
Data Structures and Algorithms II
Lecture 5: Graph Algorithms

� WeightedGraphs

� ShortestPathAlgorithm
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Weighted Graphs

Sometimeswantto addsomeweight,distanceor

scoreto edgesin graph:
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So..labelall theedgeswith anumber. Thatnumber

(calledtheweight)couldrepresent:

� Distancesbetweentwo locations(cities;

computersonnetwork)

� Timetakento getfrom onenodeto another

(stations;statesin scheduleor plan).

� Costof traversingtheedge(train fares;costof

wires)

Weightedgraphscanbedirectedor undirected,

cyclic or acyclic etcasunweightedgraphs.
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Weighted Graph ADT

� Easyto modify datastructurefor graphto

accommodateweights/

� Also needto addoperationsto ADT to

modify/inspectweights.

Datastructure:

Canmodify adjacency matrixsoentriesin arrayare

now numbers(int or float) ratherthantrue/false.

Wherethereis noconnectionbetweentwo nodes

thenthe“weight” is infinite – couldjustuselarge

numberin simpleimplementation!

1 2 3 4

1 inf 3 5 inf

2 inf inf 2 inf

3 inf inf inf 1

4 inf inf inf inf
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Weighted Graph ADT

Operationsfor weightedgraph- asunweighted

graphbut replaceaddedgeandedgeexistswith:

void addedge(int n1, int n2, float w)

float getweight(int n1, int n2)

Implementationchangedto include:

float weights[Max][Max];

or

float ** weights;
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Shortest Path Algorithm

Oftenwantto find shortestpathbetweentwo nodes,

e.g.,:

� shortestdistancebetweentwo citiesby road

links.

� fastesttrain journey

� cheapestplanejourney

� lowestcostplan

‘length’ of pathis just sumof weightson relevant

edges.e.g.,:
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Shortest Path Algorithm

If all theweightsarethesame,thenbreadthfirst

search findsshortestpathfirst:

Explorespathsof lengthN beforepathsof

lengthN+1

But for arbitraryweightsweneedaslightly more

complex algorithm,thatkeepstrackof:

� Shortestdistancefoundsofar from startnode

to eachothernodeencounteredin search.
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Priority First Search

Shortestpathalgorithmcanbebasedonavariantof

thepriority queueintroducedin DS&A 1.

class PQueue

{

public:

PQueue();

void Clear();

logical IsEmpty();

int GetMax(); // return largest value

void DeleteMax();

logical Insert(int NewVal)

private:

IntList AuxList;

};

We’ll vary it a little soAuxList containsthenumber

of anode,andtheSCOREof thatnodeis lookedup

in aseparatearraye.g.,score[2].
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Priority First Search

Now wecanhaveasearchalgorithmthatuses

PQueueratherthanQueueor Stack,but otherwise

same.For simpleversionwithout loopcheck:

PQueue nodeq;

nodeq.Insert(startnode);

do

{

currentnode = nodeq.GetMax();

nodeq.DeleteMax();

// for each neighbour n of current node

nodeq.Insert(n);

}

while(! nodeq.IsEmpty()

&& currentnode != target)

This is sometimescalled“bestfirst search”.
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Shortest Path Algorithm

Wecanusethisalgorithmto find theshortestpath

from agivenstartto targetnode:

shortest[n].. will belengthof shortestpath

foundsofar from startnodeto noden.

(As low valuesof shortest[n]aregood,eitherneed

to changepriority queue,or to usepriority queueas

is, make:

score[n] = - shortest[n])

If shortest[n]is alwayslengthof shortestpathfound

sofar, andwealwaysexplorenodesthatgive

shortestpathfrom startbeforeothers,thenwhenwe

find targetthenpathfoundto it is guaranteedto be

theshortestone.
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Shortest Path Algorithm

Shortestpathalgorithmis now sameaspriority first

searchbut mustupdatethe“scores”aswevisit each

node:
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Supposeshortest[3]=6;shortest[4]=13;

shortest[5]=8.Currentnode=3.

Weupdatethescoresof all neighboursn of

currentnode:

shortest[n] =

min(shortest[n],

shortest[currentnode]

+ g.getweight(currentnode, n))

(ie, if lengthto n by goingvia currentnodeis shorter

thanshortestpathto n foundsofar, updatethe

value).
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Shortest Path Code

// Initialise neighbours of current node:

// shortest[n]=g.getweight(currentnode, n)

nodeq.Insert(startnode);

do

{

currentnode = nodeq.GetMax();

nodeq.DeleteMax();

if(! visited[currentnode])

{

visited[currentnode] = true;

// for each neighbour n of current node

{

shortest[n] = min...

score[n] = - shortest[n];

if ( !visited[n])

nodeq.Insert(n);

}

}

while(! nodeq.IsEmpty() &&

currentnode != target)

Note:Thisversionof algorithmis doneto build

directlyonearlierwork; many variantspossible.
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PQueue current visited shortest[]

(1) 1 shortest[2]=3

shortest[6]=5

(2 6) 2 1 shortest[3]=10

(shortest[6] unchanged)

etc
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Proving the Algorithm Works?

� Canprove algorithmworkscorrectlyby

induction- herewecanonly sketchthe

approach,for positiveweights:

� Wewantto checkthatateverystep,shortest[n]

giveslengthof shortestpathgoingvia visited

nodes.

� Basecase:shortest[n]clearlyOK for

neighboursof start.

� Inductionstep:Supposeit is not thecase,and

thereis ashorterpathto anoden when

shortest[]is updated?But thatcan’t bethe

case,asif it wasthenwe’d havealreadyvisited

theprecedingnodein thispath,andupdated

shortest[n]via thisalternative. Sotheupdate

stepmustbevalid.
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Summary

� Weightedgraphsusefulfor many problems-

eachedgehasanassociatednumber

representingweight/cost/length.

� Easyto implementasNxN arrayof weights.

� Shortestpathalgorithmfindsshortestpathin

weightedgraph.

� Canbeimplementedusingpriority queue-

currentnodeis always“best” noderemoved

from priority queue.

� For shortestpathalgorithm,bestnode= node

with shortestpathfrom startnode.

� Have to updateinfo onshortestpathsofar.
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