Problems for Quantum Computing: week 5

Module F14ZD1 2007-08

1. Epsilon symbol

Let p and g be two vectors in R, and 7 = p x q be their vector product. If

D1 a1 1
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show that the components of r are given by
3

T = Z €abcPbqc, QA = 17 27 3.

b,c=1
2. Pauli matrices

Let 01,05 and o3 be the Pauli matrices defined in the lecturers.

(a) Write out the multitplication law

3
0,0y = O] + 1 Z €abeTec (1)

c=1
for each of the values a = 1,2,3 and b = 1,2,3. Check the resulting multiplication table
by an explicit matrix multiplication.

(b) Show that for any vectors p, q € R3,

(p-o)(q-o)=pql+ilpxq)o (2)

by writing out p-o = p1o1 + pa0s + p3o3 and q-o = ¢101 + @209 + 303 and carrying out
the multiplication term by term, using the multiplication table found in (a).

(c) * Prove the formula (2) using the expressions p-o = >.°_, p,0, and q-0 = 3 ;_, qu03 and
the general formula (1).

3. Spin eigenstates

(a) Write each of the Hermitian operators

1 (1 —i 1/V3 -1
=la) e ) ?
in the form k(0, ¢)-o, where

sin 6 cos ¢
k(0,¢) = | sinfsing |, (4)
cos 6

and 0 € [0, 7] and ¢ € [0,27) are angles which you should determine.

continued overleaf



(b) Use the recipe given in the lectures to write down eigenstates |(6, ¢)*) ) with eigenvalues
+1 for the operators (3).

4. Heisenberg meets Pauli

Let a,3 € C and |[¢p) = a|0) + 3|1) be a general state in C?. Setting i = 1 the spin operators
are

1
Sy = 5% a=1,23.
Consider the vector s with components
Sa = (Y|Salt)).

(a) Compute the components sy, so and sz and show that
2 2, 2, 2 1
s :51—1—524—83:1 (5)

(b) Show that

g+g+%:;

and deduce that the “sum over spin variances” is 1/2:

3

> (WISA ) = ((W1Sale))
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