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Abstract

A stateless k-head two-way deterministic finite automaton (k-head 2DFA), has
only one state, hence the designation stateless. Its transitions depends solely
on the symbols currently scanned by its k heads, and in every such transition
each head can move one cell left, right, or remain stationary. An input, which
is delimited by end markers, is accepted if the machine, when started with all
heads on the left end marker, reaches the configuration where all the heads are
on the right end marker. The nondeterministic version is denoted by k-head
2NFA.

We prove that stateless (k + 1)-head 2DFAs (resp., 2NFAs) are computa-
tionally more powerful than k-head 2DFAs (resp., 2NFAs), improving a recent
result where it was shown that (k + 4) heads are better than k heads.

We also study stateless multihead pushdown automata in their two-way and
one-way, deterministic and nonderministic variations and show that for all these
varieties, k + 1 heads allow more computational power than k heads. Finally,
we give some characterizations of stateless multihead finite and multihead push-
down automata.

Key words: stateless multihead finite automata, stateless multihead
pushdown automata, head hierarchies, characterizations

1. Introduction

Denote a two-way nondeterministic (deterministic) finite automaton by
2NFA (2DFA). Similarly denote the one-way variant by 1NFA (1DFA). We
consider stateless k-head 2NFAs and define them as pairs (Σ, δ) where:
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Σ is an alphabet with ⊲, ⊳ /∈ Σ, ⊲ is the left end marker and ⊳ is the right end
marker;

δ is a finite set of transitions of the form (a1, . . . , ak) → (d1, . . . , dk), where
ai ∈ Σ ∪ {⊲, ⊳}, 1 ≤ i ≤ k, is the symbol read by the i-th head, while
di ∈ {l, s, r} tells where the i-th head is to be moved (l, s and r, stand for
left, stay and right, respectively).

If there is at most one transition for every combination of symbols a1, . . . ,
ak ∈ Σ ∪ {⊲, ⊳}, we refer to such an automaton as a stateless k-head 2DFA. If
none of the transitions move any heads to the left, such an automaton is called
a stateless k-head 1NFA (1DFA).

For an input string w ∈ Σ∗, the machine works on a tape containing ⊲w⊳ and
start with all heads reading the left end marker ⊲. At every step of the computa-
tion, the symbols a1, . . . , ak currently scanned by all k heads are considered, any
corresponding transition a1 . . . ak → d1 . . . dk ∈ δ is chosen, and each i-th heads
is moved according to di. The string is accepted if there exists a computation
resulting in all k heads reading the end marker ⊳. As an example, the state-
less 2-head 1DFA with transitions (⊲, ⊲) → (s, r), (⊲, a) → (s, r), (⊲, b) → (r, r),
(a, b) → (r, r), and (b, ⊳) → (r, s) recognizes the language L = {anbn+1 | n > 0}.

Stateless multihead finite automata were first studied in [9] mainly with re-
spect to the decision problems (e.g., emptiness). Later, hierarchies with respect
to the number of heads were established in [5], where it was shown that state-
less (k+1)-head 1DFAs (resp., 1NFAs) are computationally more powerful than
stateless k-head 1DFAs (resp., 1NFAs), and stateless (k+4)-head 2DFAs (resp.,
2NFAs) are computationally more powerful than stateless k-head 2DFAs (resp.,
2NFAs). It was left open in [5], whether the “k+4” in the latter result can be
improved. In this paper, we show that, indeed, stateless (k + 1)-head 2DFAs
(resp., 2NFAs) are computationally more powerful than stateless k-head 2DFAs
(resp., 2NFAs).

We also look at stateless multihead pushdown automata in their two-way
deterministic, two-way nondeterministic, one-way deterministic, and one-way
nondeterministic versions (2DPDA, 2NPDA, 1DPDA, 1NPDA, respectively).
The moves of these machines are similar to multihead automata, except that
now, the transitions also depend on the stack. So the transition δ has form
(a1, . . . , ak, Z) → (d1, . . . dk, γ), where Z is the symbol at the top of the push-
down stack, and γ ∈ Γ∗, with Γ the pushdown alphabet. (In this transition, Z
is replaced by the string γ, with the rightmost symbol of γ becoming the new
top of the stack. If γ is the null string, Z is popped from the stack.) We show
that for all varieties of stateless multihead pushdown automata, k +1 heads are
computationally more powerful than k heads.

Finally, we give some characterizations of stateless multihead finite and mul-
tihead pushdown automata.
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2. Stateless Multihead Two-way Finite Automata

Our proofs involve “translations” (or reductions) to multihead automata
with states. A k-head 2NFA (2DFA) with states, is a tuple (Σ, δ, S, s0, sf ) where:

Σ is an alphabet with ⊲, ⊳ 6∈ Σ;

δ a finite set of transitions of the form (s, a1, . . . , ak) → (s′, d1, . . . , dk) with
s, s′ ∈ S, being the current and next state, respectively, a1, . . . , ak ∈ Σ ∪
{⊲, ⊳} being the symbols currently read by the k heads, and d1, . . . , dk ∈
{l, s, r}k being the movements of the k heads;

S is a finite set of states;

s0 ∈ S is the initial state;

sf ∈ S is the final state.

Such an automaton starts on a tape containing ⊲w⊳ in initial state s0 with
all heads reading ⊲. If the automaton is in state s, then a transition of the form
(s, a1, . . . , ak) → (s′, d1, . . . , dk) can be applied only if head i reads ai, 1 ≤ i ≤ k.
As a consequence of the application of such a transition, the state of the au-
tomaton changes into s′ and head i moves according to di. The automaton
accepts when it is in state sf with all heads reading ⊳.

Lemma 2.1. For k ≥ 2, any k-head 2DFA with states can be simulated by a
stateless k-head 2DFA.

Proof. Let M1 = (Σ, δ, S, s0, sf ) be a k-head 2DFA with states such that S =
{1, . . . , |S|}, s0 = 1 and sf = |S|. In order to have a simpler proof we assume
that the transitions of M1 are of the form (x, a1, . . . , ak) → (y, d1, . . . , dk) where
d1, d2 ∈ {l, r} and d2, . . . , dk ∈ {l, r, s}. This assumption is not restrictive as
given M1, a 2DFA such that d1, d2 ∈ {l, r, s}, then it is always possible to
construct another 2DFA M ′

1 accepting the same language of M1 and such that
d1, d2 ∈ {l, r}. For each transition of M1 for which head 1 or head 2 does not
move, M ′

1 has two transitions: the corresponding head moves right and then
back to the left if the head was not on ⊳; otherwise, it moves left and then right.

We define M2 = (Σ′, δ′), a stateless k-head 2DFA with

Σ′ = Σ ∪ {qd1,d2
x,y , q′

d1,d2

x,y , q̄d1,d2
x,y , q̄′

d1,d2

x,y | (x, a1, . . . , ak)→(y, d1, . . . , dk)∈δ,
d1, d2 ∈ {l, r}}.

The elements in δ′ are defined in the following.
Given a string w = w1 . . . w|w| over Σ we define the string w′ = p1p2w with:

p1 = w1tw2t . . . w|w|t where t is the lexicographic ordering of trx,y for each
(x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ, and

trx,y = q̄l,lx,y ql,lx,y q̄r,lx,y qr,lx,y qx,y ql,rx,y q̄l,rx,y qr,rx,y q̄r,rx,y;
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p2 = w1t
′w2t

′ . . . w|w|t
′ where t′ is the lexicographic ordering of tr′x,y for each

(x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ and

tr′x,y = q̄′
r,l
x,y q′

r,l
x,y q̄′

l,l
x,y q′

l,l
x,y q′x,y q′

l,r
x,y q̄′

l,r
x,y q′

r,r
x,y q̄′

r,r
x,y.

With lexicographic order we mean that, for instance, trx,y comes before trx′,y′

if and only if x < x′ or x = x′ and y ≤ y. During a computation of M2 head
1 mainly reads p1, head 2 mainly reads p2, while the remaining heads mainly
read w. The computations of M2 can be logically divided in three parts: ini-
tialization, simulation and termination.

Initialization. In the initial configuration all the heads of M2 read ⊲ in w′.
During initialization the heads move such that at the end of it:

head 1 reads qs0,y in the trs0,y coming after a1 in p1;

head 2 reads q′s0,y in the tr′s0,y coming after a1 in p2;

the remaining heads read a1 in w.

This occurs by the application of:
1: ⊲k → s

2
r
k−2;

2: ⊲2 σk−2 → sr
k−1 for σ ∈ Σ;

3: ⊲ σ εk−1 → s
2
r for σ ∈ Σ and ε ∈ Σ ∪ {q̄t1,t2

x′,y′ , qt1,t2
x′,y′ , qx′,y′ |

(x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ, t1, t2 ∈ {l, r}};

4: ⊲ σ q̄′
r,l
s0,y → sr

k−1 for σ ∈ Σ;

5: ⊲ q̄l,ls0,y εk−2 → s
2
r
k−2 for ε ∈ Σ ∪ {q̄t1,t2

x′,y′ , q′
t1,t2
x′,y′ , q′x′,y′ |

(x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ, t1, t2 ∈ {l, r}} \ {p2,|p2|}
where p2,|p2| is the last symbol in p2;

6: ⊲ q̄l,ls0,y p2,|p2| → sr
k−1;

7: ⊲ ε σk−2 → srs
k−2 for σ ∈ Σ and ε ∈ Σ ∪ {q̄t1,t2

x′,y′ , qt1,t2
x′,y′ , qx′,y′ |

(x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ, t1, t2 ∈ {l, r}}∪

{q̄′
r,l
s0,y, q′r,ls0,y, q̄′

l,l
s0,y, q′l,ls0,y | (s0, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ};

8: ε q′s0,y σk−2 → rs
k−1 for σ ∈ Σ and ε ∈ {w1, q̄

l,l
s0,y, ql,ls0,y, q̄r,ls0,y, qr,ls0,y |

(s0, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ}.
After the application of transition 1 the heads from 2 to k read the a1 in

p1. Then, the application of transitions 2 let the heads from 3 to k to move to
the right, the repeated application of transitions 3 let these heads to move to
the right until they read the a1 in p2. The application of transitions 4 let heads
from 2 to k to move to the right, then the repeated application of transitions 5
let heads from 3 to k to move to the right until they read the last symbol in p2.
The application of transition 6 let the head from 2 to k to move to the right,
then the repeated application of transitions 7 let head 2 to move to the right
until it reads q′s0,y. When this happens the repeated application of transitions
8 let head 1 to move to the right until it reads qs0,y.
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Simulation. The simulation of transitions of M1 starts and ends with head
1 and head 2 reading symbols of the kind qx,y and q′x,y, respectively, for x, y ∈ S.
This process is rather complex but it simply consists of the following. Let us
assume that p1 = w1t1w2t2w3t3w4 (we know that t1 = t2 = t3 = t but here we
need to refer to a specific t so we use subscripts to differentiate them) and that
head 1 reads qx,y in t2 for (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ. If d1 = r, then
head 1 moves to the right until it reads qy,z in t3, if instead d1 = l, then head
1 moves to the left until it reads qy,z in t1. Head 2 moves in p2 in a similar
fashion depending on d2.

It should be clear that this process requires more than one transition in M2.
The strings trx,y and tr′x,y have substrings of pairs of symbols: one with a bar
and one without. As we will see, the barred symbols in p1 (p2) are used to
indicate that head 2 (head 1) passed to another t while scanning p2 (p1). The
superscripts (pairs or elements in {l, r}) indicate in which direction head 1 and
head 2 have to move.

In the following ι ∈ {w1, . . . , w|w|} and σ ∈ Σ.

Phase 1. The transition is simulated on the heads from 3 until k, while head
1 moves to read qd1,d2

x,y . Head 2 co-operates with head 1. This is performed by
the following transitions divided into groups: (10, 11, 12), (13, 14), (15, 16) and
(17, 18, 19). These groups perform similar operations.

9: qx,y q′x,y ιk−2 → d2d1d3 . . . dk for (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ;

10: ql,rx,y q′
l,r
x,y ιk−2 → rs

k−1;

11: q̄l,rx,y q′
l,r
x,y ιk−2 → rs

k−1;

12: qr,rx,y ε ιk−2 → srs
k−2;

13: ql,rx,y q′
l,l
x,y ιk−2 → srs

k−2;

14: ql,rx,y ε ιk−2 → srs
k−2;

15: qr,lx,y q′l,rx,y ιk−2 → sls
k−2;

16: qr,lx,y ε ιk−2 → sls
k−2;

17: qr,lx,y q′
l,l
x,y ιk−2 → ls

k−1;

18: q̄r,lx,y q′
l,l
x,y ιk−2 → ls

k−1;

19: ql,lx,y ε ιk−2 → sls
k−2;

for ε ∈ {q′
t1,t2
x,y , q̄′

t1,t2
x,y , q′x,y | (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ,
t1, t2 ∈ {l, r}} and for (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ.

Transition 9 lets heads 3, . . . , k to move as similar heads in M1 do. If
d1 = d2 = r, then head 1 has to read qr,rx,y. This is accomplished by the appli-
cation of transitions 10 and 11. Similar result is obtained by the application
of transitions 13, 15, 17 and 18 for the remaining possible values of d1 and d2.
Head 1 then reads qd1,d2

x,y . Depending on what read by head 1, transitions 12,
14, 16 and 19 let head 2 to move until the next symbol in Σ.
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Phase 2. Let us assume that head 1 reads qd1,d2
x,y . When head 2 reads a

symbol in w, head 1 moves to read q̄d1,d2
x,y , then head 2 moves in direction d2

until it reads q′
d1,g
y,z (where g = l if d2 = r and g = r if d2 = l). This is performed

by the following transitions divided into groups: (20, 21), (22, 23), (24, 25) and
(26, 27). These groups perform similar operations.

20: qr,rx,y σ ιk−2 → r
2
s
k−2;

21: q̄r,rx,y ε ιk−2 → srs
k−2;

for ε ∈ {q′
t1,t2
x′,y′ , q̄′

t1,t2
x′.y′ , q′x′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ, x′ < y,

t1, t2 ∈ {l, r}} ∪ {q̄r,ly,z | (y, a1, . . . , ak) → (z, d1, . . . , dk) ∈ δ};

22: ql,rx,y σ ιk−2 → r
2
s
k−2;

23: q̄l,rx,y ε ιk−2 → srs
k−2;

for ε ∈ {q′
t1,t2
x′,y′ , q̄′

t1,t2
x′.y′ , q′x′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ, x′ < y,

t1, t2 ∈ {l, r}} ∪ {q̄r,ly,z, q′
r,l
y,z, q̄′

l,l
y,z | (y, a1, . . . , ak) → (z, d1, . . . , dk) ∈ δ};

24: qr,lx,yσ ιk−2 → l
2
s
k−2;

25: q̄r,lx,y ε ιk−2 → sls
k−2;

for ε ∈ {q′
t1,t2
x′,y′ , q̄′

t1,t2
x′.y′ , q′x′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ, x′ > y,

t1, t2 ∈ {l, r}} ∪ {q̄′
r,r
y,z | (y, a1, . . . , ak) → (z, d1, . . . , dk) ∈ δ};

26: ql,lx,y σ ιk−2 → l
2
s
k−2;

27: q̄l,lx,y ε ιk−2 → sls
k−2;

for ε ∈ {q′
t1,t2
x′,y′ , q̄′

t1,t2
x′.y′ , q′x′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ, x′ > y,

t1, t2 ∈ {l, r}} ∪ {q̄′
r,r
y,z, q′

r,r
y,z, q̄′

l,r
y,z | (y, a1, . . . , ak) → (z, d1, . . . , dk) ∈ δ}.

When head 2 reads, for instance, q′
d1,g
y,z , then, because of the application of

transition 20, head 1 moves as indicated by d1 so to read q̄d1,d2
x,y . The repeated

application of transition 21 let head 1 to move as indicated by d1 until it reads
a symbol in Σ. The lexicographic order plays an essential role: transitions 21,
23, 25 and 27 let head 2 to move until it reads the unique (because M1 is de-

terministic) q′d1,g
y,z .

Phase 3. When head 2 reads q′
d1,g
y,z the transitions in the present phase let

head 1 to move in direction d1 until it reads a symbol in Σ. Because of the
lexicographic order during phase 3 the transitions in phase 2 cannot be applied.
This is performed by the following transitions divided into groups: (28, 29), (30,
31), (32, 33) and (34, 35). These groups perform similar operations.

28: q̄r,rx,y q′
r,l
y,z ιk−2 → rs

k−1;

29: ε q′r,ly,z ιk−2 → rs
k−1;

30: q̄l,rx,y q′
l,l
y,z ιk−2 → ls

k−1;

31: εq′
l,l
y,z ιk−2 → ls

k−1;

32: q̄r,lx,y q′
r,r
y,z ιk−2 → rs

k−1;
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33: ε q′
r,r
y,z ιk−2 → rs

k−1;

34: q̄l,lx,y q′
l,r
y,z ιk−2 → ls

k−1;

35: ε q′
l,r
y,z ιk−2 → ls

k−1;

for ε ∈ {qt1,t2
x′,y′ , q̄t1,t2

x′,y′ , qt1,t2
x′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ,

t1, t2 ∈ {l, r}}.

Phase 4. Similarly to what performed by the transitions in phase 2, when

head 1 reads a symbol in Σ and head 2 reads q′
d1,g
y,z , the transitions in the present

phase let head 2 to move to read q̄′
d1,g

y,z . Head 1 goes on moving in direction d1

until it reads qy,z. This is performed by the following transitions divided into
groups: (36, 37), (38, 39), (40, 41) and (42, 43). These groups perform similar
operations.

36: σq′
r,l
y,z ιk−2 → rls

k−2;

37: εq̄′
r,l
y,z ιk−2 → rs

k−1;

for ε ∈ {qt1,t2
x′,y′ , q̄t1,t2

x′,y′ , qx′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ, x′ < y,

t1, t2 ∈ {l, r}} ∪ {q̄l,ly,z, ql,ly,z, q̄r,ly,z, qr,ly,z};

38: σq′
l,l
y,z ιk−2 → l

2
s
k−2;

39: ε q̄′
l,l
y,zι

k−2 → ls
k−1;

for ε ∈ {qt1,t2
x′,y′ , q̄t1,t2

x′,y′ , qx′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ, x′ > y,

t1, t2 ∈ {l, r}} ∪ {q̄r,ry,z, qr,ry,z, q̄l,ry,z, ql,ry,z};

40: σq′
r,r
y,z ιk−2 → r

2
s
k−2;

41: ε q̄′
r,r
y,z ιk−2 → rs

k−1;

for ε ∈ {qt1,t2
x′,y′ , q̄t1,t2

x′,y′ , qx′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ, x′ < y,

t1, t2 ∈ {lr}} ∪ {q̄l,ly,z, ql,ly,z, q̄r,ly,z, qr,ly,z};

42: σ q′
l,r
y,z ιk−2 → lrs

k−2;

43: ε q̄′
l,r
y,z ιk−2 → rs

k−1;

for ε ∈ {qt1,t2
x′,y′ , q̄t1,t2

x′,y′ , qx′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ, x′ > y,

t1, t2 ∈ {l, r}} ∪ {q̄r,ry,z, qr,ry,z, q̄l,ry,z, ql,ry,z}.

Phase 5. When head 1 reads qy,z, then head 2 moves to read q′y,z. This is
performed by the following transitions divided into groups: (44, 45), (46, 47),
(48, 49) and (50, 51). These groups perform similar operations.

44: qy,z q̄′
r,l
y,z ιk−2 → srs

k−2;

45: qy,z ε ιk−2 → srs
k−2 for ε ∈ {q′

r,l
y,z, q̄′

l,l
y,z, q′

l,l
y,z};

46: qy,z q̄′
l,l
y,z ιk−2 → srs

k−2;

47: qy,z q′
l,l
y,z ιk−2 → srs

k−2;

48: qy,z q̄′
r,r
y,z ιk−2 → sls

k−2;
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49: qy,z ε ιk−2 → srs
k−2 for ε ∈ {q′

r,r
y,z, q̄′

l,r
y,z, q′

l,r
y,z};

50: qy,z q̄′
l,r
y,z ιk−2 → sls

k−2;

51: qy,z q′l,ry,z ιk−2 → sls
k−2.

The simulation ends with head 1 and head 2 reading qy,z and q′y,z, respec-
tively.

Termination. When head 1 reads qx,sf
and head 2 reads q′x,sf

, then all the
heads move to the right until they read ⊳. This happens by the application of
the following transitions:

52: qx,sf
q′x,sf

σk−2 → s
2
r
k−2 for σ ∈ Σ;

53: ε2 ⊳k−2 → r
2
s
k−2 for ε ∈ Σ′ \ {⊳};

54: ⊳k → s
k.

We were not able to prove a result similar to Lemma 2.1 for 2NFA due to
the following difficulty. In the proof of Lemma 2.1 the transitions in phase 2
let head 2 to ‘search’ for (the unique) q′

d1,g
y,z while head 1 reads either qd1,d2

x,y or

q̄d1,d2
x,y . When this happens the transitions in phase 3 let head 1 to move while

head 2 does not. If a 2NFA tries to do a similar thing, then, as there can be
several qd1,d2

x,y and q̄d1,d2
x,y for different y in p1, then when head 2 reads q′d1,g

y,z (for
a certain y) and transitions in phase 3 are applied, then it can be that head 1

reads qd1,d2

x,y′ . In this case the transitions in phase 2 can be applied again leading
not to a simulation of any transition in M1.

We did not succeed either to avoid such behaviour or to let the computation
of M1 to halt in a non accepting configuration when such behaviour occurs.

If the number of heads of M1 is at least 3, then a stateless 2NFA can
simulate a 2NFA with states.

Lemma 2.2. For k ≥ 3, any k-head 2NFA with states can be simulated by a
stateless k-head 2NFA.

Proof. As the proof is very similar to the one of Lemma 2.1, we only sketch it
here.

Let M1 = (Σ, δ, S, s0, sf ) be a k-head 2NFA with states such that S =
{1, . . . , |S|}, s0 = 1 and sf = |S|. As in the proof of Lemma 2.1 we assume
that the transitions of M1 are of the form (x, a1, . . . , ak) → (y, d1, . . . , dk) where
d1, d2 ∈ {l, r} and d2, . . . , dk ∈ {l, r, s}.

We define M2 = (Σ′, δ′), a stateless k-head 2NFA with:

Σ′ = {qd1,d2
x,y , q′d1,d2

x,y , q̄d1,d2
x,y , q̄′

d1,d2

x,y | (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ,
d1, d2 ∈ {l, s, r}} ∪ Σ ∪ {σ̄ | σ ∈ Σ}.

The elements in δ′ are defined in the following.
Given a string w = w1 . . . w|w| over Σ we define the string w′ = p1p2p3w

with:

p1 and p2 defined as in the proof of Lemma 2.1;
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p3 = w1w̄1 . . . w|w|w̄|w|.

The vast majority of transitions are similar to the ones described in the proof
of Lemma 2.1. The main differences are:

Phase 1. Head 3 moves two times in direction d3. This can be performed by
9′: qx,y q′x,y ιk−2 → s

2d3s
k−3;

9′′: qx,y q′x,y σ̄ ιk−3 → d2d1d3 . . . dk;
for (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ and σ ∈ Σ.

Phase 2. Head 2 can move on when reading a q′d1,g
y,z until it reads q′d1,g

y′,z with
y′ > y. This is because there can be several with different z (as M1 is nonde-

terministic). Anyhow, if head 2 reads q′
d1,g
y′,z with y′ > y, then M2 halts in a

non-accepting configuration (because the heads do not read ⊳). So, when head

2 reads a q′
d1,g
y,z , then either it moves on or head 3 moves to the right to read a

barred symbol and head 2 does no longer move in this phase.

Phase 3. Transitions 45, 47, 49 and 51 are such that head 3 moves to the
left. In this way M2 is ready to simulate another transition of M1.

We can now state the main results of this section:

Theorem 2.1. For k ≥ 2, stateless k-head 2DFAs are computationally more
powerful than stateless (k − 1)-head 2DFAs.

Proof. The case k = 2 is obvious, since the language {anbn+1 | n ≥ 0} can be
accepted by a stateless 2-head DFA but not by a stateless 1-head DFA, since
1-head DFAs (even with states) accept only regular sets.

Now let k ≥ 3. Let L1 be a language accepted a k-head 2DFA with states
M1 but not by any (k − 1)-head 2DFA with states. Such a language exists [6].
Let M2 be the stateless k-head 2DFA simulating M1 as described in Lemma
2.1. Let L2 = L(M2). We claim that L2 cannot be accepted by a stateless
(k− 1)-head 2DFA. Suppose not, i.e., L2 is accepted by a stateless (k− 1)-head
2DFA M3. We can then construct from M3 a (k−1)-head 2DFA M4 with states
to accept the original language L1 = L(M1) as follows.

When given ⊲w⊳, M4 simulates the computation of M3 on ⊲p1p2w⊳. But
since M4 is only given ⊲w⊳ it will use the finite-state control to keep track of
the movements of each head when each head “moves” into the segment p1p2.
Clearly, since p1 and p2 are fixed patterns, this can be done.

We get a contradiction, since L1 cannot be accepted by a (k−1)-head 2DFA
with states.

Similarly, since k-head 2NFAs with states are computationally more powerful
than (k − 1)-head 2NFAS (for k ≥ 2) [6], we have the following result using
Lemma 2.2. However, the case k = 3 is still open.

Theorem 2.2. Stateless k-head 2NFAs are computationally more powerful than
stateless (k − 1)-head 2NFAs for k = 2 and k ≥ 4.
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We note that in the proof of Lemma 2.1 |Σ′| = |Σ| + 16|δ|, where |δ| is the
number of transitions in δ, while |w′| = 18|δ||w| + |w| (as |p1| = |p2| = 9|δ||w|).
If extra heads are added, then the size of the alphabet Σ′ and the length of
string w′ used by a stateless 2DFA to simulate a k-head 2DFA with states can
substantially decrease.

Lemma 2.3. Let M1 = (Σ, δ, S, s0, sf ) be a k-head 2DFA with states where
k≥ 1. There is a stateless (k + 1)-head 2DFA M2 = (Σ′, δ′) simulating M1 with
|Σ′| = |Σ| + 4|δ|. The machine M2 can simulate M1 with input |w| using an
input string of length |w′| = 3|δ| + |w||δ| + |w|.

Proof. As in the proof of Lemma 2.1 we consider that the transitions are of the
form (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ are such that d1 ∈ {l, r}.

We define M2 = (Σ′, δ′), a stateless (k + 1)-head 2DFA with:

Σ′ = Σ ∪ {qlx,y, q
r
x,y, q′x,y, qx,y | (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ}.

The elements in δ′ are defined in the following.
Given a string w = w1 . . . w|w| over Σ we define the string w′ = p1p2w with:

p1 is the lexicographic ordering of trx,y = qlx,yqx,yq
r
x,y for (x, a1, . . . , ak) →

(y, d1, . . . , dk) ∈ δ;

p2 = w1t
′w2t

′ . . . w|w|t
′ where t′ is the lexicographic order of q′x,y for (x, a1,

. . . , ak) → (y, d1, . . . , dk) ∈ δ.

The heads from 1 to k of M2 are associated with the heads from 1 to k,
respectively, of M1. The remaining head of M2 is called head-state. During
a computation of M2 the head-state reads mainly p1, head 1 reads mainly p2,
while the remaining heads read mainly w.

The computations of M2 can be logically divided in three parts: initializa-
tion, simulation and termination. Initialization and termination are similar to
the ones described in the proof of Lemma 2.1, and for this reason we omit them
here.

Simulation. The simulation of transitions of M1 starts and ends with head-
state and head 1 reading symbols of the kind qx,y and q′x,y, respectively, for
x, y ∈ S while the remaining heads read symbols in w. In such a configuration
the transition (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ is simulated by head 2, . . .,
head k of M2. Moreover, if d1 = r (d1 = l), then head-1 and head-state of M2

move right (left). This occurs by the application of transition 1 in M2.
When the head-state reads qrx,y head 1 of M2 moves to the right until σ ∈ Σ

(if the head-state reads qlx,y, then head 1 of M2 moves to the left until σ ∈ Σ).
This occurs by the application of transitions 2 (2′) in M2.

When head-state reads qrx,y and head-1 of M2 reads σ ∈ Σ, then head 1

moves to the right while head-state moves to the left (if head-state reads qlx,y

and head-1 reads σ ∈ Σ, then head 1 and head-state move to the right). This
occurs by the application of transitions 3 (3′).
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Head 1 keeps then moving to the right until it reaches q′y,z (transition 4).
When this happens the head-state moves (to the left if y < x, to the right if
y > x) until it reads qy,z (transitions 5 and 5′). When this happens head-1
moves to the left until it reads an a (transition 6). When this happens M2 is in
a configuration similar to c.

The just indicated transitions are:
1: qx,y q′x,y ιk−1 → d2

1d2 . . . dk for (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ;

2: qrx,y ε ιk−1 → srs
k−1

for ε ∈ {q′x′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ};

2′: qlx,y ε ιk−1 → srs
k−1

for ε ∈ {q′x′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ};

3: qrx,y σ ιk−1 → lrs
k−1 for σ ∈ Σ;

3′ qlx,y σ ιk−1 → r
2
s
k−1 for σ ∈ Σ;

4: qx,y q′x′,y′ ιk−1 → srs
k−1 for x′ < y;

5: qx,y q′y′,z′ ιk−1 → rs
k for y′ > x;

5′: qx,y q′y′,z′ ιk−1 → ls
k for y′ < x;

6: qy,z ε ιk−1 → sls
k−1

for ε ∈ {q′y′,z′ | (y′, a1, . . . , ak) → (z′, d1, . . . , dk) ∈ δ, y′ ≤ y}.
The result follows.

Lemma 2.4. Let M1 = (Σ, δ, S, s0, sf ) be a k-head 2DFA with states where
k≥ 1. There is a stateless (k + 2)-head 2DFA M2 = (Σ′, δ′) simulating M1 with
|Σ′| = |Σ|+4|δ|. The system M2 can simulate M1 with input |w| using an input
string of length |w′| = 4|δ| + |w|.

Proof. We define M2 = (Σ′, δ′), a stateless (k + 1)-head 2DFA with:
Σ′ = Σ ∪ {qx,y, fx,y, q

′
x,y, q

′′
x,y | (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ}.

The elements in δ′ are defined in the following.
Given a string w = w1 . . . w|w| over Σ we define the string w′ = p1p2w with:

p1 is the lexicographic ordering of fx,yqx,y for (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈
δ;

p2 is the lexicographic ordering of q′x,y followed by the lexicographic ordering
of q′′x,y for (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ.

The heads from 1 to k of M2 are associated with the heads from 1 to k,
respectively, of M1. The remaining 2 heads of M2 are called head-state 1 and
head-state 2. During a computation of M2 the head-state 1 reads mainly p1,
head-state 2 reads mainly p2, while while the remaining heads read mainly w.

The computations of M2 can be logically divided in three parts: initializa-
tion, simulation and termination. Initialization and termination are similar to
the ones described in the proof of Lemma 2.1, and for this reason we omit them
here.
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Simulation. The simulation of transitions of M1 starts and ends with head-
state 1 reading a symbol of the kind qx,y and head-state 2 reading a symbol of
the kind q′x,y for x, y ∈ S while the remaining heads read symbols in w. In such
a configuration the transition (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ is simulated
by head 1, . . ., head k of M2. Moreover, head-state 1 moves to the left while
head-state 2 moves to the right (transition 1).

When head-state 1 reads fx,y, then head-state 2 moves to the right until it
reads q′′y,z (transitions 2). When this happens head-state 1 moves to the right or
to the left (depending on the lexicographic order) until it reads qy,z (transitions
3 and 3′). When this happens head-state 2 moves to the right or to the left
(depending on the lexicographic order) until it reads q′y,z (transitions 5).

The just indicated transitions are:
1: qx,y q′x,y ιk → lrd1 . . . dk for (x, a1, . . . , ak) → (y, d1, . . . , dk) ∈ δ;

2: fx,y ε ιk → srs
k for ε ∈ {q′x′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ}∪
{q′′x′′,y′′ | (x′′, a1, . . . , ak) → (y′′, d1, . . . , dk) ∈ δ, x′′ < y};

3: fx′,y′ q′′y,z ιk → rs
k+1 for y ≥ x;

3′: fx′,y′ q′′x,y ιk → ls
k+1 for y < x;

4: qx′,y′ q′′y,z ιk → rs
k+1 for y > x;

4′: qx′,y′ q′′y,z ιk → ls
k+1 for y < x;

5: qy,z ε ιk → sls
k for ε ∈ {q′′x′,y′ | (x′, a1, . . . , ak) → (y′, d1, . . . , dk) ∈ δ,

x′ ≤ y} ∪ {q′x′′,y′′ | (x′′, a1, . . . , ak) → (y′′, d1, . . . , dk) ∈ δ, x′′ > y}.
The result follows.

Finally, when the number of heads of the simulating stateless 2DFA is k +3,
we have [5, Lemma 1]:

Lemma 2.5. Let M1 = (Σ, δ, S, s0, sf ) be a k-head 2DFA with states where
k≥ 1. There is a stateless (k + 3)-head 2DFA M2 = (Σ′, δ′) simulating M1 with
|Σ′| = |Σ|+ |δ|. The system M2 can simulate M1 with input |w| using an input
string of length |w′| = |δ| + |w|.

We do not know if the cardinality of Σ′ and the length of w′ in Lemmas
2.1, 2.3, 2.4 and 2.5 are optimal. Here we simply wanted to point out how the
cardinality and length decrease when we increase the number of heads.

3. Stateless Multihead Pushdown Automata

Let M be a k-head 2DPDA (two-way deterministic pushdown automaton)
over input alphabet Σ. An input to M is a tape of the form ⊲w⊳, where w ∈ Σ∗

with ⊲ and ⊳ the left and right end markers. Let ⊲w⊳ = a1. . .an. (Thus, n ≥ 2,
and a1 = ⊲ and an = ⊳.) Let {1, . . ., m} be the sets of states. Initially, the
stack contains B (the bottom of the stack) and all k heads are on a1 (i.e., on
⊲). The transitions of M are of the form (i, x1, . . ., xk, z) → (j, d1, . . ., dk, γ).
The transition means that when M is in state i, the heads H1, . . ., Hk read
x1, . . ., xk ∈ Σ ∪ {⊲, ⊳}, and the top of the stack (TOS) is z, then M changes
state to j, moves head Hs in direction ds ∈ {l, s, r}, and replaces z with the
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string γ. The tape w = a1. . .an (actually, a2. . .an−1, without the end markers)
is accepted if and only if M eventually reaches the configuration where all the
heads are on an (i. e., on ⊳) and the stack is empty (there is no move on empty
stack). We assume that no head falls off the input tape.

We describe a stateless k-head 2DPDA M ′ simulating M . The input alpha-

bet of M ′ is Σ′ = Σ ∪ {⊲, ⊳, #} ∪ {il, ir | 1 ≤ i ≤ m}. The left and right end
markers of inputs to M ′ are now ⊲′ and ⊳′, respectively. Note that ⊲, ⊳ are now
considered input symbols in Σ′

Let p = 1l2l. . .ml1r2r. . .mr. For an input w = a1. . .an to M , let w′ =
⊲′a1pa2p. . .anp#a1. . .an⊳′. We refer to w′ as the encoding of w. We construct
M ′ such that M accepts w if and only if M ′ accepts w′. For inputs to M ′

that are not valid encodings of inputs to M , we do not care. We now briefly
describe the operation of M ′ when given input w′ = ⊲′a1pa2p. . .anp#a1. . .an⊳′.
For convenience, we also call the heads of M ′, H1, . . . , Hk.

M ′ simulates the computation of M on w = a1. . .an on input w′ = ⊲′a1pa2

p. . .anp#a1. . .an⊳′ as follows.

1. While H1 remains on ⊲′, heads H2, . . ., Hk are moved to #.

2. Then H1, . . ., Hk are moved right one cell. So now, H1 is on the first a1

and H2, . . ., Hk are on the second a1 (directly to the right of #).

In what follows, H2, . . ., Hk will simulate the corresponding heads of M
on a1. . .an. H1 will simulate H1 of M on the segment a1pa2p. . .anp. For
convenience, let w1 = a1pa2p. . .anp and w2 = a1. . .an.

3. The current state i of M is stored on the TOS of M ′ along with the stack
symbol, as a pair (z, i).

4. At the beginning of each simulation step, H1 will be on some symbol at of
w1 and H2, . . ., Hk are on w2, and the TOS is some pair (z, i). (Initially,
the stack contains only (B, 1), where 1 is the initial state of M .)

5. If in the move, M ′ is supposed to replace (z, i) by (z1. . .zr, j), r > 0, M ′

moves H2, . . ., Hk as in M and, depending on whether H1 is supposed to
move right, left, or remain stationary of at, M ′ does the following:

(a) moves H1 right and replaces the TOS (z, i) by (z1. . .(zr, j
r);

(b) moves H1 left and replaces the TOS (z, i) by (z1. . .(zr, j
l);

(c) does not move H1 but replaces the TOS (z, i) by (z1. . .(zr, j).

Then, we consider three cases.

Case 1: TOS is (zr, j
r). Then H1 moves right until it reads at+1. It

then replaces the TOS (zr, j
r) by (zr, j), and continues the simulation

of the next step of M ;

Case 2: TOS is (zr, j
l). Then H1 moves left until it reads at−1. It then

replaces the TOS (zr, j
l) by (zr, j), and it continues the simulation of

the next step of M ;
Case 3: TOS is (zr, j). M ′ continues the simulation of the next step
of M .
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6. If in the move, M ′ is supposed to replace (z, i) by (ε, j) (i.e., the stack is
popped), then M ′ moves H2, . . ., Hk as in M and, depending on whether
H1 is supposed to move right, left, or remain stationary of at does the
following:

(a) Moves H1 right and replaces the TOS (z, i) by (ε, jr);

(b) Moves H1 left and replaces the TOS (z, i) by (ε, jl);
(c) Moves H1 right and replaces the TOS (z, i) by (ε, js).

Again, we consider three cases:

Case 4: TOS is (ε, jr). Then H1 moves right until it reads jr. Then
it pops the stack. Let the new top be y. Then M ′ replaces y by (y, jr).
Then M ′ operates like Case 1;

Case 5: TOS is (ε, jl). Then H1 moves left until it reads jl. Then it

pops the stack. Let the new top be y. Then M ′ replaces y by (y, jl).
Then M ′ operates like Case 2;
Case 6: TOS is (ε, js). Then H1 moves right until it reads jr. Then

it pops the stack. Let the new top be y. Then M ′ replaces y by (y, jl).
Then M ′ operates like Case 2.

It follows that M ′ can simulate M provided the input to M ′ is well-formed
as described above.

Clearly, the above construction also works for nondeterministic machines,
i.e., 2NPDAs.

Theorem 3.1. For k ≥ 2, stateless k-head 2DPDAs are computationally more
powerful than stateless (k − 1)-head 2DPDAs.

Proof. Let L be a language accepted a k-head 2DPDA with states M but not by
any (k−1)-head 2DPDA with states. Such a language exists [3]. Let M ′ be the
stateless k-head 2DPDA simulating M as described above. Let L′ = L(M ′). We
claim that L cannot be accepted by a stateless (k − 1)-head 2DPDA. Suppose
not, i.e., L′ is accepted by a stateless (k − 1)-head 2DPDA M ′′. We can then
construct from M ′′ a (k−1)-head 2DPDA M ′′′ with states to accept the original
language L = L(M) as follows.

When given a1. . .an, M ′′′ simulates the computation of M ′′ on ⊲′a1p. . .anp#
a1. . .an⊳′. But since M ′′′ is only given a1. . .an it will use the finite-state control
to keep track of the movements of each head when each head “moves” into the
segment ⊲a1pa2p. . .anp#. Clearly, since p is a fixed pattern, this can be done.
We omit the details.

Similarly, since k-head 2NPDAs with states are computationally more pow-
erful than those with k-heads [3], we have:

Theorem 3.2. For k ≥ 2, stateless k-head 2NPDAs are computationally more
powerful than stateless (k − 1)-head 2NPDAs.

Turning now to the one-way varieties, consider the following language over the
alphabet {a, b, #, @}:
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Lk = {u k(k−1)
2

#u k(k−1)
2 −1

# . . . #u2#u1@v1#v2# . . . #v k(k−1)
2 −1

#v k(k−1)
2

|

ui, vi ∈ {a, b}∗, ui = vi}.

It was shown in [10] that Lk can be accepted by a k-head 1DFA with states,
but cannot be accepted by any (k − 1)-head 1NFA with states. Later in [1] it
was shown that, in fact, Lk cannot be accepted by any (k − 1)-head 1NPDA
with states.

Recently, in [5], it was shown that a language L′
k, which is a “padded” version

of the language Lk, has the following properties:

1. L′
k can be accepted by a stateless k-head 1DFA, and therefore also by a

stateless k-head 1DPDA;

2. If L′
k can be accepted by a stateless (k−1)-head 1NFA, then the unpadded

version Lk can be accepted by a (k− 1)-head 1NFA with states, and there-
fore also by a (k − 1)-head 1NPDA with states.

In fact, following the argument in item 2 described in [5]), L′
k cannot be ac-

cepted by (k − 1)-head 1NPDA with states.

Hence, L′
k can be accepted by a stateless k-head 1DFA (hence also by a stateless

k-head 1DPDA) but not by any stateless (k − 1)-head 1NPDA.

Theorem 3.3. There are languages accepted by stateless k-head 1DFAs that
cannot be accepted by stateless (k − 1)-head 1NPDAs.

Corollary 3.1. For k ≥ 2, stateless k-head 1DPDAs (resp., 1NPDAs) are
computationally more powerful than stateless (k − 1)-head 1DPDAs (resp.,
1NPDAs).

4. Characterizations

Clearly, any multihead 2DFA (resp., 2NFA, 2DPDA, 2NPDA) with n states
can be simulated by a corresponding stateless machine by adding log2n extra
heads to keep track of the states. Each head is positioned on the left end marker
(to represent 0) and the cell to its right (to represent 1). Thus, log2n heads can
keep track of n states.

Theorem 4.1. Let L be a language. Then:

1. L is accepted by a stateless multihead 2NPDA;

2. L is accepted by a stateless multihead 2DPDA;

3. L is accepted by a multihead 2NPDA with states;

4. L is accepted by a multihead 2DPDA with states;

5. L is accepted by a deterministic TM in nc time for some constant c.

15



The above follows from [2], where the equivalence of items 3, 4, and 5 was shown.
In fact, for stateless multihead nondeterministic pushdown automata, the

following more precise characterization was recently shown in [4]:

Theorem 4.2. A language L is accepted by a stateless k-head 2NPDA (resp.,
1NPDA) if and only if it is accepted by a k-head 2NPDA (resp., 1NPDA) with
states.

One can also easily show the following:

Theorem 4.3. A language L can be accepted by stateless multihead 1DPDA
(resp., 1NPDA, 1DFA, 1NFA) if and only if it can be accepted by a multihead
1DPDA (resp., 1NPDA, 1DFA, 1NFA) with states M with the following prop-
erty: when M enters a state, say q, it can remain in that state and move the
heads (and change the stack) but once it leaves q and it enters another state,
say q′, then M cannot reenter state q.

It is well known that multihead 2DFAs (resp., 2NFAs) are equivalent to
log n space-bounded deterministic (nondeterministic) Turing machines. Hence,
we have:

Theorem 4.4. Stateless multihead 2DFAs (resp., 2NFAs) are equivalent to
log n space-bounded deterministic (resp., nondeterministic) Turing machines.

It is a long-standing open problem whether log n space-bounded determin-
mistic Turing machines are equivalent to log n space-bounded nondeterministic
Turing machines. Here we show:

Theorem 4.5. If every language accepted by a stateless 3-head 2NFA can be
accepted by a multihead 2DFA with states, then log n space-bounded determin-
mistic Turing machines are equivalent to log n space-bounded nondeterministic
Turing machines.

Proof. We will use the fact that this theorem is true when the 3-head 2NFA has
states [7]. (In fact, the result in [7] is already true for 2 heads.)

Let L1 be a language accepted by a 3-head 2NFA. Then, the language L2

(defined in the proof of Lemma 2.2) can be accepted by a stateless 3-head
2NFA. If L2 can be accepted by a multihead 2DFA with states, then we can
easily construct a multihead 2DFA with states accepting L1.

The result follows.

It would be interesting to know if the 3-head above can be reduced to 2-head.

5. Conclusion

We showed that stateless (k + 1)-head 2DFA (resp., 2NFAs) are computa-
tionally more powerful than k-head 2DFAs (resp., 2NFAS) for k ≥ 1 (resp., k =
1 and k ≥ 3), improving recent results in [5]. We also proved similar results for
stateless multihead pushdown automata. Some interesting problems remain.
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For example, we conjecture that stateless 3-head 2NFAs are computationally
more powerful than stateless 2-head 2NFAs, but we have no proof at this time.

We do not know if the relations between the number of heads, the size of
Σ′ and the length of w′ presented in Section 2 are optimal. We think that
such study, relating some features of the system to the size of the alphabet
used in the simulation and the length of the input string, is important and
that it is worth pursuing for other computing devices as well. We believe that
the precise relationships between these measures depend on the kind of data
structure (strings, multiset, sets, etc.) on which a system operates and on the
‘power’ of the transitions (rules, operation, etc.) used by the system.
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