Data Structuresand Algorithmsl1
Lecture5: Graph Algorithms

» WeightedGraphs

» ShortesPath Algorithm

Weighted Graph ADT

» Easyto modify datastructuréor graphto
accommodateveights/

» Also needto addoperationgo ADT to
modify/inspectveights.

Datastructure:

Canmodify adjaceng matrix soentriesin arrayare
now numbergint or float) ratherthantrue/false.

Wherethereis no connectiorbetweertwo nodes
thenthe “weight” is infinite — couldjust uselarge
numberin simpleimplementation!
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Weighted Graphs

Sometimesvantto addsomeweight,distanceor
scoreto edgesn graph:
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So..labelall theedgeswith anumber Thatnumber
(calledtheweight)couldrepresent:

» Distancedetweertwo locations(cities;
computern network)

» Timetakento getfrom onenodeto another
(stationsstatesn scheduleor plan).

w Costof traversingthe edge(train fares;costof
wires)

Weightedgraphscanbedirectedor undirected,
cyclic or ag/clic etcasunweightedgraphs.

Weighted Graph ADT

Operationgor weightedgraph- asunweighted
graphbut replaceaddedgendedgegistswith:

voi d addedge(int nl, int n2, float w)
float getweight(int nl, int n2)

Implementatiorchangedo include:
fl oat wei ghts[ Max] [ Max];
or

float ** weights;




Shortest Path Algorithm

Oftenwantto find shortespathbetweertwo nodes,
e.g..:

» shortestistancebetweertwo citiesby road
links.

» fastestrainjourney
» cheapesplanejourney

» |lowestcostplan

‘length’ of pathis just sumof weightson relevant
edgese.g.,:

Priority First Search

Shortespathalgorithmcanbebasedn a variantof
the priority queueintroducedn DS&A 1.

cl ass PQueue
{
public:
PQueue();
void Cear();
| ogi cal |sEnpty();
int GetMax(); // return |argest val ue
voi d Del et eMax();
| ogical Insert(int Newal)
privat e:
I ntList AuxList;
b
We'll varyit alittle so AuxList containghe number
of anode,andthe SCOREof thatnodeis lookedup
in aseparatarraye.g.,score[2].

Shortest Path Algorithm

If all theweightsarethe samethenbreadthfirst
seach findsshortespathfirst:

Explorespathsof lengthN beforepathsof
lengthN+1

But for arbitraryweightswe needa slightly more
comple algorithm,thatkeepsrackof:

» Shortestistancefoundsofar from startnode
to eachothernodeencounteretih search.

Priority First Search

Now we canhave a searchalgorithmthatuses
PQueueatherthanQueueor Stack,but otherwise
same For simpleversionwithoutloop check:

PQueue nodeq;
nodeq. | nsert (startnode);
do
{
currentnode = nodeq. Get Max();
nodeq. Del et eMax();
/1 for each neighbour n of current nd
nodeq. | nsert(n);
}
whi |l e(! nodeq. | sEnpty()
&& currentnode ! = target)

Thisis sometimegalled“bestfirst search”.




Shortest Path Algorithm

We canusethis algorithmto find the shortespath
from agivenstartto targetnode:

shortest[n]. will belengthof shortespath
foundsofarfrom startnodeto noden.

(As low valuesof shortest[njaregood,eitherneed
to changepriority queueor to usepriority queueas
is, make:

score[n] = - shortest[n])

If shortest[n]s alwayslengthof shortespathfound
sofar, andwe alwaysexplore nodeghatgive
shortespathfrom startbeforeothers thenwhenwe
find tamgetthenpathfoundto it is guaranteedb be
theshortesbne.

Shortest Path Code
/1 Initialise neighbours of current node
/'l shortest[n]=g.getweight(currentnode, 1)
nodeq. | nsert (startnode);
do
{
current node = nodeq. Get Max();
nodeq. Del et eMax() ;
if(! visited[currentnode])
{
visited[currentnode] = true
/1 for each neighbour n of current
{
shortest[n] = mn...
score[n] = - shortest[n]
if ( !visited[n])
nodeq. I nsert(n);
}
}
whi |l e(! nodeq. | sEnpty() &&
currentnode ! = target)
Note: This versionof algorithmis doneto build
directly on earlierwork; mary variantspossible.
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Shortest Path Algorithm

Shortespathalgorithmis now sameaspriority first
searchbut mustupdatethe “scores”aswe visit each
node:

Supposeshortest[3]=6shortest[4]=13;
shortest[5]=8Currentnode=3.

We updatethe scoref all neighbours of
currentnode:
shortest[n] =
m n(shortest[n],
shortest[ current node]
+ g.getwei ght (currentnode, n))

(ie, if lengthto n by goingvia currentnodes shorter
thanshortespathto n foundsofar, updatethe
value).
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Example
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PQueue current V|S|ted shortest|[]

(1) 1 shortest[2] =3
shortest[ 6] =5
shortest[3] =

6//5

(2 6) 2 1

(shortest[6] unchgnged)

etc
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Proving the Algorithm Works?

Canprove algorithmworkscorrectlyby
induction- herewe canonly sketchthe
approachfor positive weights:

We wantto checkthatat every step,shortest[n]
giveslengthof shortespathgoingvia visited
nodes.

Basecase:shortest[nklearly OK for
neighbourof start.

Inductionstep:Supposét is notthecaseand
thereis ashortempathto anoden when
shortest[Jis updatedBut thatcant bethe
caseasif it wasthenwe’d have alreadyvisited
theprecedingnhodein this path,andupdated
shortest[n)via this alternatve. Sotheupdate
stepmustbevalid.
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Summary

Weightedgraphsusefulfor mary problems-
eachedgehasanassociatecdiumber
representingveight/cost/length.

Easyto implementasNxN arrayof weights.

Shortespathalgorithmfindsshortespathin
weightedgraph.

Canbeimplementedisingpriority queue-
currentnodes always“best” noderemored
from priority queue.

For shortespathalgorithm,bestnode= node
with shortespathfrom startnode.

Have to updateinfo on shortespathsofar.
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