEw)
edordo) exp (& Sucld@1) 10> o ot that

(18) Seﬂ:[ﬁb&] 5 [Cf)-l-é] 50{[(15] d Cé@c)%__-l’ (25) %_\5((0): W]f(ﬁ

o b )= ch S O T(E) LU0 (2 A-cBvdinr Jedordol o ‘gb\/”’ oz )B\/”

We use the propagators in appendlx B to evaluate this :
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We simplify this to:

The mass? to ona loop is given by :
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We now consider the one loop effective potential :

v&%z >: (/Sa‘%k [/6'\/ (ki‘f" ClgVQb) _ %jn/(— L(’L_+ c‘l.d)l) —-if is the part of the one-loop Higgs self energy tensor which is the

(22) coefficient of “i“j (the projector onto physical Higgs space). To simplify

T
__{,.,Z,V(ki_mf‘) — .!_ ,ZV\, DN] ; Wlil = %Xq& m/(,ut calculations, following A/F we expand in powers of e? and X, choasing

A ~0(e"}. This allows us to write to order e?n:
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Wa now choose to work in the 'tHooft gauge proper:

¢ = (¢, 0)

p*=0

an Vo= (O,‘(po)

The expansion scheme and the choice of gauge eliminate the graphs of Fig. 1
and the tliggs-photon mixing graphs respectively. This leaves the three
graphs of Fig. 2 to calculata,which we have done here using the MS

subtraction schems with M as the arbitrary renormalisation mass
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(32) Adding the terms up :
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Working to O} 4, I8 the classical minimum of the potential.
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In our sxpansion scheme and gauge :
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Once again the terms (34)/(35) sum to zero, verifying the mass identity to

one loop.

- B D] -




10 11

E, Alternative Derivation of Identities @0) ({6 c — Z B + @AW.;@Z\/ é‘ ) + \MBWL’[/ -

Some recent work by Piguet and Sibold’ makes it possible t +
T k : :
to derive the Nielsen identities within the framework of a set of BRS = E u/ q/ 6bg \/{, @-,J + “‘iqu B

transformations which also operate on £, the gauge parameter. This re-

reXytv, ¢,
moves the rather ad hoc introduction of the operator O and places the 9 [
Nielsen identities in the wider context of a set of identities derived .

If we denote, as before, the insertion of : i
in ref. 7. They showed that, in a pure Yang-Mills theory : o operator Fan T as I®)

37) S(P) + X%_% =0 &) %CF'“" F(%W:Bc*awf\/uﬁbca)

where : Use %éi = 0 to eliminate the auxiliary field B :

SE = ex (x Grassmann variable) %
@1) = ER + D AeEVG ) rlxy¥
S = T {dee (6_ §0 + 0ol Bg%) ,
D“ : sou_t'ce:['()1"*:3.@‘_I 6 - __E(‘aA ‘l"@é\/@)"—'%éxw*

o . source for 6y

The auxiliary field B is introduced in order that the gauge fixing, in

This allows us to rewrite 3 T
a Fermi gauge, may be written in the form : P

e) fg; EB+ B@Abtlqu/*lg /Wq/ Lf/ &43) 3 [1= F’(" (BA CE\/Q:)) o")

The operator insertion is precisely 1/£ times that of th i
To obtain the effective action precursor of the Nielsen identity we v e @ operater O which

we had to construct in the previous derivation. The B.R.S.
differentiate (37) w.r.t. y and set ¥ 1o 0 : transfoms for

2 = .
en S-2F) + 3L -o @ Syi=eB  S¢Y=0  $B.O

We now repeat the process in more detail for the Abelian Higgs medel

in the 'tHooft gauge which we have been considering, translating the 6 A/w: E,D/v(// 6 @‘;: ce. 603 q/@"j

gauge fixing and B.R.S. transforms into the language of Piguet and

5t

our theory are :



Identity (37) becomes :
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Substitute for B :

@6 Y= (srﬂ e 6__. %?Ef SRECA

XM%{FJ + X}__ = QO

Differentiate w.r.t. x and set x =0 :
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Multiplying through by £, specializing to x-independent ¢c and setting

the other fields to 0 gives :

b__\/ g Ovc) )\/—-e v, @
(13) g Sox*x Kf“o(@ )3% Eﬂaﬁ wz%j(g?

This rederives the first Nielsen identity.
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Appendix A

The first term in the Nielsen identity (1) isEB\/’so we consider E¥ .

noting that by virtue of it being an explicit diffeérentiation:

(A1) E _ M
0E 2%

Z rj generates 1.P.1. Green's functions with the insertion

2€

We cannot quite gensrate this insertion from a B.R.S. transformed operator
but the extra 1/2¢*f term vanishes when we consider the effective potental.

¥We now denote the insertion by a(x) and write ;

o D810 exp (Uit (L+ .8

gél«—\oo At S[Dé“] he az)efxe(bgd%ﬁ(ﬂrl@ ))

We write the Zk of (8) more explicitly ;

2. = (DA JCDYIDY I Jexel S )

Se= Wt (L + Kiede; § T A 9, 4.
st + ¢t +hO)

Ead
Carry out a B.R.S. transform on 2,

oo § 2 OAT DET (LA Y- LOAE D)
+9.e¥ey @5 +hO)exr S, )=0

(a2 ga\"fx@% GA-e T gr)-crEV e v d;)

7

" w3 zzwg —n\'g(;5+eév 549,52
=~ 4%z oA T (P8 Thee) Oy exelL G )

Legendre transforming. the L.H.5. :
B = W, - b (LA st +yin+o. 6., )
\/\/ = - l/t\ /ZV‘»/ Z

AL atc.: classical fields.

lA'J) d‘i‘ ( grj:}d/-f %Lf/* f(D.AC-reEv.qS‘_)
= - i Sd*z (DA.T-- (58, Thee Oy exp (Lo )

Functionally differentiate W.R.T. h(x) then set h = 0, which removes the

-5

%I] %,

tildes.

(r (0(x)) = 1, with 0 insertion)

(Aalgd Z ( gz(@q) b L!/ + 6[’3 (Oom) %(DAC+@EV¢L>

— g10e 5T, — SI% 6F (Ot’c)))
S K. k. Ty

- Z{,SDAJ" [08.1 Oecyexr S )

But :
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Appendix B
= EBE‘& + L \d%c 6[15 VACS!
D) 2 S - e g1
Ll/(’@) ¥ropagators (For calkulating G, V' and £)

At this stage specialize to the effective potential, which reduces (A8} to.

L
(A10)/(8) FAYIR P {9P(O(?C)) E_\ﬁ-_e\/ Qﬁ,é - e* =N E\/ ?5{,
5 g S Ko | 28, n

()=
-So\"‘xgd* griot?ﬂ f:ie& F:%E’LDS o)
st

The mass identity follows by considering E% (and noticing a

= )
convolution). This gives, eventually : él é-l L kﬂ"—— éelé?‘) (g,:’_—nlﬂj)
@% +C®,E>~%§5 \ =2 prsgd re? }l‘z Fe r) 5

I T .
2 g
2 k- mz
Fz wy) = 5 (0s0) e
(A11) Schz)é(ch)

¢1(f" ¢
At the potential minimum rl h S[p?),the inverse propagator for the - L C (@ -—L( k\/
phy VAV AVA VA VA G T B
2
Vv

physical Higgs, is zero,s0 we arrive at :

(A12)

g2+ ce)2, )| =0
T, ¢ ) C: | X D= Zlm=- e*2\*)
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Vertices (Those used in calculation only}
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