Solutions to Exercises 2.1

1.  With f(x) = 23, so we get

fA3)—f1) _ (13¢° -1

0.3 = o3 %
fL2) = F(1) _ (12 =1 _

0.2 02 3.64
FO1)—F1) _ (@1P-1

0.2 01 331

which is converging (slowly) to 3.



Solutions to Exercises 2.2

1(a) Using the formula for the derivative of ", if f(z) = 23 then f'(z) = 322.

1(b) If f(z) =2° then f'(z)=5z*.
1(c) f(x)= i =21 so fl(z)=—22.

1(d) f(z)=—==2"3so f/(z)=—-3z7".

3
2 The gradient at z is f'(x) = §$1/2.

3
At x = 16 the gradient is f/(16) = 5\/1_ =6
1

3 The gradient at z is f'(z) = ——
x

1
At z = 1/3 the gradient is f'(1/3) = 179 =-9

4(a) If f(z) =322 then f'(z)=6x.
12

4(b) f(x) = e 12273 so f'(z) = —3627*.

4(c) f(x)=32+4x+Tso f'(r) =6z +4

5 flz)=2>+2>+5x+6 so f'(x) =32 +2x+5
3 4 / -3 -2

6 f(t):1+4t+t—2+z so fl(t)=4—6t"° —4t

2
7 T=2 T2 g

V9



Solutions to Exercises 2.3

1(a) Using the table with a =1, if f(z) = 7cosz then f'(z) = —Tsinz.

1(b) Using the table with a =2, if f(x) = 2sin4z then f'(z) = 8cosdx

2 Using the table with a =3, f'(x) = 18 cos 3z + 3sin 3x.

3 If f(z)=>5cosdxr — 7sin2x then f'(xr) = —20sindx — 14cos2x and f'(0) = —14.
4  f'(x) =2acos2x — 2bsin2x . Then f(0) =b=7 and f'(0) =2a = —6 so a =—3.

5(a) Using the formula for the derivative of e* with a =3,

if f(z) =5 then f'(z)=15¢%".

5(b) If f(x)=6e then f'(x)= —30e7".
3
6 f(x)=z—-3nz SOfI(I):l—;

7 f(z) =3¢ so f'(z) = —6e . Hence f(0)=3 and f'(0) = —6.

dN dN
8 —— =20e* and —— — 2N = 20e* — (2)10e* = 0.
dt dt

9 y=4e -2 s0 y =—20e°. Since
—5(y+2) = =5 (4™ —2+2) = —20e*

we have that v = —5(y + 2).

10 Using the table for the derivatives of sinh ax and cosh ax with a = 2, if
f(x) = 5cosh2x — 7sinh 2z

then
f'(z) = 10sinh 22 — 14 cosh 2z



Solutions to Exercises 2.4

1 fl(z)=92*—4x+4,s0 f'(x) =18z — 4.

2 f'(x) = —20sinbz , so f"’(x) = —100 cos bz .

3 fl(x)=—6e% —dax™t so f'(z) =127 + 4072,

4 y=sin2x, so y = 2cos2x and y” = —4sin 2x.
y" 4+ 4y = —4sin2x + Asin2x = 0

it A=4.

5 y=¢€ 50y =3e* and y” = 9¢3*. Then
Y’ + Ay + 3y = 9e* + 34> + 3e* = ¥ (12+34) =0

if A=—4.

6 y=c¢ 2 50y =22 and 3y’ = 4e %*. Then
y' =3y + Ay =4 + 6 + Ae = 2 [10+ Al =0
if A=—10.
For y = €, we have that ¢’ = 5e®® and y” = 25¢°* . Then
y" — 3y — 10y = 25€> — 15e°® — 10> = 0

as required.



1(a)

1(b)

1(c)

2(a)

2(b)

2(c)

3

Solutions to Exercises 2.5

y=f(z) = (Tr — 2)> = u® where u= Tz —2. Then

dy_dy du_ 9 B 9
dx_duxdx_gu (7) =21(7z — 2)

y=f(z)= (522 — 1)* = u* where v =>52>—1. Then

dy dy du 3 9 3
- x S~ 4B (102) = 4 ~
Pl i il (10x) = 40z(5z* — 1)

y=f(z)= (52 —3)2>=u"? where u=>5r—3. Then

dy dy du _3 _3
2 T 5(_9 —
= X o 5(—2u"7) 10(5z — 3)

y = f(xr) =4cos(2x — 7/2) = cosu where u =2z — w/2. Then

dy dy du .
T X —8sin(2z — 7/2)

y=f(z) =Bz —7) =Inu where u =3z —7;. Then
@ dy du 3 3

de ~ du dx_u_?)x—?

y = e* where u = —5z?. Then
dy dy du 52
o T o 10ze" = —10ze 5"
de  du . dx e e

y = u?> where w =sin7z . Then

dy dy du

dr du dr = 7cos Tx(2u) = 14sin Tz cos Tz .



Solutions to Exercises 2.5 continued

4  f(zx) =3In(z) + 5ln(4x — 2) . Using the chain rule for 5In(4z —2) we get

3 20
/ _°
(@) IL'+4I—2

5 y=u"? where uw =22+ 7. Then

dy _dy du 1 ~1/2 2 ~1/2
_ = — _ = = 2 e
dr  du x dr 2" (22) = 2(z”+7)
Then 3
f1(3) =332+ 7)1 =3(16)"1/* = .

6 y=f(r)=1In(z*>+8) =Inu where u=2?+8;. Then

dy dy du 2w 2x

dx_duxﬁ_;:xQ—l—S

7 Let
4o — 7 A B

@—12 (@-1  (@—1p2

Multiplying by (z — 1)?
bdr —7=A(x—-1)+ B
Setting x = 1 gives B = —3 and equating coefficents of x gives A = 4. Hence
4o — 7 4 3

(z—-12 (z—1) (xz—1)2

Using the chain rule,




Solutions to Exercises 2.6
1(a) Using the product rule, f/(z) =2e"® — 1de™ ™.

1(b) f'(x) =6sindx + 24x cosdx .

1
1(c) f'(z)=2xlnz+ 2? <—) =2rlnxr+x.
T

2 Using the product rule, f'(z) =e 2" —2ze 2" .

Differentiating again and using the product rule for the second term gives

f(z) = —2e7% — 272" + dwe = —de " + dxe .

1 1
3 fllx)=lhzr+z (—) —1=Inz so f"(z) = —
x x
4 y=wxcos3x,so y =cos3r — 3r sin3x and
y" = —3sin 3z — 3sin 3z — 9x cos 3x = —6sin 3z — 9x cos 3z

Then 3" 4+ 9y = —6sin3x so A = —6.

5 y=¢e*, 50 ¢y =4e* and y” = 16¢*®. Then
Y’ + Ay + 16y = 16e™ + 4Ae* + 16e™ = e** (32 +4A4) =0

if A=-8.

If y=xe*, then 3y = e + 4ze*® and
Y = 4e* + 4e*” + 162" = 8 + 162",

y" — 8y + 16y = 8e + 16xe™™ — 8¢ — 322 + 162e™ = 0.

6 y=-e*cost,so y = —ke *cost —eFsint



Solutions to Exercises 2.7

1 The quotient rule is :

e g @) h) gl )
Using the quotient rule with g(x) =4z +3 and h(z) =2z +1,
| _A4@r+1)-2M4x+3) 8r+4-8x—-6 2
flw) = 2z + 1)2 T @rr1? | Qe+l
. 2Bz+3)—5(21) 6
2@ S0=""E08E T Gerap
ooy Qo)1 +a?) — (22)2® 22
2(b) o) = P

dx(a® +1) — (32%)22° 4w — 22!

2(c) fl(z)= (1 + 25)2 - (1+23)2
, _ l+4+sinx —zcosz 1+sinz—axzcosw
() fiw) = (14sinz)2 (1 +sinz)?
—4 4z
3(b) fl(z)= m‘

— si — si 2 )
4 f(z) = cos (1 + cosz) — sin z(— sin z) _ cosx +cos”x +sin"x
(1 + cosx)? (14 cos )2

Hence, using cos?x + sin?z =1,

cosz+1 1
(14 cosx)? 1+ cosx

fla) =

dN e
dt (24 3e-2)2

sin
6 Using tanx = and the quotient rule ,

COsS T

dtanz  coszcosz —sinz(—sinz)  cos’z +sin’z 1



Solutions to Exercises 2.8

d d
1 2=t+2t? and y =3t so —x:1+4t, i

o i 3. The magic formula sez...
dy dy " 1
de — dt = du
dt
so here
dy 3
de 144t

d d
2 x=2sint, y==6cost, so —w:2cost and &y

o i —6sint. Putting these together
dy dy 1 —6sint
de  dt X dz 2cost at
dt
dz 1 —92 dy
- = -~ =1
o ” t™= and 0 0t so
dy dy 1 2 3
dr ~ar < dw ) =10
dt
dx

dy 2t(t—1) - -2
d — (t—-12  (t—1)2

SO

dy _dy 1 2
A SV
dv ~ dt * dx

dt



Solutions to Exercises 2.9

1 Differentiating the equation y* + 2% = 18, we get 2yy’' +2r =0 so ¢ = —z/y.

2 We take 22 + 22y + 3 = 0 and differentiate everything to get:

d d
21 + 2y + 2077 4 3,2 — ¢
dx dx

where we have used the product rule to differentiate 2zy and the chain rule to differentiate
y3. In both cases we remember that y depends inmplicitly on z, so when we differentiate

d
it we must write d—y We can now solve to get
x

dy  2(z+y)
de 2z 4+ 3y2

3 Differentiating the equation 5y% + 2y + zy = z*,

dy . dy dy 3
10y—= + 2—= ]
Oydx—l— dm+y+xdx T

dy 3
10 2 —= =4’ —
(10y + —I—x)dx x° —y

dy 4a3 —y
dv 10y +2+x

4 Differentiating the equation 22 + 5y? =9,

d
22 + 10y =0
dz
When z =2 and y = —1,
dy
4—-10—=0
dz
dy 2
SO — = —-
der 5

dy dy
6r —y—x—= —4y—= =0
vy xdx ydx
When =2 and y =3,
dy dy
12-3-2——-12—==0
dx dx



Solutions to Exercises 2.9 continued

6(i) If 22 +y* = 1, solving for y gives y = /1 — 22 (we take the positive square root
1

since y = —= 1s positive ).
y=5 P )
We can differentiate this to get
dy_ oz
dv /11— 22
1
Atz =—
V2
1
Vi-a2=/1-1/2=4/1/2=—
VIZ12= Vi =
1 d
so at * = — we have that Y _ —1.
V2 dx
d
6(ii) Differentiate both sides of 2% + y* = 1 to get 2x + de—y =0, or
x
dy  «x
dr vy

dy _

=—1.
dx

so once again we find

g'(t) =2y"y" + 2yy + 4’y

g'(t) =2y (—y —2¢°) +2yy' + 44’y =0



