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Abstract. We describe an algorithm that can be implemented at a
molecular and cell level for solving the Hamiltonian path problem. This
algorithm, using viral DNA and bacteria, improves a previously pub-
lished similar algorithm because:
no false positive can be generated;
once the experiment is set up, no human intervention is needed for its

completion;
the detection of the solution is an elementary operation, independent

from the size of the considered instance.

1 Introduction

A problem is said to be hard if it cannot be solved by a deterministic Turing
machine with a polynomial time algorithm [10, 17]. For many of this kind of
problem the number of possible solutions increases exponentially. In 1994 L.
Adleman [1] described an algorithm implemented at a molecular level for the
solution of the Hamiltonian path problem, a hard problem.

Even if this algorithm does not overcome the exponential increase of possible
solutions, the algorithm described in [1] attracted a lot of interest because of
the novelty of the approach. This approach uses DNA molecules to encode and
manipulate information. There are several advantages in using DNA to solve
problems [2]: the massive parallelism present at a molecular level, the very com-
pact information storage, the energy efficiency of biochemical operations, etc.

Adleman’s seminal paper started a new research field aiming, in between
others, to create molecular devices solving problems. Some examples of such
devices are [5, 8, 9, 14, 18]. A few publications dealt with the possibility of using
living organism to solve problems [16, 3, 4].

The results of the present paper have been inspired by the solution of the
Hamiltonian path problem with Escherichia coli described in [4]. The Hamilto-
nian path problem (HPP) can be formulated as: given a directed graph with two



distinct nodes in and out, is there a path starting from in and ending at out
visiting all the nodes in the graph once?

In [4] it is described how E. coli can be modified using molecular genetics to
explore all the possible paths in a given graph. The bacteria that succeed finding
a Hamiltonian path report their success by fluorescing in yellow.

The algorithm described in the present paper solves instances of the HPP
using viral DNA (bacteriophage) and bacteria. This algorithm can be regarded
as an improved version of the algorithm described in [4] where the improvements
are:

- no false positive can be generated;
- the gene rearrangement is performed by the cells (that is, it does not require

human intervention);
- the detection of the solution is an elementary operation, independent from the

size of the considered instance.

The previous items are further discussed in Section 4.
In the following sections we describe our algorithm, we give one example of

it and we provide the details of a possible implementation.

2 The algorithm

In a nutshell, the algorithm consists in encoding the considered instance of the
HPP in the bacteriophage genome which is then transfected (inserted) in a bac-
teria host. The host’s DNA is modified so it is able to rearrange the viral DNA
in a way that a Hamiltonian path in the given problem is detected by the devel-
opment of the virus.

Here we first describe how an instance of the HPP can be encoded in a viral
DNA and then we describe the algorithm.

Encoding. Similarly as in [4] we use the Salmonella typhimurium Hin/hixC
recombinase systems to allow reordering of transgenes. It has been experimen-
tally proven [12, 13] that DNA fragments flanked by a pair of hixC sites can be
inverted in a single operation by Hin recombinase either as a single DNA frag-
ment or as multiple adjacent fragments. In the following the hixC site is depicted
by a black triangle ( ). Rearrangement by Hin recombinase results in inversion
of DNA sequences flanked by a pair of hixC sites.

An instance of the HPP on a graph with n nodes is encoded into a bacte-
riophage genome, specifically using the g ≥ n genes present in an operon within
the genome of the bacteriophage. For instance, one could consider the operon
for the production of the bacteriophage λ capsid and tail proteins, which are
essential for the release of viable progeny bacteriophage following a lytic cycle
of replication. This operon contains 18 genes, so our algorithm could be imple-
mented to solve an instance of the HPP on a graph with at most 18 nodes. Of
course, in theory, this algorithm works for any number of nodes but, realistically,



this number has to be at most equal to the number of genes present in a viral
operon.

Let us assume that, in general, the nodes of the considered graph are {1, . . . , n}
and that, without loss of generality, nodes 1 and n are the in and out nodes,
respectively.

The g genes present in the considered operon are divided into n groups of
genes each group is uniquely associated with one of the n nodes in the graph.
It is easier to think that each of these groups contains just 1 gene, anyhow the
algorithm works also if each of these groups contains more than one gene.

For each group x of genes associated with nodes {1, . . . , n − 1} there are

three subsequences called initial, middle and final depicted by
x

, x and
x
,

respectively. We assume that, in order to produce the fully functional proteins
associated to group x, the three subsequences associated to this group have to

be arranged in the following way:
xx x
, that is the initial subsequence of

group x has to be followed by an hixC site, which is then followed by the middle
subsequence of group x, followed by another hixC site, followed by the final
subsequence of group x. Any other arrangements of these five subsequences,
nor less or other subsequences can produce a fully functional capsid proteins

associated to group x. The hixC sites present in
xx x

could be either added
to the original group x or being modifications of subsequences of group x.

The group of genes associated with node n (the out node in the graph)
contains the translation termination sequence for the operon which is depicted

by
n

.
The operon is modified such that:

- it starts with 1 , where the arrow denotes the promoter of the operon;
- for each edge between nodes i and j in the graph such that j is not the out

node the operon contains ji ;
- for each edge between nodes i and j in the graph such that j is the out node

the operon contains
ji ;

- for each node i different than the out node the operon contains i ;
- nothing else is present in the operon.

If we consider the graph depicted in Figure 1, then the just given encoding
can result in the operon depicted in Figure 2.a.

When Hin recombinase operates on the operon any ordering of subsequences
flanked by hixC sites is possible. Such rearrangement can encode a path in which
each node is present at most once. This is due to the fact that for each group x
of genes in the operon, only one middle subsequence for x is present and that all
three subsequences associated to group x have to be arranged in a specific way
in order to produce the fully functional proteins associated to group x.
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Fig. 1. A directed graph

In the given example one such rearrangement, encoding the Hamiltonian path
1 → 2 → 3 → 4 → 5 → 6, is depicted in Figure 2.b.
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Fig. 2. (a) an encoding of the graph in Figure 1 and (b) one possible Hin mediated
recombination of it

This recombination allows all the genes present in all the groups associated
to the nodes of the considered graph to be expressed once.

The algorithm. The algorithm can be divided in the following steps:

1. Create one viral DNA (bacteriophage genome) encoding the graph as ex-
plained in the above through in vitro molecular genetics. The genetics and
manipulation of bacteriophage lambda is well characterised and straightfor-
ward using standard molecular biology protocols [19]. The capsid and tail
protein operon of bacteriophage lambda offers a 16 gene operon in which
infectivity of the virus can be rendered inactive through disruption. We aim
to use Hin mediated shuffling of this operon, resulting in defective virions in-
capable of productive infection. This will be achieved using the lambda Red
recombination system of [7], where the use of the polymerase chain reaction
generated products, with the oligonucleotides providing extra homologous
regions for recombination, will enable the introduction of additional DNA to
the operon. This will be achieved in stable lysogens (E. coli cells containing
an integrated copy of the bacteriophage genome) for ease of the molecular
biology which is well characterised [19].



The genetics of bacteriophage lambda is well understood at the molecular
and structural level enabling the identification of sites within the lambda
capsid operon for the insertion of the hixC sites, which will not affect func-
tionality. Careful consideration of the hixC site insertion point is required
due to the addition of 26 bp inverted repeat of DNA to the operon for each
site required for recombination.
The structural knowledge of lambda capsid assembly will enable sites to
be identified which will not affect the geometry of capsid assembly, such
as those used in [15] which enabled much larger fragments of DNA to be
inserted than we plan to use. Care must be taken to ensure any additional
DNA added is in-frame, such that no mutations are introduced into the
operon. Upon introduction of the appropriate hixC sites the functionality
of the recombinant virus can be confirmed through assaying its ability to
form viral plaques in E. coli through curing of the lysogen (easily achieved
through heat or UV light). Once confirmed the DNA can be inverted in vitro
with Hin, and the novel viral capsid operon confirmed through sequencing.
There is no reason to assume that expression of the operon in a different
order from the wild type bacteriophage will significantly affect assembly of
viable virions, given that expression of the head and tail genes (Lambda late
gene expression; [19]) are translated from the same mRNA molecule.

2. Once the inactive virus genome is created, it can be introduced into E. coli
through transduction of naked bacteriophage DNA into electrocompetent E.
coli cells.

3. The bacteriophage genome can then be shuffled in an E. coli strain expressing
the Hin recombinase, which we will express on a multicopy plasmid from
an inducible promoter such as araC, such that Hin is only expressed in
the presence of arabinose in the culture medium. The bacteria will then be
allowed to replicate in a plaque assay until either a virus is detected through
the formation of a plaque (zone of clearing on an agar plate due to bacterial
lysis caused by the bacteriophage infection) or a maximum time (see Section
3) has been reached where the bacterial growth is limited through nutrient
limitation.

4. If a virus is detected, through the formation of a plaque, then the plaque can
be excised from the plate and ‘soaked out’, and assayed. The ability to form
plaques can be confirmed through re-assay on a bacterial lawn. In a small
number of cases, there is potential for co-infection with two inactive bacterio-
phage to produce progeny virions through cis-complementation, re-assaying
the isolated bacteriophage at low multiplicity of infections will ensure that
these are active shuffled viral genomes rather than co-infection complemen-
tation.

5. If the virus is detected, then the answer to the considered HPP instance is
yes. Sequencing of the bacteriophage capsid operon will ensure the integrity
of the sequence and that the capsid has been reshuffled into its original
sequence.

6. If the maximum time has been reached (see Section 3), then the answer is
no.



3 Complexity of the algorithm

In this section we study the time and space complexity of the algorithm described
in the previous section.

With space complexity we refer to the number of recombinations of the initial
DNA that have to be created in order to be highly confident that the solution
space has been uniformly covered; with time complexity we refer to the time
needed by the bacteria to create all these DNA recombinations.

We regard the time needed to create the first DNA molecule encoding the
problem and the length of this DNA molecule as a linear function of the con-
sidered HPP instance. Once the problem is solved through recombination, the
virus particle becomes naturally infective and replicates rapidly. In our algorithm
several molecules can encode the same path (Hamiltonian or not). This is due
to the possible rearrangement of the subsequences not being part of the path.

For instance, in Figure 2.b the subsequence �
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31 can be
rearranged in several ways that do not change the path encoded by the rest of
that molecule.

Given a graph with n nodes and m edges, the algorithm requires n + m
different subsequences that is, DNA sequences flanked by hixC sites. In such a
DNA sequence, 2n of these subsequences are used to encode a path while the
remaining m−n subsequences can be arranged in any way without changing the
encoded path. There are a = (m − n)! 2m−n possible recombinations of these
m− n subsequences, where (m− n)! derives from all the possible arrangements
and 2m−n derives from the fact that each subsequence can be reversed or not.

The total number of rearrangements of these subsequences is b = (m +
n)! 2(m+n), then the probability that one cell contains the DNA with a Hamil-
tonian path is p = a/b (if the Hamiltonian path is unique, which is the case
considered here, otherwise p has to be multiplied by the number of Hamiltonian
paths).

The probability that 1 in c cells contains the DNA encoding one Hamiltonian
path is 1 − (1 − p)c. If we want to find the number c of cells needed to have a
certain confidence 0 ≤ d ≤ 1 that a Hamiltonian path is present at least 1 of the
c cells, then we have to solve d = 1− (1− p)c for c.

If we consider the graph depicted in Figure 1, having n = 6 and m = 11, and
we fix d = 0.999, then this leads to c ' 6× 1016.

If one thinks that a colony of one billion E. coli can grow overnight, then in
theory, a colony of 6 × 1016 E. coli can grow in around 24 hours. This can be
achieved simply by increasing the volume of the culture vessel. If an overnight
culture of E. coli is approximately 5× 108 cells ml−1, then 1× 1016 cells can be
accommodated in 200 litres of culture, which is easily achievable in a fermenta-
tion vessel. In addition, it would be trivial to implement a continuous culture
system (chemostat) where the cell density is usually much higher than in a batch
culture vessel due to continuous feeding of the culture [11]. This would enable
the density of cells (the culture population) to be increased per unit of volume.
These cultures would also allow the induction of the Hin system through the



feeding of arabinose to the culture and it to be switched off through the dilution
of the culture with arabinose free medium.

The just given reasoning to compute the space and time complexity follows
the ones presented in [4]. Given an instance of the HPP, the algorithm in [4]
requires less DNA and less time than the algorithm we presented. For instance,
following the reasoning in [4], the number of cells needed to solve an instance
of the HPP on a graph with n = 6 and m = 11 with a confidence d = 0.999
leads to c ' 1.4 × 108. Anyhow, as indicated by the authors of [4], that algo-
rithm requires additional procedures to detect false positive. As explained in the
following section, this is not the case with our algorithm.

4 Further remarks

As indicated in the Introduction, here we discuss further the improvements of
our algorithm in respect to the one described in [4].

In [4] it is noted that the solution of the larger instances of the HPP could give
rise to false positive due to the presence of a solution with “at least one more
edge between the starting node and the ending node”. We understand that
the algorithm described in [4] cannot detect if a solution contains a node
more than once (this is possible if the HPP instance contains cycles, paths
in the graph that visit a node more than once). The authors of [4] suggest
that this drawback can be overcome with PCR screening or DNA sequences
and they state that “this approach becomes increasingly impractical” for
bigger HPP instances.
Our algorithm does not suffer from this drawback: no false positive can be
generated. As explained in Section 2, this is due to the fact that for each
group x of genes in the operon, only one middle subsequence for x is present.

In [4] the Hin mediated rearrangement is performed in several stages that re-
quire human intervention.
In our algorithm this rearrangement is performed by the bacteriophage host.
The Hin gene is present in the host chromosome and it is being expressed
before the capsid genes (encoding the considered HPP instance). If a Hin
mediated recombination does not lead to the development of a virus, then
the bacteriophage genome is passed to the next generation of cells where
further recombinations can occur.

We do not rely on the use of markers (as GFP and RFP in [4]) but we consider
genes that create a virus. This means that in our algorithm only the presence
of the virus has to be checked, and not the presence of each single marker,
as correct production and assembly of the bacteriophage capsid proteins is
essential for the formation of an infective viral particle. Even if it is true
that in [4] the presence of both markers can be detected with an elementary
operation (the presence of yellow coloured cell colonies), it is not reasonable
to think that the same strategy can be applied to solve larger HPP instances.
Currently, it is possible to discriminate easily between only about four pro-
teins that fluoresce at different wavelengths. Other markers that could be



used encode resistance to antibiotics (e.g., penicillin) and bacterial toxins.
In general it is reasonable to think that such different markers have to be
screened and checked one by one.
This in not the case for our algorithm: the check of the presence of the virus
is an elementary operation through the simple bacteriophage plaque assay.

Similarly to the algorithm described in [4] also our algorithm is limited in the
size of the HPP instance that can be solved by the number of genes that can be
used to encode nodes. In our algorithm this limit is equal to the number of genes
present in one bacteriophage operon. In general, the limit for both algorithms is
the maximum number of genes present in the used cells.
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