A SL(2) COVARIANT THEORY OF GENUS 2 HYPERELLIPTIC
FUNCTIONS

CHRIS ATHORNE, J. C. EILBECK, AND V. Z. ENOLSKII

ABSTRACT. We present an algebraic formulation of genus 2 hyperelliptic func-
tions which exploits the underlying covariance of the family of genus 2 curves.
This allows a simple interpretation of all identities in representation theoretic
terms. We show how the classical theory is recovered when one branch point
is moved to infinity.

1. INTRODUCTION
We will consider the family of curves in C?
(1.1) y2 = )\63?6 + )\51}5 + )\45(}4 + )\31[73 + )\21’2 + Az + Ao,

where the \; are complex parameters. The generic member of this family is a
curve of genus 2 with branch points in general position. In the classical theory one
branch point is usually moved to infinity using a rational linear transformation so
that A\¢ = 0. The value of A5 is simultaneously taken to equal 4.

The problem of uniformization [4, 8] of the Jacobian Sym?V of any generic curve,
V, of this family is solved, after repositioning the branch point, by defining three
two index functions on the Jacobian. These functions are rational in positions
(z1,y1) and (x2,y2) on the curve:

(12) Q22 = T1 + T2,
(1.3) P12 = —X1T2,
FO(zy1,22) — 24192
1.4 =
(1.4) #11 A(z1 —z2)2

where F(z1,x2) is the polar form
Fo(xl,xg) = 4(1’1$2)2($1 + 1’2) + 2)\4(%11’2)2 + )\3($1$2)(1’1 + 1'2)
(1.5) + 2Xa(z122) + A1 (x1 + x2) + 2A0.

The three p functions are meromorphic functions of variables u; and us, on the
Jacobi variety, defined by holomorphic differentials

dr, d
(1.6) duy = 2L 4 22
Y1 Y2
d d
(1.7) duy = L5 4 T2002
Y1 Y2
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As we shall need them frequently we insert here the expressions for the corre-
sponding derivatives in terms of the x; and y;

(1.8) 9 = ! <—x2yli + 1‘1ygi) ,
our T — T9 ory Oxa
0 1 0 0
(1.9) Dy = T, — g <y18—xl - y28—x2) :
With respect to these variables the g functions satisfy exactness conditions
Op12 _ dpn a2 _ dp12
dui  Ouy Qui — Ouy’

and can be written as double logarithmic derivatives of an entire function, o, on
the Jacobi variety

0% Ino(uy,uz)
B Ou,Oug

The three index symbols @;;i, defined by differentiation with respect to the wu;,
are also rational functions in the x; and y;. In fact

(110) Ors =

Y1 = T1p222 + P122,

(1.11)
Y2 = T2222 + P122,

and so the points ((z1,41), (72,92)) of Sym?V can be expressed as rational functions
in the two and three index g symbols. This is the solution to the uniformization
problem up to the study of the properties of the p functions themselves from the
identities and differential equations they satisfy.

One important identity for the two index symbols is obtained by elimination
of the x; from the defining equations and represents a realization of the Kummer
surface, det K = 0, where:

=0 M 2011 —2p12

A —(Aet4p1)  AAs+2p12 209
2011 A3 +2012 —(Aa+ 4p22) 2
72@12 2@22 2 0

(1.12) K =

Formulae exist for products of three index symbols as cubics in the two index
symbols (see Appendix E) and the final, classical identity amounts to a set of five
partial differential equations for the p functions, i.e. fourth order equations for the
o function:

1
(1.13) ©2029 — 635 = 5)\3 + Aagpoo + 4p19,
(1.14) ©1222 — 622012 = Aap12 — 2011,

1
(1.15) 1122 — 2022911 — 43o = 5)‘3@127
1
(1.16) p1112 — 6120011 = — Ao — 5)\1@22 + A2p12,

1 1
(1.17) p1111 — 697, = —5)\0)\4 + §>\1)\3 — 3022 + A1z + A1

The purpose of the current work is to consider the role of representations of
SLs(C) in the above uniformization theory. Although there are tantalising glimpses
in the classical theory of objects which seem to want such an interpretation, these
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are obscured by the canonical decision to place one branch point at infinity, a
decision which is not respected by the full SLy(C) action. In order to make the
covariant nature of the theory apparent it is desirable firstly to retain general values
for the \;, and secondly to define the p functions appropriately. We indicate in the
next section how our approach differs from the classical way of expressing covariance
of which a more detailed exposition will be presented elsewhere [3].

We shall denote our new g functions simply by the calligraphic symbol P, thus:
Pij» Pijks Pijk..1-

2. A COVARIANT APPROACH.

For ease of exchange with the representation theory we rewrite \; as (?) g;- The
curve

(2.1) y? = gex® 4 6g52° + 15942 4 209323 + 159222 + 6912 + go,
is transformed under the rational, PSLy(C) map
(2.2) xHX:M, yHY:L,

R GEEE

to one of the same form but with new values for the parameters:
(2.3) Y% =GX +6G5X5 + 15G4 X" +20G3X3 415G X2 + 6G1 X + Gy.

The parameters (gs, .., go) transform to (G, .., Gp) under a seven dimensional, ir-
reducible representation of SLs(C). The action on z, y and the g; is generated by
the vector fields (sl2(C)),

R . )
(24) e=—a Eo (6 —4)git1 B9,
B o B
_ 2 v .
(2.5) f=atao+ 3ryzo+ EO igi-15,
) 0 B
(26) =y 3y67y " ZO (3= 6)918791»’

which are sections of the tangent bundle of a nine dimensional manifold with local
coordinates x, Y, go, - - - , G-

Writing the curve as y? — g(z) = 0 one sees that it is a covariant for the SLy(C)
action:

(2.7) e(y® —g(x)) =0,
(2.8) f* —g(x)) = 6(y® — g(x)),
(2.9) hy® — g(x)) = —6(y* — g(x)).

This action induces an action on the holomorphic differentials du; and dus
(1.6,1.7)

dr, d
(2.10) duy = “L 4 22
Y1 Y2

$1d$1 + $2d$27
Y1 Y2

(2.11) duy =
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namely:
duy auy \ (6 ~ duy
(2.12) < dus > - < Uy > - ( 8 o )\ dus
Accordingly,

b ()= ()-8 7)(E)

and consequently the second derivatives with respect to u; and us transform accord-
ing to the three dimensional symmetric product of the two dimensional representa-
tion. Double index objects in the theory, such as g;;, which are second derivatives
should transform accordingly. But @11, 12 and g9 do not do so if they are taken
to be defined by equations (1.2,1.4) for the generic curve, F® being replaced the
corresponding generic polar form.

Instead, in the standard treatments [5] the p;; are defined for branch points
in general position by linear sums of the above g;; and the addition of certain
constants [5, 3] in such a way as to force the correct transformation properties.
These generalised functions (given the same labels) are then seen to satisfy the five
equations,

1
(2.14) —5(92222 — 693) = gags — 49395 + 393 + gapaz — 205912 + Ge11,

1 1
—= -6 = - — 39295 + 2
(2.15) 3(@1222 ©22612) 2(9196 9295 + 2g394)

+ g3p22 — 294912 + 5011,

1 1
(2.16) _5(91122 — 20mp11 — 4p1s) = 6(9096 — 99294 + 893)

+ 92022 — 29312 + gap11,

1 1
(2.17) —5 (01112 = 6p12011) = 5 (9095 — 39191 + 29295)

+ 91022 — 292012 + 93011,
1
(2.18) 75(91111 — 6071) = goga — 49195 + 395 + gop22 — 291912 + gap11-

which will be seen to be covariant (Section 4).

The drawback of the defining expressions for the generic curve is that covariance
is forced by an unnatural choice of the generalised functions. The coeflicients of their
linear, defining expressions are functions of the coefficients of the transformation
which moves a branch point to infinity and hence are functions of the \;.

In view of this we proceed to a natural, ab initio definition for the two index
symbols associated with the generic curve which ensures their covariance. The
price of such a covariant definition will be a slightly more complicated set of rela-
tions between indexed objects although these relations will have the virtues both
of being generated by simple algebraic operations and of being classified by the
representations of SLy(C) they carry.

One checks that
2 xr1 + X9 2$1$2

) 7312:_7; 7311: )
T1 — T2 T1 — T2 T1 — T2

(2.19) Poy =



A SL(2) COVARIANT THEORY OF GENUS 2 HYPERELLIPTIC FUNCTIONS 5

have the following properties:
Pogx122 + Pra(w1 + 22) + P11 = 22 — 21,
Pagai + 2P1ax1 + P11 =0,
Pasas + 2P1axs + P11 =0,
aiulpﬂ = (,%27312, 8%;17)12 = %7’11,
(2.20) Piy — P11Pa = 1.

It follows from these properties that the triplet (P11, P12, P22) transforms as does
(02,04, 0uy, 03,), that we may put Pi; = dy,0,, T and that T satisfies the Monge-
Ampére equation,

1

(2.21)

)

Ouy0ugy a Oui? Ous? B

so that T = Y(u1,uz) is a surface of constant negative curvature equal to —2.
The expressions for the corresponding three index symbols, following from dif-
ferentiation, are:

( &Y )2 91 T

Y123 + Yo

(2.22) P11 =2 (@1 —22)
(2.23) Pr12 = —2%7
Y17 + Yo
(2.24) Pra2 = 2%7
(2.25) Pass = —2%.

One constructs symbols of arbitrary numbers of indices by differentiation with
respect to uy and ug. The symbol Py 41 will denote a P function having p + ¢
indices, p of them equal to 1 and the remaining ¢ equal to 2. So

(2.26) 9u,; Pip,at = Plp+1,a}-
(2.27) ‘9u273{p7q} = Pip.a+1}-

There are p+ ¢+ 1 symbols with p+ ¢ indices and they form a basis for a p+g+1
dimensional irreducible representation of SLy(C) induced by the action on z and y
and generated by the action of slo(C) given by:

(2.28) ¢(Pip.a}) = PP{p-1.at1};
(2.29) f(Pip.ay) = qPip+1.q-1}
(2.30) MPip,ar) = P — OPip,ar-

They are the highest weight irreducibles in the N fold symmetric product of the
fundamental representation.

The derivatives raise the dimension of a representation. They are not, however,
6l3(C)-module homomorphisms but satisfy the following important commutation
relations:

(2'31) [6, 8u1] = auw [f7 8u1] =0, [h’ aul] = a’uw
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(2.32) [€,0u,] =0, [f,0u,] = Ouys  [hy Ous] = =0,

In the simplest case, Po 2y = Pa2, P{1,13 = P12 and Pz} = P11, so that
e(Pi1) = 2P12, e(P12) = Paz , e(P22) =0, f(P11) =0, f(P12) = P11 and f(Pa2) =
2P15. One easily checks that the condition P?, — P11 Poy = 1 is an invariant
constraint:

e(Piy — P11P22) = 2P12Pa2 — 2P12Pas = 0,
f(PE, — P11Pa2) = 2P12P11 — 2P11 P12 = 0.

From these we derive, by differentiation, a pair of identities involving two and
three index objects,

(2.33) P11P122 — 2P12P112 + P22P111 = 0,
(2.34) P11Paaz — 2P12P122 + P22P112 = 0,

where the left hand sides comprise an irreducible two dimensional representation
A further differentiation yields an irreducible three dimensional representation
of SLy(C) involving also 4-index objects

2P1112P12 + 2Py — Pr111P22 — 2 P111Piaz — P11Pris2 = 0,
(2.35) 2P1122P12 + Pi12P122 — Pi112P22 — P111Paz2 — P11Pi222 = 0,
2 P1929P12 + 2 Piay — Pr122P2s — 2 P112P2s2 — P11Pazsa = 0.

We must require that all equations of the theory be invariant or, more generally,
covariant in this way.

3. IDENTITIES

Denote by V,,+1 the n+ 1 dimensional irreducible representation spanned by the
symbols carrying n indices and by G7 the seven dimensional representation carried
by the coefficients {gs, g5, 94, 93, 92, g1, 9o+ of the family of curves. When we write
A,, we will mean a generic n dimensional representation.

An important construction for us is the following.

On the one hand note that 0,, are almost intertwining operators for the action
of SLy(C) in that they commute with one of f and e and hence map highest or
lowest weight vectors in one representation to highest or lowest weight vectors in
another. This observation holds for tensor products of representations too, 0,
being extended, like e and f, as a derivation. However, not all representations can
be obtained by a chain of such almost intertwining operators. On the other hand,
if we modify the action to the following Hirota maps,

(3.1) Di:a®b— 0,,a®b—a® 0y, b,
(3.2) Dy :a®b— 0y,a ®b—a® 0y,b,
(3.3) Dis:a®b+— 04,0 ® 0yyb — 0yya ® 0y, b,

then all the highest and lowest weight vectors for irreducibles in the decomposition
(plethysm) of an arbitrary tensor product can be constructed. More details are
available in [1, 2] where, the reader should note, only one of these Hirota maps is
used.
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It is interesting to note that the Monge-Ampére equation (2.21) has the form:
1
(3.4) 5Sym(D%ﬂ ®@7T)+1=0.

Although this is an unconventional formulation, such “Hirota” forms are of enor-
mous value and influence in the theory of integrable differential equations where
they play a role in the classification of systems, in forming ansétze for their solu-
tions and in their infinite dimensional geometric description. But it is amusing to
note [6, 7] that Baker in his book on “Multiply Periodic Functions” of 1907 [5, p49]
introduces the notation
(3.5) A"g(z)o(z") = lim (9y — 0x)"o(x)o(2),
Tr—T

which is precisely the conventional Hirota operator and writes the left hand sides
of equations (2.14) in a bilinear “Hirota” form. In view of this it seems appropriate
to christen the generalised maps we have introduced above, Baker-Hirota maps.

We now take a systematic look at some simple tensor products.

3.1. Sym(V3®V3). The tensor product Sym(V3® V3) decomposes into irreducibles
A; @ Ajs of dimensions one and five. The first is just the invariant, Pz, — P11 Pas.
The Aj is the representation with basis {P2y, P1oPaz, 2P + P11Paz, P12P11, PE }-

3.2. V4® V3. The tensor product V4 ® V3 decomposes as As @ Ay P Ag. The highest
weight elements of each representation (by highest weight we will mean, merely
as a matter of convention, “belonging to the kernel of f”), can be found using
Hirota maps. We indicate the highest weight element by writing it explicitly as an
argument to A,:

(3.6) Vi ® Va = As(P(s,0y @ Pi2,01)
® A4(Pi2,1y ® Pi2,0y — Pys.0y @ Pr1ay)
® A2(Pp1,2y ® Pr20y — 2P2.13 @ Praay + Pyaoy @ Pio2y)-
The A, here is easily seen to be exactly the two dimensional representation
(2.33).

The Ay irreducible, expressed in terms of the original variables (x;,y;), has the
basis

3 _ 3
(37) Pi111P12 — P112P11 = QM,
(z1 — 22)?
2 _ 2
(3.8) P112P12 — 2P122P11 + P111Pos = _6911’2792-217
(1”1 - IQ)
(3.9) Pi122P12 — 2P112P22 + Paoa P11 = _6w7
(z1 — x2)
(310) Po2oP12 — P1o9Pas = QM
(w1 — 902)3

These expressions complement those for the three index symbols themselves.
These, however, are symmetric under interchange of points (z1,y1) and (z2,ys2)
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whereas the former are antisymmetric. In particular they allow us to recover ex-
pressions for y; and ys and not only their symmetric functions:

1—-"Pro 1+ P2
3.11 - " ° — _
(3.11) o P Pa2
2 1—7)12) 2 (14—7)12)
3.12 - 2 0. e = 0, .
(3.12) u Paa ( Paa b2 Paa Paa

Because the P;; are functions of two complex variables, these formulae do not consti-
tute a unformization of the original genus two curve though they are a parametriza-
tion in a much weaker sense.

3.3. Sym(Vy ® Vy). The next interesting product is Sym(Vy ® Vy), the sum of an
A7 and an As.

(3.13)
Sym(Vy ®@ Vi) = A7(Pi301 ® Pys,0})
@ A3(Py3,0y @ Pir,2) — 2P(2,1} @ Pi21y + Pri2y ® Pys.o})-

The Ag here is essentially V5 up to a factor: Z = % which is easily seen to
be invariant by applying e and f. Thus,

(3.14) P111P122 — 7)1212 =T1P11,
(3.15) P111Paz22 — P122P112 = 22 P12,
(3.16) Pr12Pa22 — Plag = IPas.

We can construct an explicitly invariant expression for Z which is the trivial
representation sitting inside V; ® V; ® Vs:

P11 Priz Pi22
(3.17) 7= —5 Pii2 Piaz Paae
Pii Pz Pa2

Alternatively there is clearly a relation between the square of Z and a rather
unmanageable sextic in the two index symbols, see A.

The A; gives us a set of identities between two and three index symbols. The
highest weight vector is

2.6 2.6 3.3
YTy + Y327 T7xy
3.18 P, =4 +4T ,
( ) 111 (xl . $2)6 (331 . 1‘2)3

of which the right hand side can be written as a sextic function of the P;; involving

the invariant 7 = (121?’_132)3, and the lowest weight vector (in the kernel of e) is,
2 2
Yit+ ¥y 1
3.19 Pipg =42 44T ——
( ) 222 (xl _ $2)6 (171 _ 1_2)3

The recursive application of e to the first or of f to this second equality generates
a sequence of seven identities of which the left hand sides are all quadratics in the
three index symbols. Rather than interrupt the flow, we present only the lowest
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weight identity here and the whole set in Appendix B.

1 1 3 15
7)2222 - 527)32 -3 9oP2" — 1 g1P12P2” — g 92 (P11P22 - 2P122) Pao’

5 15
+3 93P12 (3P11Paz — 4 P12%) Pao® + 394 (8 P12* — 8 P11 P12 Pas

3
+P11%Pas?) Pao® — 1 95P12 (16 P12t — 20 P11 P12° Pao

1
+ 5P11°Pa2”) Pos — 396 (P11Pa22 — 2P12%) (P117 P22’
(3.20) —16 P11 P12*Paz + 16 P12") .

Although these are the natural forms of the identities, it is possible to solve
them for the binomials P;j,Pimn in terms of Z and the 2-index functions. There
are ten such binomials so one supplements the seven equations of the set using the
three identities (3.14). The resulting system (in which Z is regarded as a functional
parameter) has rank 10 in the binomials and so can be solved. However the results
are not particularly different from (3.20) to be worth displaying.

It is interesting to note the following identity for the second term on the lL.h.s. of
(3.20)

I,PSQ = - (P222P12 + P222 - 7)1227)22) (P2227)12 - P222 - P122P22) .

This can be shown by application of (2.33). Applying f to the r.h.s. of this generates
another 7-dimensional representation, the final equation factoring to give

Ipfl = - (P111P12 - P11P112 + 7)111) (P111P12 - ,Pll’P112 - Plll) .

Corresponding to Baker’s five equations for the four index objects, (;;ri, we
should like to find a set of five equations for the P;jr;. The tensor product Vs ®
V3 decomposes as Ay & As @ A3 so it is natural to look at the five dimensional
representation here. The lowest weight vector is

(Y1 +y2)(y1 — y2) d;fcl(?/l)2 + %2(3/2)2
(z1 — 22)5 (21 — z2)*

(3.21)  PaaxPi2 — Pia2Poy = —6

This is also obtained by differentiation of PaooPra2 — Pro2Pao with respect to wus.
The right hand side can be calculated in a straightforward way to give the first
term in the five dimensional representation

3 15
P2222P12 — Pr222Pos = —59173512 + 7927312735’2 — 15951y P3s + 1594P7, Pas

3 3
- 595(57712177222 + 4+ 10P11Paz2) + 5967)117)12 (2 4 P11P22).

The system is of rank four in the four index objects, a full list is given in Appendix
C.
The Az arises from differentiation of the Ay from V3 ® V3 and use of the Az in
V4 ® V4. One derives any identity from another by use of the e and f operators:
P11P1122 — 2P12Pr112 + Pa2Piinn = —2ZP1,
P11P1222 — 2P12P1122 + PaaPr112 = =22 P12,
P11Paz22 — 2P12P1222 + P22 Pi122 = =21 Pas.
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Consequently one has the invariant relation (from V3 ® V3 ® Vj):

P Pii11 — 4PaaP12Pi112 + 2(2P3y + P11Pa2)Prize
— 4P11 P12 P22 + Pi Pagga = 4.

The A7 arises from straight differentiation of Pogo with respect to ug and the
lowest weight vector is,

PaoPasoo — 3P2222 = _12967);12 + 3095P5’27322 + 9967312273117322 — 3094'P122P222
3 15 . 15
— 15957712771177222 + 15937712735'2 - 1967)1217)222 + 55]477117752 — Zgzpéz.

This system of seven equations is of rank five in the four index quantitites, so
allowing the derivation of expressions for them in terms of two and three index
objects, though it will be seen that this is not a very natural approach.

These identities and the consequent expressions for the P;;; are presented in
Appendix D.

A very natural question to ask concerns the representation theoretic value of
the polar form which features so prominently in the classical theory. In the new
invariant formulation, this polar form is replaced by [5, 3]

F(x1,22) =290+ 6(x2+x1) g1 +6 (3I2I1 + a:f + :c%) go
+2(x2+21) (xf + 8x221 + x%) g3 + 6x911 (3952961 + a4+ a:%) g4
(3.22) + 2g6x3 23 + 62302 (22 + 1) g5,

and it is straightforward to check that the combination J = $P3,F(z1,22) is an
invariant

J = go77232 - 6917)127)222 + 392(47)122 + 73117722)7)22 — 4937712(27)122 + 373117322)
(3.23)
+ 394P11 (4P + P11 Pa2) — 695 P11 Piz + g6 Piy

since it lies in the kernel of both e and f. It is the trivial representation sitting
inside G7 ® V3 ® V3 ® V3.

As a final note, the expressions for the original curve, y? = g(z1) and y3 = g(2)
are expressible directly in terms of the two and three index quantities

Paa(PiagPa2 — PiaaPi1) = T's(Pi1, Pra, Pa2),
(P12P222 — P122P22)Paz2 = I's (P11, P12, Pa2),

where I'¢ and I's are homogeneous polynomials of degrees 6 and 5, respectively,
in their arguments. The first is the seven dimensional representation sitting inside
Vi®V,® Vs ® Vs and the second that in Vy ® Vi ® V3.

4. SPECIALIZATION

It is necessary to establish a link with the classical theory in which one branch
point is dismissed to infinity and where the definitions of the g;; given in the
introduction stand. The relations between the (z;,y;) and the w;, however, is
unchanged so that the expressions for derivatives are as before. The old and
new symbols are easily related: P13 = —Paogpi2, Pr2 = —%Pmpgg and p11 =



A SL(2) COVARIANT THEORY OF GENUS 2 HYPERELLIPTIC FUNCTIONS 11

(FO(x1, 1) — 4Z)/(8P22). Because the quadratic condition PZ, — P11 Pag = 1 im-
plies

4
4.1 Pl =,
( ) 22 ng _'_4@12
we obtain
2 2
(4.2) Ppy = -2 Pry = — 22 P

\/ﬁ’ \/ﬁ’ 22 = \/ﬁ
32 + 412 32 T 412 $29 + 4912

The verification that Opas/Ou; = Op12/0us is straightforward; showing that
Op11/0us = Op12/0uy rather less so.
Differentiation yields expressions for three index objects:

020 9 P12P222 — P22 Pi22 Y1 =92

4.3 = = = ,

( ) §222 8UQ 73222 T, — T2
Op22 P12P122 — P22Pi12 T1Y2 — T2Y1

4.4 = =2 =

( ) 122 8U1 73222 Tr1 — T2

(4'5) o112 = Op12 _ P11P122 —2P22P111 _ x§y1 - x%yg
8U1 P22 r1 — T2

from which follows the classical parametrization (1.11). We have also from equalities
of cross differentiation (e.g. Opaa/0u; = Op12/0us), the identity
(4.6) — 222012 + 1229022 + P112 = 0.

A differentiation yields the formula for the final three index symbol,

~ Opu1 yay(z1,m2) — y1tp(w2, 71)

- 8U1 4(.131 — 332)2 ’

(47) ©111

where [5]

(1, x2) = 4a3x9 (321 + x2) + 60gs23 w0 + 209323 (21 + 312)
+ 30gex1 (21 + 22) + 691 (371 + 22) + 4g0.

In order to recover the classical equations for the many index g functions, we
start by differentiating equations (4.2) in order to express the P; i in terms of 12,
022, P112, P122 and @o9o. Further 7 is expressed in terms of @11, p12 and 9o from
the relation for p1; given above and the definition of F9(x1,x5). Substituting these
expressions into the seven dimensional representation coming from V; ® V4, setting
g6 =0, g5 = 2/3 and solving for the binomial terms gives
(4.8) @39 = 4p12920 + 4055 + 2093002 + 1592 + 411 + 159403,

(4.9)
02200122 = 2075 + 1501209294 + 1001293 + 4030012 — 2020011 + 391,
(4.10)  play = 159401 + 4012022 — 4p11012 + 9o,
(4.11)
P1120222 = 2075002 + 4p11012 + 2011055 + 1093012022 + 15929012 — 391022,
(4.12)
p1120122 = 2055 + 1007503 + 2020011012 + 31291 — Jog2e,

(4.13)  pf1 = 4pTa011 + 1597292 — 691012022 + Go3o-
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These are to be compared with the classical formulae of Appendix E when the \’s
are replaced by the appropriate multiples of g’s. Note that the identities involving
p111 are so far missing from the above. To obtain these we should use the relation
(4.7), rewritten to express p111 as a linear combination of pooy and p199, first to
obtain the products pi111p112 etc. in terms of what we have already then finally
the square p;.

Differentiating once more the expressions we obtained for the reductions of the
Pijr to give the four index objects, we may substitute into the five dimensional
representation inside V; ® V4 and solve for pa992, 1222, ©1122 and p1112

(4.14) @202 = 412 + 693y + 1594002 + 10g3,
(4.15) P1222 = 612022 + 1594012 — 2011,

(4.16) P1122 = 497o + 1093012 + 2022011,

(4.17) p1112 = 15929012 + 6911012 — go — 3g122-

These are to be compared with the classical equations of Appendix F, with the g;
replaced by the corresponding A;. Again, pi111 is missing from our set but it can
easily be found by taking the double u; derivative of the p1220 equation and using,
say, the expression for pi112.

Finally, let us return to the covariant classical equations (2.14). Recall that the
indexed p-functions there do transform as representations of SLy(C). These equa-
tions can be seen to be an equality between five dimensional representations. The
left hand side is built from the representations with bases {2222, 91222, ©1122, P1112,
p1111} and {35, P22p12, 2075 + 119022, P11912, P11 }, the right hand side from the
five dimensional representation sitting inside Sym(G7 ® G7) and that in the prod-
uct of G7 and {p11, p12, P22} Application of the e and f operators allows one to
construct the whole set of equations from any individual equation. The same would
go for any identities satisfied by the classical g functions for the generic curve and
this will form the subject of a further paper [3].

5. CONCLUSIONS

In this paper we have presented a purely algebraic approach to the uniformization
of the general genus two hyperelliptic curve in which all identities can be interpreted
as covariants for the action of SL2(C). In order to be able to derive such identities
we have defined new sets of covariant, indexed P functions for the generic curve
and we have shown that the classical theory is recovered when one branch point is
moved to infinity.

A number of questions remain.

The first concerns the nature of the function T which satisfies a Monge-Ampere
equation. Is this function simply related to an entire function? The second concerns
the general structure of the identities. Are allidentities generated by a finite number
of tensoring and intertwining operations?

And there are further directions for study.

Given that it is possible to apply these methods to the classically defined, covari-
ant g functions [3], can we use the same approach outlined here to derive identities,
as opposed to merely verifying them?

In another direction, can we obtain expansions of the function T in higher and
higher degree covariants analogous to the classical expansions?
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Finally, how do we extend this treatment to curves of higher genera and, further,

to curves of the forms,

2942 2g+1 2
yp = )\2g+21’ g+ +)\2g+1{13 g+ +)\291’ 9 + L7
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APPENDIX A. THE EXPRESSION FOR Z2.

3 15
T? = =15 PuPa(=691 +59290) + 35 P11 Paa(—169391 + 29490 + 1593)

1

+ 16 P11 P32 (=369501 + 2259492 — 20093 + gogo)
15 3

+ 57711177222(—169593 + 29692 + 1593) — EP1517322(59694 — 693)
15 . 15 5. 4

+ §P1273117722 (—39291 + 29390) — §7’12P11P22(109392 — 99194 + 9590)
15 3 2 15 4

+ §7’1277117’22(—109493 — 9196 + 99592) + < Pi2Pu P22(29693 — 39594)
15 9

- 77’1227’11775’2(—29391 + 9490) + 57’1227’%17’222(259492 + 9690 — 169591)
15 . 15 .

- 77’122731‘317322(*29593 + g692) + 77’1‘327’117’222(*39194 + 9590)
15 1

- 57719’27’1217’22(39592 — g196) — 3P P11Pa2(—69591 + gego) + 3727)161962
]‘5 2 4 15 4 2 3 5 3 3

+ ?P11P129692 + §P117D129694 - §P11P129695 — 5P11P129693

15 15
— 6P11Pag691 + §P122929073§2 — 6P 59590P22 + 777112949077222

1

3
— 5P}9390P3; — §P129190P225 + 3—29(2)P262 + 2P, g690-
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APPENDIX B. THE A7; REPRESENTATION IN QUADRATICS IN Pjj.

1 5
7)2222 - §IP§2 =3 (3P11P12P22 473127322) g3 + (7)117)22 + 87)127)22 87)117)122735’2) 94
§ 32 5 D2 + _ _ 4
+ 4 (20P11P12P22 167)127322 5P11P12P22) 95 + 8 (327312 P117D22 4873117)127)22
1 15
+18P121P122P222) g6 + 5907332 7912917322 + = (273127)22 7)1173552) 92
1 5 15
P122P222 — 57912273222 = ) (P12173§2 - 273117)127)22) 93+ <% (4731173?273222 - 37)1217)127)32) 94
3
+3 (8PF, PiyPas — 8P11P1s Pz — P} Piay) g5 + = (5791279117922 20PZ, Py Pao
3
17711917752 + ggoPlzPé’z + §P127311927922-
1 25 ) 75
3Pl + 2P112Paga — 3 (4P, P2 + P1iP3y) I = **7’127’121937"232 + = (27’1217’1227’222

+ 167)117352)96 —

15
_7)%7)32) ga + T (37)127)%17)22 4P11P12P22) gs + 5 (8P11P12 8P1y P} Pas
5
8
75
9P129P112 + P111Pog2 — (37)1277117)22 + 2Pf’2) 7= —2573?1937)32 + —P12P§194P222

+P11P%) g6 + < (2P1aPay — P11P3y) g0 — 191731173127322 + §77121927’242~
15
+ - (77{117732 27)127)117)22) gs + — (4P12P11 373127)117322) g6 + — (47)127)22
75
_3P11P12P22) g() + (P11P22 273117?127?22) gl + Ig27)1217)127)22.
25 75
2P129P111 + 3PH — = (7)117>22 +4PEP1) T = ——g37>127>§’17>§2 + —Pflg473222
73127311957322 + (2P12P11 7)117)22) g6 + 5 (73117322 + 8Py P3; — 877117)1227)232) 90

75
+ Z (3731173127322 4791179127922) g1+ —

(273117)127)22 7)117)22) g2.
P112P111 — l'P127)1211 =c (7’{‘17’222 — 27712273117722) g3+ 1—59477127#17)22 - %7)1:’1957722
(1677127322 — 20731177127722 + 5771173127322) go + — (8771177127722 8P11 P}y Pao
~Pi1P3) o1 JF (37)1177127722 47)127)117322) g2 + *7)127)119&

=4 3
7>1211 - E,Pflz = (3P12P11P22 4P12P11) g3 JF (2P12P11 Pi)17)22) g4 — *957)127)151

IR

1
+ gP%gG + 3 (32P162 — P} Py — 48P11P12P22 + 187)117)127)22) go + — (20P11P12P22

_5P12P§1P22 167)117)12) gl + (87)117)12 87)1227)?17)22 + Pill7)22) 92.
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APPENDIX C. THE Ay INSIDE V5 ® V3.

3
P2222P12 — Pr222Pa2 = 3 g1 P22 — 15 P12%g3Pan® + 15 P12 g4Pag — 6 P12 g5

15 3 3
+ 5 P12g2Paz® — 3P11P12°g5Pa2 + 3 P11 P12’ g6 + 5 P112g5Paa® — 5 P11 P12gePos.

2 P12 P22z + P11Pazas — 3 Pr122Paa = 3 g1 P1aPa2® — 12P11 P12 g5
— 9P19P11%g5Pas + 6 P11° P12’ g — 30 P11 P12gsPaa” + 30 P11 P12 gaPas

15 3 3 15
+ > P1192P223 ~5 P11396P22 ) 9073224 + > 94P1127)222~
21 2 21 2 45 2
3 P11P1222 — 3P1112P22 = 9g1P12"P22” — 9P12"P11795 — > 92P11P12P22
9 9 45
+ 3 P1aP11° g6 — B goP12P22” + 5 P1294P11°Pag + 9 g1 P11 P22’ — 9 P11° g5 Pos.
3P1122P11 — 2P12Pi112 — Pii11Pa2 = 12 g1 P12°Paz — 30 g2 P11 P12° Poo
. 15
- 690P122P222 + 9917)1173127)222 - 3957)1273115 Y P11292P222
3 4 3 3 15 3 2
+ B P117ge + 5 Pr1goPa2” — b} gaP11°Pas + 30 g3P11"P12Pas.
P11Pi112 — P12Pii11 = 6917)124 - 15 92P11P123 - 3QOP123P22 + 391P11P1227D22

3 15 3 3
+ 3 P1aP11goPas” — 5 gaP12P11° 4 15 g3 P11 2 P1o” — 3 G1P11°Par® + 3 g5Pit.

APPENDIX D. THE A7 INSIDE V5 ® V3.

15
Pa2oaPaa — Paza® = T G2Paa" — 15P12g3Paz® + 30 Pra®gaPas’
3 4 15 3 2
—30P12°g5Pa2 + 12P12" g6 — 5 P1194P22° + 15 P11 P1295Pas
3
— 9P P12°g6Paz + 1 P112g6 P2z’
15

P12P2222 — 3 P122Pa22 + 2 P1222Pa2 = Y 92P12P2s” + 15 P122gaPas’.

—15P12°g4Pas + 6 P12’ g5 + 45 P12 P11gaPas® — 42 P11 P12 g5 Poa+

15 45 39
+ 15 P11 P12’ gs — 5 P12P112g6Paz — 5 P11g3 P22 + T P11%g5Pas’

15
+ T 91 P2z
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8 P12P1222 + P11Pazo2 — 9 P122” — 6 P112Paz2 + 6 Pr122Pas = 75 P1aPr1gsPa2’

— 90 P12P11°g5Paz + 30 P11 P12°gs + 30 Pra*Pri’gs + % P11°g4 P22’

- ? P11°g6Paz — 75 Pr1gaPa2” + % 90P22" + 15 g1P12P22” — 75 P12° Pr1gaPaa.
6 P1aPi122 + 2 P11 Pr2s2 — 9 P122Pr12 — Pr11Paze + 2 P1112Paz = 15 P12” P11 %gs

- % P1aP11%94Paz + % PraPi1’gs — ? 92P11P12Pas” + % goP12Pa2”

45 45
+ 15 g1P12°Paa® + 75 P11% g3 Pas® — 5 P11°g5Paz — 5 g1 P11 P2

8 P12Pi112 + 6 P11Pri2z2 — 6 P12aPi11 — 9 Pi12” + Pr111Paz = —75 g2 P11 P12 Pao

+ 30 goP12°Paz” + 30 1 P12°Paz + 75 g3 P12 P11 > Paz + 15 g5 P12 P11

— 90 g1P11P12P2s” — T5 P11’ gaPaz + % Pi1tge + 34E 92P11°Pag” — 135 P11goPa2”.
P12Pi111 + 2P11Priiz — 3PP = —15 92P11P123 +15 90P123P22 + 691P124

+ 15 g3P12°P11” — 42 g1 P11 P12 Pas — 12—5 94P12P11° + 45 g2 P12 P11 Pos

- % P12P11goPas” — % 93P11°Paz + 115 gsPu* + % 91P11°Pas”.
PuPiinn — Pir” = 12g0P12" — 30 g1P11P12” + 30 goP12°P11® — 9 P12°Pr1goPan

15 15 3
— 15g3P12P11° + 15 P12gi P11° Pao + T 4Pt — 5 92P11° Pz + 1 P112goPas>.

APPENDIX E. CLASSICAL QUADRATIC IDENTITIES IN (;

1 1 1 1
2 2 2 2 3 2
= — A - A — A3°A 4 A - Az
111 16 41+4@221+16 37 A0 +4 o711 + 911 2+491131+
1 1
+ pr1p12A1 — Ap11do — 1 AaA2Ao — 4 P22011 0 — P22 A0 + 3 A301220 + 9T N0

PT12 = P3200 — P12022M1 + PiaA2 + 4 pTap11
Plag = 4pTap22 + Piada — 4p12011 + Ao
0320 = 92273 + A1y + 403y + 412020 + A2 + 411

1 1 1 1
prpuz = —3 A2Xo — 2 p1100 + 3 M2+ 3 PiaA1 + P11P12A2 — 3 P11022A1+
1 1
+ A AzP12A1 — 1 A392200 — P129220 + 4 P1207.
1 1 1
01220111 = ) P11A1 — P12A0 + 2 @%2@11 + P12 — 1 AzAg + 5 P11912A3+

1 1
+ 1 Aap12h1 + 2 poopr, — B 12200 — 2 P32 N0
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1 1 1
2220111 = —P11A2 — 3 P12A1 — PToAs — 3 A3A1 — 3 P1223° — PR —

1 1
— 205, —4pf, — B 119223 + 6 Pr2@20p11 — 1 Ao+

1
+ 2 poopr2da + 5 Aap12A2 + 2 Agp12p11-
1 1

5 5 PTaAs + 2 0.

91220112 = —P22A0 + 2 P12022011 + 5 P12A1 +

1 1
P226112 = 5 ©12622A3 — 3 0221 + 2 0Ta22 + 2 030011 + 4 12011 + P1ata
1

2

APPENDIX F. CLASSICAL IDENTITIES FOR (;jki-

P12A3 — 2 P22011-

1
02220122 = P22912A4 + 2 pfg +4 p12p§2 + 3 A+

1 1
P11 = g A3A1 + P12 — 3 p22Ao — 3 Mo + 6011 + pr1Ae.
1

5 221 + P12A2.

1112 = 6 12011 — Ao —

1
P1122 = 2 2211 +4 s + B P12A3.

01222 = P12A1 + 6 12022 — 2 P11.

1
©2020 = 6 035 + P2ods + 412 + 3 Az.
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