IDENTITIES FOR THE CLASSICAL GENUS TWO o FUNCTION.

CHRIS ATHORNE, J. C. EILBECK, AND V. Z. ENOLSKII

ABSTRACT. We present a simple method that allows one to generate and clas-
sify identities for genus two p functions for generic algebraic curves of type
(2,6). We discuss the relation of these identities to the Boussinesq equation
for shallow water waves and show, in particular, that these g functions give
rise to a family of solutions to Boussinesq.

1. INTRODUCTION

This paper is an introduction to the role of representation theory in the classical
theory of the genus two p-function, the parametrizing function for the Jacobi variety
associated with the algebraic curve

Vi y? = gex® 4 6g52° + 15g42* + 20g52> + 159222 + 6912 + go.
Such a curve transforms under the map

ax+ 0
yr +6’
_y
(yz +6)3’

(1.1) y

into a curve of the same kind but with different coefficients. In the classical treat-
ment [2] such a transformation is chosen to make gg vanish and to normalise 6g5 to
the value 4. The resulting canonical form,

a(V): Y?=4X° 415G, X" +20G5 X3 + 15G2X? 4+ 6G1 X + Gy,

has a branch point at X = oo. Note that this canonical form is not unique. There
is still at least freedom under transformations (1.1) which would allow, say, G4 to
be set to the value zero. Note too that this canonical form does not cover all curves:
for example, y? = 2% does not have such a canonical form.

Holomorphic differentials of the first kind on the Jacobian variety Symm(m(V)®
mw(V)) are

dX;  dXy
au, = S 802
Uy Y, + Y
XdX:  XodXo
d =
U2 le + }/2 ’

where (X1,Y7) and (X3, Y2) are analytic points on 7(V).
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Three (Kleinian) doubly indexed objects are defined:

PE = X+ X,
P = —X1X,,
F(X1,Xs) —2V1Y,
1.2 PE = ’
2 ! (X1 — X2)?

where F(X7, X3) is the polar form of the quintic

F(X1,Xo) = 4(X1 + Xo) X7 X3 4+ 30G4 X2 X3 4+ 20G3( X1 + Xo) X1 Xo+
30G9 X1 X5 + 6G1 (Xl + XQ) + 2Gy.

The notation g is usual for these objects but we wish to reserve this symbol for
covariant objects. In fact the classical treatments like [2] are slightly confusing in
that g is used for both classes of object except where the distinction is paramount.
We will be using the notation of Art.13 of [2]. The superscript K is not conventional
either but serves to distinguish these Kleinian objects from slightly different (Baker)
P symbols to be introduced shortly.

It is then shown that dy, Pf5 = Oy, P and 0y, PX = 0y, Pf, so that there
exists a potential function P¥ such that Pfj{ = Oy, 0y, PX . This PX function can
be shown to satisfy numerous differential identities. In particular we have

PE. 6P, = 10Gy + 15G.PE + 4P,
PE,, —6PEPE = 15G,PE — 2Pk,
PE,, —2PKPK _4pK? = 10G4PK,
PE ., —6PEPE = —Gy-3G PE +15G,PE,
Pﬁn - 6PK?1 = *12_5G0G4 +15G1G3 — 3G0P2I§,
(1.3) +6G 1 PfS +15G, PK,

where all subscripts are now interpreted as derivatives with respect to Uy and Us.
The two index objects also satisfy the important quartic relation

Go 3G, —2PK —2PK

3G, 4PK +15Gy, 2P[J +10G3 —2PK
—2PEK 2PEK +10G3 4PK + 15G, 2
—2PK —2PK 2 0

(1.4)

This last relation shows that the Pig-( parametrise the Kummer variety and it is
the starting point of the theory in Baker’s treatment.

In treating the generic curve (g¢ # 0, g5 # %) the definitions (1.2), with z and
y replacing X and Y and with the polar form for the generic sextic, are no longer
adequate because they do not give the correct transformation properties for the
Pff under the transformations (1.1) of 1 and xo. There are two ways round this
problem.

The classical solution is to force the correct transformation properties by defining
covariant p-functions, g;; in terms of the Pff and the coefficients of the transfor-
mation (1.1) which takes the specific curve, V, to its canonical form, 7(V). The
current paper is devoted to the representation theory implicit in this.
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A second solution to the problem is to define the g functions in a different,
covariant fashion right from the start. This approach is pursued in a separate
publication [1].

For some recent applications of p functions for hyperelliptic curves of general
genus in the tradition of Baker’s work, see [4, 6, 9, 10, 11].

2. THE SLy ACTION

In this section we consider the infinitesimal action on the space of curves as-
sociated with (1.1). In the next we construct the induced action on the space of
canonical forms.

The curve V : y? = g(r) is to be thought of as a hypersurface in the nine
dimensional complex space of variables and parameters x,y, gs, g5, 94, 93, 92, 91, 9o-
The family of such hypersurfaces is permuted under the transformations (1.1) but
the covariance of their form is expressed by the three conditions

e(y’ —g(z)) = 0,
h(y? —g(z)) = —6(y* - g(x)),
fy* —g(x) = 62(y* - g(x)),
where e, h and f are the vector fields
0 )
(2.1) e = ——+Z(6—p)gp+1—,
Oz = Ogp
) 9 < ]
2.2 h = —2x— +3y— 2p —6)g,—
6
g 0 0
2.3 = 2°— +3ay— i
(2.3) fo=ata+ wyaer;Jpgp g
which form a representation of the Lie algebra sl (C):
(2.4) [h,e] =2e, [h,f]==2f, e, f]=nh.
Holomorphic differentials for the generic curve are
du, = do dre
Y1 Y2
d d
(2.5) duy = 4T 22072
hn Y2

where the (z;,y;) are analytic points on the curve, and it is easy to see that these
differentials transform simply under (1.1):

(2.6) du; +—  dduy + yduo,
(2.7) dus +—  Bduy + adus.
Consequently the derivatives, 9; = % for ¢ = 1,2 transform as

(2.8) 01— ad — B0y,
(2.9) Oy = =701+ 060,
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and the action of e, f and h extend to first order derivatives thus

(2.10) 8(81) = 82 6(82) =0
(2.11) F(01) =0 £(85) = 0y
(2.12) hdy) = —0 h(Ds) = s

and to higher order derivatives via the Leibnitz rule, e.g.
e(0703) = 30703.

3. THE INDUCED ACTION ON CANONICAL FORMS AND THE ACTIONS ON [@)
FUNCTIONS

Suppose now that the curve V is mapped to V under a map (1.1). These curves
project down to canonical forms (V) and 7r(l~)) so that there is an induced action
of (1.1) on the canonical forms. The corresponding infinitesimal actions on the
canonical forms will be denoted e*, f* and h*.

The transformation 7 can be taken to be [2]

X
R
Y
(3.2) Y= mro— 1=
GX+ 1)
where

g60° + 6950° 4+ 159460* + 20g30° + 15926 + 6¢160 4+ go = 0
and

2
3_;1,4 = g5+ 594/9 + 1093/92 + 1092/93 + 591/94 + 90/95.
The parameters 6 and p must of course vary with the particular curve under
consideration and therefore are themselves subject to the si2(C) action of e, f and

h. Application of these operators to the defining relations for  and p yields

(3.3) e(0) =1, f(0)=6° h(0)=-20,
(3.4) e(w) = =5, =0, hw)=—-2p.

The e action is the infinitesimal form of the one parameter (t) subgroup of

transformations (1.1)
TH—x—1
and the induced action on the canonical variable X is
12000 — )X — 00t

P22t + 6 — 0)X + 0p2(t + 6)
where the tilded quantities appertain to the transformed curve and are therefore
functions of ¢. In fact, for small ¢, 0 = 0 —t + O(t?), i = p — 4t + O(t?), and so

1
X X — EtJrO(tQ).

X —

The e action on Y follows by a similar argument and on the G}, by expressing
them in terms of the g,, # and . We obtain
1
(3.5) e =—F
112
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where

9o o 40
E=——+ 6—p)Gpr1=— +-—.
axX p;( Pga* 356,
By precisely similar arguments (or by noting that = effectively factors out the
one parameter subgroups generated by f and h) we find that

(3.6) = 0
(3.7) h = 0.

If we return now to the definitions of the two index objects, equations (1.2),
we might expect that they should behave according to the rules for second order
derivatives under the e* action e*(P£) = 0, e*(Pf§) = PE and e*(PK) = 2PK.
But instead we find (directly from their definitions as functions of the X;) that
under the E action,

(3.8) E(Pj) = -2, E(P3)=2P;, E(Pf)=PFj,

which isn’t quite correct. The situation is mollified by adding constants to the Pfj( ,
to define new P functions [2], namely:

3
Py, = PX + 5G4
1
Py, = PE + 5G3
3
(3.9) Py, = PE + 5(;2.

These functions satisfy the correct relations with respect to the operator E (but
not e*). Of course, there are no operators F' and H.

Baker [2] defines the covariant p functions by insisting that they transform from
the P;; as second derivatives. That is, he uses the maps

0% — a?0? — 2000, + 32032
0105 — —ayd? + 2(ad + B7)0105 — 3002
(3.10) 02 +— 420 — 2760105 + 6203

with the values o = p, 3 =0,y =% and 6 = ﬁ borrowed from 7, to define

(3.11) p11 = p’Py
2
(3.12) P12 = —%Pu + P

2
" 2 1
(3.13) 9220 = P11 — -Pia+ —Pao.
02 0 12
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These p functions are now genuinely covariant as is easily checked by application
of e and f. For example

p I
6(@12) = —€ (?> P11 — 76*(1:)11) + 6*(P12)
2
W 1 1
= —=P1—-E(P1)+ —=FEP
zin—g (P11) 2 (P12)
2
W 2 1
= —P3;—-Pao+ P
gr =gl t 5P
(3.14) = 2.
In the same way,
(3.15) e(p11) = 2p12, e(pi2) = P22, e(p22) =0,
and
(3.16) flp11) =0, f(p12) = p11, [(p22) = 2p12.

These p;; = p;; still satisfy the integrability properties: 0,01 = 0;9ik.

4. FAMILIES OF IDENTITIES AS REPRESENTATIONS.

The g function satisfies many interesting differential relations, of which a par-
ticularly important set is the following [2]:

*é(mm —6p3) = 9296 — 49395 + 393
+94p22 — 295012 + gop11,
—%(@1222 — 6p22p12) = %(9196 — 39295 + 29394)
+9322 — 29412 + g5011,
—%(@1122 — 20011 — 4pT,) = é(go% — 99294 + 893)
+92922 — 293012 + gap11,
*é(@nm —6p12p11) = %(9095 — 39194 + 29293)
+91022 — 292912 + 93911,
—é(@un —6931) = goga — 49193 + 393

+gog22 — 291912 + g2p11-
(4.1)

We shall remark shortly on the connection between these equations and the
Boussinesq and Korteweg-de Vries [5] equations, but for now we point out that
successive application of the e operator takes us from the bottom to the topmost
equation, which it annihilates, and that successive application of the f operator
takes us from the top to the bottom, which it annihilates.
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For example,

1

1
56(@1112 — 6p12p11) = 3(6(@1112) — 6e(p12)p11 — 6p12e(p11))

1
= 5(391122 — 6pa2p11 — 12p12012)
= P1122 — 2020011 — 412012,

1 1 .
56(9095 — 39194 + 29293) = 3(69195 + gogs — 159291 — 69195 + 893 + 69294)

1
= §(9096 — 99994 + 893),
and
1
5 (592022 — 893912 — 292022 + 394011 + 293012)
3
= gop22 — 293912 + gap11

1
§€(91@22 — 292012 + g3p11)

This is a very simple proof of the covariance of the equations which thus form a
five dimensional irreducible representation of SLy(C).

It further follows that we can rewrite this set of five equations as a single one by
applying the vertex like operators

E =exp(Xe), F=Aexp (%f)

to either the lowest or topmost equation respectively. Application of £ gives
1
(4.2) — 3022 + 207, = GOV + (V=2 — 201 (N g2z + 0 (V)=

where the subscript z denotes the derivation 0; + Ad» and the subscript Z denotes
0s. The gp(A\) and G(X) are given by g,(A) = E(gp):

go(A) g6A° + 6g5A° + 154X 4 20g5A° + 15922 + 691\ + go
gi(\) = geA® 4+ 5gs At + 109403 + 109322 + 592\ + g1

92(A) = gsA" + 49527 + 694N + 4gz A + go

93(N) = g6A’ +3g5A* + 34\ + g3

91(N) = 96N + 295\ + ga

g5(A) = geA+gs

96(\) = ge

and

G(N) = go(A\)ga(N) —4g91(N)gs(A) + 3g2(N)*
= &(90)E(ga) —4E(91)E(g3) + 3E(g2)?,

a polynomial, by a number of remarkable cancellations, of degree four only in A.
We also have the relation (action of e),
1 Ogp

(4.3) Ip+1(A) = 6Tp N

More generally, let m denote a general group element in SLs(C) corresponding

to the transformation x +— m(x) = iﬁig Then define 9 = m(91) = ady — 892 and
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0 = m(0;) = —y0; + 602 and by summing the five equations for p with weights o,
4038, 60232, 403 and * we obtain

1
—§a4p +2(0%p)? = Ty — 4T3+ 303 +
(4.4) [0d%*p — 21009 + T'20%p
where
dr —
(—yz + a)’qg <M> = T+ 612+ 157522 + 20T52°
—yxr + «

(4.5) +15T 42 + 6T52° 4+ Dga®.

Equation (4.4) is a family of equations parametrized by the points in SLs(C).
We shall make use of these forms later.

The important observation then is that all relations between p-functions and
between p-functions and the g; have to be covariant, that is: they must partition
themselves into sets which are permuted under the actions of e, f and h. Each
such set is spanned by a finite number of relations which form a basis for a finite
dimensional representation of SLs(C).

If we set g6 =0, g5 = %, the remaining g; = G; and p = P we obtain the set of
equations appropriate to the case where one branch point is moved to oo:

1 8
—g(P2222 —6P%) = —§G3 + 3G2
4
+G4Poy — §P127
1 1
*g(P1222 — 6Py P1p) = 5(*2(;2 +2G3Gy)

2
+G3 Py — 2G4 Pip + §P11,

—%(le — 2Py P, —4P%) = é(—9G2G4 + 8G%)
+GaPay — 2G3 P12 + G4 P11,
—%(Pulz — 6P 2P1) = %(;Go —3G1G4 + 2G2G3)
+G1 Py — 2G2P1a + G3Pra,
—%(le —6P%) = GoG4—4G,1G3+3G3

+Go Py —2G1 P + Ga Py
(4.6)

The residue of the sl3(C) action is evident in that the operator E moves us up
this chain of equations, annihilating the topmost. If one relates these P back to
the PX via the subtraction of the appropriate constants one obtains the Kleinian
form of these equations which is the one usually quoted [4].

The e and f operators may be used to shortcut more tedious calculations. For
example, equality of cross derivatives in the set (4.1) implies identities linear in the
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three index symbols. Thus 01 pog00 = O2p1222, gives

2(p2op122 — P1260222) = —g3@222 + 3gapi22 — 3959112 + JeP111
(4.7)
and from this, by application of f, we obtain the four dimensional representation,
2(p2op122 — P1269222) = —g3@222 + 3gapi22 — 3959112 + JeP111
*%(@11@222 — 20220112 + P120122) = —Ggapaz2 + 3g3P122 — 394p112 + G511
;(p22@111 — 20119122 + P120112) = —g1P222 + 3920122 — 3g3P112 + GaP111
—2(p12@111 — P11P112) =  —gow2e2 + 3919122 — 3g20112 + 930111
(4.8)

Less efficiently, these identities may be obtained by considering the other cross
derivatives. Further, the corresponding identities for the Kleinian functions are
obtained directly by reduction.

Being a set of four, homogeneous linear identities in four variables (the three
index symbols) the equations (4.8) have to be linearly dependent which implies the
vanishing of the determinant,

g6 —39s 394 + 2022 —g3 — 2012
(4.9) —39s 991 —4p22 =993+ 2012 392+ 2p11 | _ 0.
394 + 2022 —993 + 2012 992 — 4pn1 —3g1
—9g3 = 2p12 392 + 2p11 —3g1 9o

This must either be identically true or the expression for the Kummer surface in
the case of generic coeflicients of the sextic. In fact it is the latter [2]. Expanding
the determinant leads to a rather complex equation which breaks up into five parts
of degrees 0, 1, 2, 3 and 4 in the p,;, each of which is an invariant under the SLy(C)
action. The leading order term is the invariant 16(p3 — pap11)?.

Again one must reduce by the usual procedure to recover the Kleinian form (1.4).

In order to obtain the classical identities for quadratics in three index symbols,
consider

82(9322) = 20922202222

20222(6955 — 3(g296 — 49395 + 393) — 3gap22 + 695012 — 3gsg11)
= 02(4p3, — 6(9296 — 49395 + 393) P22 — 394932)

(4.10) —6(g6p11 — 295012) P222-

Elimination of g;11 between the first two of equations (4.8) yields,

2
295(@22@122 - @12@222) + 596(@11 222 — 209220112 + plzpuz)

= —02{(9593 — gog2)p22 — 3(9594 — 9396) 12 + 3(g5 — goga) P11}
which can be rewritten
2(g6p11 — 2g5912) 9202 =  2{(—(9593 — 9692) 22 + 3(g591 — g3g6) 12
—3(93 — g694) P11 — 295020912 — %96(&0%2 —4p11p22)},
thus allowing the right hand side of (4.10) to be written as a total dy derivative.
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Integrating,

P30 = 40y — 394035 + 695012022 + gepia — 496011022
+9(g2 — 9a96) 911 + 9(g693 — 9195) P12
+9(39395 — 9296 — 293) 922 + Ce.

Here C is a constant function of the g; which must be the highest weight for
a seven dimensional representation, {Cg, C5, Cy, C3,C2,C1,Cy} of SLy(C) so that
application of f to the above creates the seven identities

(4.11)

Phon = 4pho — 3gaphs + 695012022 + g6 9T — 496911922
+9(g5 — 9ag6) 911 — 9(9a95 — g693) P12
+9(3g395 — 9296 — 293 ) 922 + Ce,

(4.12)

612260200 = 24012055 + 1895075 — 1293055 + 18940126022
— 696012011 — 18950119022 + 27(9495 — g693) P11
+ 9(9296 — 993 + 89395) 912 + 9(39295 — 9394 — 29196) 922 + Cs
(4.13)
9pias = 48012002 + 12011055 + 1293012022 + 63949075 — 3694011922
+ 601120222 — 39671 — 1850120011 — 189205,
+9(g3g5 — 49296 + 393 ) 911 + 9(189295 — 179394 — g196) 912
—9(39195 + 293 — 69294 + goge) 22 + Ci
(4.14)
1801220112 = 4812011922 + 32075 — 129507, + 9293070
+ 201110222 — 1204912011 — 1202012022 + 4893011022 — 1291035
—9(3g196 — 49394 + 9295)911 + 9(17g294 — 1895 — goge + 89195) 912
—9(9194 — 49293 + 39095) 922 + Cs3
(4.15)
61209111 = 48072011 + 12071 22 + 1293012011 + 6392075
+ 99710 — 1894971 — 39032 — 3692011922 — 1891012022
—9(gogs + 39195 — 69294 + 293) 11 — 9(179293 + gogs — 1894g1)p12
— 9(4g0gs — 9193 — 393 )22 + C2
(4.16)
6p1120111 = 24912071 + 18g2p12011 + 189197, — 129507,
— 6gop12¢22 — 18910119022 — (29590 + 9293 — 39491) P11
+ 9(gag0 — 995 + 89391)p12 — 27(gogs — g192) 22 + C1

(4.17) 0111 = 491 + 6919012011 + GoPia — 392071 — 4gop11 22
— 9(gago + 295 — 39391) P11
= 9(g291 — g390)912 + (g7 — gog2)p22 + Co
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These quadratic relations are, like the expression for the Kummer surface earlier,
valid for the branch points of the curve in general position.

The constant Cj can be identified by going to the canonical form, using the
associated definitions of the P;; and expanding in the independent variables X,
and X, about (0,0) (assuming g — 0 # 0) in the last of the above equations.
Because g5 and gg do not feature in this equation its form is retained when the
branch point is moved to infinity. The lowest order (constant) terms in Pj; etc. are

9 42
Py ~ _O%90—df
4 9o
1
Py = 598
3
Py = 94
P N 1209395 — 45919290 + 2793
= =7 372 )
90
which, when substituted into the last equation yield
81
(4.18) Co = (9590 — 2939192 + 95 + 9194 — Gog294)-
It is easily checked that f(Cy) = 0 and we generate the other C; by applying e:
81
C1 = e(Co) = 5 (—9193 — 919294 + 9393 + 939091 + 597 — 959290)
1 81 9 9 9
Cy = 56(01) = Z(—4g1ggg4 + 2919592 + 39293 — 29294 — 2939590 + 39091+

+ 9697 — 969290)

1 81
C3 = 56(02) = —(—2919395 + 9193 + 919692 — 3929394 + 9595 + 295 — 939690+

2
+ 949590)
1 81 2 2 2
Cy = 1e(Cs) = (2919396 + 2919495 — 4929395 — 2920 + 39692 + 39394~
— 949690 + 9590)
1 81 2 2 2
Cs = g(3(6’4) = 5(—919496 + 9195 + 929396 — 929495 — 9395 + 9391)
1 81

Let us remark in passing that the Klein formula [4]
F(X1,X5) — 211 Y5
4(X; — X5)?
(usually written with the symbols p;;) is not, of course, respected by the E action

for the reasons already stated. However, if we modify the polar form appropriately
to

(4.20) F(X1,X2) = F(X1,X2) + 2(X1 — X2)?(3G4X1 X2 + G3(X1 + X2) + 3G2),
then the modified Klein formula

(4.19) P + (X1 + Xo)Pf§ + X1 XoPfy =

F(X1,X2) —2V1Y,
4(X; — X5)?

(4.21) P+ (X1 + X2)Pro + X1 Xo Py =
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s annihilated by E. Indeed, more than this, the expression

F(z1,22) — 2y12
4(1’1 — 1'2)2

(4.22) o1+ (T1 + z2)p12 + T1T2p022 =

that is, the variables all being in generic position, and a being formed with the
generic values of the g;, is actually covariant under both e and f. After substitution
for the p;; in terms of the P;; the left hand side takes the form

T
ﬁ(Pll + (Xl + X2)P12 + X1X2P22)
and the verification of formula (4.22) reduces to that of the identity
r; 0.’E1 01’2 o 6 3 5 R
F - s T <7) —0 —03=F 7
< per —0)" p?(ze - 9)> p) (@1 =07 (@2 —0)" = Fa1,22)

which is easily seen to be true. Formula (4.22) is to be found in Baker [2].

5. THE BOUSSINESQ CONNECTION AND THE REDUCTION TO KDV

For recent work on the Boussinesq equation see [3, 8], and references therein.

It has been remarked elsewhere [4, 7] that the first of equations (1.3), if differ-
entiated with respect to U and expressed in terms of ¢ = PJ5 becomes the KAV
equation

(5.1) 222 — 1202 = 15G 42 + 41

under the identification of Uy with the time and Uy with the space variable. (The G4
term is removable by a Galilean boost.) But it does not appear to have been noted
before that the system is similarly related to the Boussinesq equation. Specifically,

differentiation of the last of the equations twice with respect to U; and putting
Y = PE yields

(5.2) VY111 — 1207 — 12¢0h11 = —3Gothan + 6G 1912 + 15G2t11 .

Again the 115 term can be removed with a boost and Boussinesq emerges when Uy
is identified with time and U; with space (the reverse identification to that for the
KdV).

However, this relation goes deeper when it is recognised that the whole A de-
pendent family (4.2) is of Boussinesq form and, further, that it reduces to the KdV
equation (with the same identification of space/time variables) precisely when the
parameter A is a root of the sextic go(A) = g(A) = 0. Of course, whilst we have
the Boussinesq equation for any particular choice of A, the full set of equations
(equivalently the A-family) are a far stronger constraint.

These remarks also apply to the equation on the whole group (4.4) when a and
B are such that 'y = 0. Being an integrable system, equations (4.2) and (4.4) are
the compatibility conditions of pairs of Lax operators. These Lax operators will be
sections of the tangent bundle over the Jacobian of the genus 2 curve.

6. THE LAX PAIR FOR BAKER’'S EQUATIONS.

The Lax operators for the A-family of Boussinesq equations (4.2) are
(6.1) L(\) = Co- + 2 — 2p..

1 1 3 3
M()‘) = 83 + 5(’33 + %(CCN + C/2)az - 3@2282 - 5@222 - C/@zz + §<@z2
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where (2 = g()\) and prime denotes derivation with respect to A\. For each X\, L(\)
and M()\) are commuting operators on the Jacobian variety. They have analytic
expansions about A = 0 (assumed a regular point) of the forms

(6.2) L) = E(Lo) = Y- 5L
p=0
(6.3) M) = E(Mo) = > “r My,
p=0
where L,11 = e(L,), Mpt1 = e(M,) and
1
(6.4) Ly = g30s+07 — 2011,
3 -1 3
My = 0+ 29 2g107 + (192 - 3@11) o
3 -1 31
(6.5) 5911 — 390 291911 + 590 $12:
Straightforward application of e yields
_1
(66) Ly = 390 29182 + 20102 — 4019
_1 _3
(6.7) Ly = (1595 g2 — 99 * 97)0a + 205 — 4pas

(6.8) L, = kydy p>2

where the k, are constant functions of go, ... gs only.
Application of e to My yields (more involved) expressions for the M.
The commutation conditions also expand in an analytic series in \:

[Lo, Mo] =0

e([Lo, My]) = [L1,Mo]+ [Lo, Mi] =0

e*([Lo, Mo)) = [La, Mo] + 2[L1, My] + [Lo, Ms] = 0
etc.

The first five of these relations generate the Baker equations. All others are

identically zero. We can, of course, summarise these in a conventional matrix Lax
pair

(6.9) [L,M] =0,
with
Lo Ly 1L, 1Ly LI,
0 Lo Li il (L
L=| 0 0 Lo L 1L, |,
0 0 0 Lo Ly
0 O 0 0 Lo
and
My M; iM, %Mg o My
0 My My My My
M=| 0 0 My M i
0 0 0 My, M,
0 0 0 0 My
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7. A FAMILY OF SOLUTIONS TO BOUSSINESQ.

Finally, it follows from our representation theoretic treatment of the Baker equa-
tions that the genus two g function does indeed provide a family of solutions to
the Boussinesq equation. We can describe this family explicitly using the following
argument.

Let o be associated with the curve y? = g(z) in the classical manner. It will
satisfy the last of equations (4.1) in particular. Applying 0? and putting u =
—120% o simplifies the coefficients to give

Otu + udiu + (91u)? + g203u — 2910102u + goO3u = 0.

Replacing the derivatives by

_1
(7.1) 8y = gg70r+ g—lax
0
(7.2) 01 = Ox
and putting
_ gog2 — 9%
U=w— ——
go

leaves us with the Boussinesq equation for w,
(7.3) wxxxx +wwxx +wk +wrr = 0.

Undoing these changes gives the expression for a family of solutions:

— g2 3 1
(7.4) w(X,T) = BRI 1203 6(X = g * i T, 05 T).

0
Here p(u1,us) is just the p function associated with the curve with coefficients
9o, - - - , 6, Whose arguments are the canonical variables u; and us on the Jacobian
variety. The function w(X,T") will also satisfy the other four of the equations (4.1)
and is thus not a general solution to Boussinesq.

8. CONCLUSIONS AND COMMENTS

We have shown how the covariance property of the underlying family of algebraic
curves provides a new tool for the study of identities between classical p-functions.
In particular we have used a connection with the well-known Boussinesq equation
to derive Lax operators for the Baker equations and to examine their covariance.
We have described a family of solutions to the Boussinesq equation in terms of the
genus two p function.

One important function of this paper has been to modernise the treatment of g
functions given in Baker’s book [2].

In a separate publication we present a reformulation of the theory in which this
covariance takes centre stage. Our hope is that these methods will enormously
simplify the treatment of curves of higher genus.

We should all like to thank the Isaac Newton Institute, Cambridge, for its support
during the Integrable Systems Programme (2001) when this work was initiated, and
we would like to express our indebtedness to members of the programme for their
interest and comments on earlier stages of the work.
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