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Waring’s Theorem

Waring’s theorem gives the probability that exactly r
out of n possible events should occur. Denoting the
events Ay, A,, ..., A,, the required probability is
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where Sp=1, S =) ,P[A] S = Zi<j P[A; N
Ajl, S3=2_ ;4 PlAiNA;NA and so on.
This generalizes the inclusion—exclusion theorem
of elementary probability theory, which is the
case r = 1. See [2] (Chapter IV) for a proof of
Waring’s result, and [1] for a generalization, known
as the Schuette—Nesbitt formula. By summation of
equation (1), the probability that at least r out of the
n possible events will occur is
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Z (_1)[ <r+;— 1) Sr_H. (2)
t=0

’61 =1 identi-
cally). This and similar results have applications in
the valuation of assurances and annuities contin-
gent upon the death or survival of a large number
of lives, although it must be admitted that such
problems rarely arise in the mainstream of actu-
arial practice. For example, given n people, now
age x1, X2, ..., X, respectively, the standard actuarial
notation (see International Actuarial Notation) for

(with the understanding that

life table survival probabilities is extended as follows:

(P__[r] = P[Exactly r survivors after ¢ years]
X1X2... X,
3
(p__r__ = P[At least r survivors after ¢ years].
X1X2...X,
“

Assuming independence among the lives, the first
of these may be evaluated using Waring’s theo-
rem (equation 1) in terms of So =1, Si =),/ px,
NES Zi<jtp)ci tPx;s S3 = Zi<j<klpx,- tPx; tPxis
and so on. The second can be similarly evaluated
using equation (2).

Older textbooks (see [3]) describe the so-called Z-
method for computing these probabilities, which sim-
ply amounts to the fact that the binomial coefficients
in Waring’s theorem are the same as those of the first
n —r + 1 terms in the expansion of Z" /(1 + Z)'*+!,
and likewise when the probability in equation (4) is
expressed in terms of Sy, Sy, ..., S,, the binomial
coefficients are the first » —r + 1 in the expansion
of Z" /(1 + Z)".
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