Solutions 6 for Oscillations and Waves
Module F12MS3 2007-08

1 (a) Wave equation is
10% 9%
V2o 9x?’
where ¢ is time, x is the coordinate along the string and z(z,t) is the transverse displace-
ment from the equilibrium position.

v =/T/p, T: tension and u: mass density.
With 7 = 40N, p = 1kg/10m = 0.1kgm™!

/40 1
v = 0—1 = 20ms

Zn(2,t) = (A, cos(wnt) + By, sin(w,t)) sin(k,x)

(b) Normal modes

where k,, = 47 m', w, = vk, =2n7 s

The lowest three modes at time ¢ = 0 are sketched in Fig. 1.
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Figure 1: Lowest three normal modes of vibrating string

(c) Wavelength: A\, = 27k, = 22 m
Angular frequency. Wy = 2n7r s
Period: T, = =& = =1y

n n
1
T,

-1

Frequency: v, = =+ = n Hertz
2 We use two basic facts about integration:
e Substitution:

y(b)
/f NLar= [ )y

e Exchange of limits:

/ab f(z)dx = — baf(:c) dx



Apply this to the odd function f, and y = —z. Then, by the substitution rule

/Lf(— dw—/ I dy—/ e

(y is a dummy variable). So, since —f(—x) = f(x), we have

/f da:—/f

Now using the exchange of limits rule

[ swar=- [ s

/ d:c+/f
O/ d:r;+( / flo dw)

hence

[,

(a) g(x)=|z|, - T<zx<m

f(z) =ap+ Z (an cos(nz) + by, sin(nz))

n=1

ag = —/ |x| de = — /:de:g

a, = —/ |z| cos(nx) dx
T™J-n

2 s
= —/ x cos(nx) dx
0

™

where

So
> 2
2| = ) = ((—=1)" = 1) cos(nzx)

4
N cos(z) — o cos(3z) — 2 cos(bx) ...

The function to which the Fourier series converges is sketched in Fig. 2.
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Figure 2: The function to which the Fourier series in 3(a) converges

(b) hlz)=1-—2% —-1<z<1

i
n=1
where
1 [ 1 #2102
= — 1 — 2 d = — _ = —
ag 5 /_1( x°)dx |:l’ 3 11 3
1
a, = / (1 — 2?) cos(nmz) do
-1
1 oot
= {(1 — %) — sin(nmz)} + — | 2xsin(nmx)
nm o, onm )y
1 ! 2 !
= [— (n7r)22x cos(mr:c)] 3 + (2 /_1 cos(nmx) dx
2 n n )
(SR
4 n+1
- n27r2(_1> '
1
b, = / (1 — 2?)sin(n7z) dr =0
-1
So
2 o 4
2 n+1
1—a® = 3T ; n27r2(_1) *cos(nmr)
2 4 1 4
3 + = cos(mx) — = cos(2mz) + ) cos(3mzx) ...

The function to which the

x) =ap+ Z (an cos(nz) + by, sin(nz))

Fourier series converges is sketched in Fig. 3.



Figure 3: The function to which the Fourier series in 3(b) converges

2(z,t) = f(x —vt) + f(z + vt)
Then
L@ty = vt + [t
= vuf'(x+vt) —vf'(x — vt)
%(x,t) = VX f"(z+ot) +0*f"(x — ot)
and
82 / /
%(x,t) = fl(x—vt)+ f'(z + vt
0%z " "
@(x,t) = [z —vt)+ f"(z+vt).
So | 2 o2
z z
L ) ) = 0
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Figure 4: The wave at t = 0: z(z,t =0) = 2f(x)

Figure 5: The wave at t = 1: z(z,t =1)= f(x — 1) + f(z + 1)

Figure 6: The wave at t = 3: z(z,t = 3) = f(z — 3) + f(z + 3)



