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Intrinsic properties.

Main concepts:
Symmetries,

Conservation laws,
Backlund transformations,
Rucursion operators,
Hamiltonian operators,

Main problem: Nonlocalities.

Technique: Jet calculus.



Our main task is to formulate constructive
necessary integrability conditions for evolu-
tion equations with two independent variables.

Example. Consider equations of the form

Ut:U3—|—f(’LL]_,’LL), Ul — Ug, U2 — Ugg, ---
Then if the equation is integrable then

_of
p_8u1

IS a local conserved density, i.e. py = oy .

For example, for the mKdV-equation u; =
u3 + 3u?uy we expect that p = 3u? is a con-
served density. Indeed,
3
(3u?); = <6uu2 — 3u% + §u4)

T



ODE case.

Suppose we have a dynamical system

= Fi(uq, ... o i=1,....n. (1
= Fi(un,eun), . (1)

Then any function G(u1q,...,un) can be dif-
ferentiated in time in virtue of the system (1)
as

E = Z Fi(uq,... un)a—G (2)

8uk

Now we can forget that wi,...un are func-
tions of time ¢t and regard them as the set of
independent variables. Denote by § the ring
of "all” functions of these variables.

We can rewrite (2) as 2¢ = X r(G), where
Xp = Z Fp— 7 (3)
=1 Ouk



Definition. Linear homogeneous differential
operator of the form

n
0
X = Z Xk(’U/]_,...,’U,n) ) (4)
k=1 Quy

is called a vector field.

Remark 1. We have X(fg) = fX(g9)+9X(f)
i.e. any vector field defines a derivation of §.

Remark 2. All vector fields form a Lie alge-
bra w.r.t. the Lie bracket

[ X, Y]=XoY —-Y o X.



First integrals

First integrals of a dynamical system can be
defined as elements of the kernal space for
the corresponding vector field.

Definition. A function I = I(uqy,...,upn) IS a
first integral of the dynamical system (1) if
4 = Xp(I)=0.

Any function of first integrals is a first inte-
gral. Only functionally independent first in-
tegrals are to be counted.



Symmetries.

The next fundamental concept of the local
theory of nonlinear ODEs is the infinitesimal
symmetry.

Definition. A vector field

mn
s,
Xg = Z Gk(Ul,UQ,...,un)a—, (5)
k=1 Uk
is called (infinitesimal) symmetry of dynami-
cal system (1) iff

[XF, Xg] = 0. (6)

Condition (6) is equivalent to the fact that
the dynamical systems (1) and
dui

—=Gi(u1,...,un), i:l,...,n. (7)
dr

are compatible. It means that for any initial
data ug there exists a common solution u(t¢, 7)
of systems (1) and (7) such that u(0,0) = ug.



The symmetry condition (6) can also be writ-
ten in the following two equivalent forms:

dG
—=F.(G). (8)

or
F. (G) — G, (F) = 0. (9)

Here F = (Fy,..., F,) and Fx« is a matrix with

entries
- OF;
*1,9 a—uj .
The matrix Fy is called the Fréchet deriva-
tive of the vector—function F = (F4y,..., Fy).
Relation (8) means that G satisfies the lin-

earization of dynamical system (1).



Hamiltonian structures.

Any Poisson bracket between functions
f(uy,...,um) and g(uq,...,um) iS given by

df g
= > F; e —
{f7 g} % 1,] (’U,l, » Um 8uz 8u3’

where P; ; = {u;,u;}. The equivalent form is

{f, g} =< grad f, P(gradg) >.

The entries P;; of the Hamiltonian operator
P are not arbitrary since by definition

{f7g} — _{gaf}a
Hfgrhy+ {9, b}, fY+{{h f}, 9} =0.



The Hamiltonian dynamics is defined by

duz-
— — Ha 9
dt { uz}
or
du
— = P(grad H),
pn (g )

where H is a Hamiltonian function.

If {K, H} = 0, then K is an integral of mo-
tion for the dynamical system. Moreover, the
vector fields corresponding to Hamiltonians H
and K commute each other.

If {J, f} = 0 for any f, then J is called the
Casimir function of the Poisson bracket. The
Casimir functions exist if the bracket is de-
generate (i.e. Det P = 0).



For the symplectic manifold the coordinates
are g; and p;, : = 1,... N. The standard Pois-
son bracket is given by

The corresponding dynamical system has the

usual Hamiltonian form
dpz' . OH dqi . OH

dt ~ 9q;’ dt ~ Op;

For the spinning tops the Hamiltonian struc-
ture is defined by a linear Poisson bracket. In
this case

— k

It is well-known that this formula defines a
Poisson bracket iff ij are structure constants
of a Lie algebra.

The class of quadratic Poisson brackets
PZJ — C,Zl Upug

is of a great importance for the modern math-
ematical physics.



Two Poisson brackets {-,-}1 and {.,-}» are
said to be compatible if

{'7 '})\ — {'7 '}1 + >‘{'7 '}2

IS a Poisson bracket for any A.

T heorem. Let

H(X\) = Ho+ MHy + X Hy + -+

be a Casimir function for the bracket {-,-},.
Then the coefficients H; commute each other
with respect to both brackets {-,-}1 and {-, - }».

The dynamical equation for any Hamiltonian
H; can be written in two Hamiltonian forms:

dui

= {Hj,uib1 = {H;j—1,ui}o.



PDE case. Independent jet variables.

Let z¢,...,zn, De independent variables and u
IS the dependent variable.

Suppose we have no differential equation at
all. All symbols
O T Fan

, and = 10
U Ua 8&1331 “. aanwn ( )

where o = (aq,...,an), are regarded as inde-
pendent variables.

In this case, § is the ring of " all” functions de-
pending on a finite number of variables (10).

We have the total derivative operators
0

D; = u 11
i Zo; (aq,...,05F ,...,an)au ;)

LyeeesQliyernyOlny)
They are derivations of § such that [D;, D;] =
0.



If we consider a differential equation, there
are relations between variables (10) and we
must choose a complete set of independent
jet variables. This set plays role of coordi-
nates for the equation.

The procedure looks very simple for the evo-
lutionary equations

o0"u
utZF(u,qu,u$x,...7@) (11)

with one dependent and two independent vari-
ables. All partial derivatives of u, containing
differentiations w.r.t. t, can be eliminated in
virtue of the equation and it's differential con-
sequences. For example,

oF OF OF
uaztza‘k%ux"“"mun_'_l



SO, one can represent any mixed derivative
as a function depending on a finite number
of the following variables

Oty

—aa’;fi7 e o o .

ug — U, U1 — Ug, U2 =— Ugx, ---, Uy

We know how to differentiate all these vari-
ables w.r.t. x:

(ug)e = u1, -y (U)z = Uj41, -

T his dynamical system coincides with the to-
tal z-derivative for the jet variables with one
dependent and one independent variables. The
corresponding vector field is given by:

D —3+§u- 0 (12)
m—aib 0 Z+18ui'




Total t-derivative depends on r.h.s. F' of evo-
lution equation:

(uo)t = F(u,uq,...,un), ..., (u;)s = DL(F), ....

The corresponding vector field is as follows:

0
ﬁui .

Dy = fDé(F) (13)
0



However, for some problems a different choice
of independent jet variables turns out to be
more suitable.

Example. Consider the KdV equation

Ut — Ugxx + uug

and take

u, Ul — ug, U — Ut - - -
UV =— Ug, V1 — Uy, VD — Vtt - - -

w — Ugg, w1 = W, Wy = Wit "+

for independent jet variables. Then
Z uz—l—la + Z ’Uz+1
' 1 =0

Dy :’U%—l—w%—l— (uq —uv)i




Let us consider now the hyperbolical equa-
tions of the form

Ugy — G(’LL, Ug, Uy)-

The most natural choice of independent vari-
ables is
U =uUg = U, U] = Uz, U2 = Ugg,-- -,
U] = Uy, U2 = Uyy, - - -,
It is not difficult to prove by induction that
all mixed derivatives of u can be expressed
through them.



The corresponding dynamical systems have
the form

(ui)e = uiq1, @ € Zyg,
() = a;(x,y,u,uy,u1,...,u;), 1 € N
and
(Ui)y = Ujq1, 1 € Zy,
(u))e = a;(x,y,u,ug,uq,...,u;), i € N,

where the functions a; and a; are defined re-
cursively in the following way:

a1 = a1 = G(u,uy,uy),

oG oG oG
— = —u —G + —u
a> = (a1)y 5, U1 + 5 + &L_Lluz,
_ _ oG oG oG
a> = (a1)r = —uy + —us + —G,

ou ouq ouq

a3z = (a2)y, a3z =(a2)z,-...



The corresponding total derivatives are given
by the formulas

0
D;U — Z uz+1au

and

Dy = Zuz—l—l ‘|‘ ZDZ I(G)a—u-

It seems that the deflnltlon of D, is based on
the definition of Dy and vice verse. However,
these vector fields are well-defined.

Example. Consider the Liouville equation
uzy = exp(u). Then

> 0
D, = U; 11 —|—
v % s (9’&2'

exp(u) (8—u1 + u ula—UQ + (up + ul)ﬁ—u?, + . )

It is easy to verify that D;(uo — %ﬁ%) = 0.



Scalar evolution equations.

Main notions: Denote by § the ring of " all”
functions depending on a finite number of in-
dependent jet variables

u, U] = Ug, U2 = Ugpg, .- -, (14)

In these variables the vector field
0 0 o0
Dy =u1—+up—+uz—+---, (15
! lﬁuo + 28u1 + 3(’9u2 + (15)
represents the total derivative operator with

respect to =x.

Remark. Not any function f(u,u1,...,u;) be-

)
longs to ImD,. If f € ImD,, then —f = 0,
u

where
) 0 0

ou  Ou ouq T Ouo




Generalized symmetries.

Consider evolution equation

- Oty
9zt
The corresponding total t-derivative is given
by:

(16)

ur = F(u, ug, ugg, ..., un), U;

0
(9u7; ‘

Dy =Y Di(F) (17)
@)

The generalized (higher) symmetry is an evo-
lution equation
ur = G(u, ug, gz, ..., Um), (18)

that is compatible with (16).

More rigorously, the total m-derivative is given
by:

0
8ui .

D, =Y Di(G) (19)
0



Definition. Equation (18) is called infinites-

imal local symmetry for (16) if

(20)

(21)

[D:, D;] = 0.

Calculating the coefficients of a%, we find
that

Di(G) = Fx(G),
or

F«(G) — G«(F) =0,

where

Qs = ZQDZ;

1 Oug,

denotes the Fréchet derivative of element a &€

F.

The left hand side of (21) must be identically

zero w.r.t. jet variables (14).



Cosymmetries.

The dual objects for symmetries are cosym-
metries which satisfy the equation

Di(g) + Fi(g) =0,

where

oF
Ff — Z(—l)kDIZZ o 5
k

U
is the differential operator adjoint to Fx. The

product g G of any cosymmetry g and sym-
metry G is a total x-derivative.



Example 1. For any m equation ur = uy, iS
a symmetry for uw; = un.
Example 2. The Burgers equation

Ut = Ugzx + 2UUg

has the following third order symmetry

Ur = Ugpzr + Suurr + 3u£ -+ 3u2u3;.

Example 3. The simplest higher symmetry
for the Korteweg-de Vries equation

Ut = Ugxr + OUUL

has the following form

ur = ug + 10uuz + 20uqius + 30u2u1.



Recursion operators.

The simplest symmetry for any equation (16)
IS upy. Indeed, the total derivative related to
the equation ur = uy, coincides with Dg.

The usual way to get other symmetries is to
act to uy by a recursion operator R. By defi-
nition, the recursion operator is a ratio of two
differential operators that satisfies the iden-
tity

[D; — Fy, R] = Ry — [Fsx, R] = O. (22)

It follows from (20) and (22) that for any
symmetry G the expression R(G) is a sym-
metry as well.



For example, for the Korteweg-de Vries equa-
tion u; = ugexr + 6 uuy the simplest recursion

operator
R = D2 4 4u 4+ 2uz Dt (23)
IS the ratio of two differential operators

Hq = Dy, Ho = D3 + 4uD, + 2ug.



Most of known recursion operators have the
following special form

k
R=R+ Y G,D;'g, (24)
i=1
where R is a differential operator, GG; and g;
are some fixed symmetries and cosymmetries
common for all members of the hierarchy. We

call recursion operators (24) quasilocal.

Applying such operator to any symmetry, we
get a local expression, (i.e. a function of fi-
nite number of variables u,ug,...u;,...) since
the product of any symmetry and cosymme-
try belongs to Im D.

Moreover, a different choice of integration
constants gives rise to an additional linear
combination of the symmetries Gq,.. ., G.



It is possible to prove that for the Korteweg-
de Vries equation the associative algebra A
of all quasilocal recursion operators is gener-
ated by one operator (23). In other words,
this algebra is isomorphic to the algebra of all
polynomials in one variable.

However, it is not true for the Krichever-
Novikov equation
3u%x P(u)

Ut; = Ugzx — §u—x . , P(V) = 0.

It turns out that there exist two quasilocal
recursion operators R1 and R, of orders 4
and 6 related by the elliptic curve equation

R35 =R3 — ¢Rq — 0.



Conservation laws.

The notion of first integrals, in contrast to
symmetries, cannot be generalized to the case
of PDEs. It is replaced by the concept of lo-
cal conservation laws, which are also related
to constants of motion.

Definition. A function p € § is called a den-
sity of a local conservation law for equation
(16) if there exist a function o € § such that

Di(p) = Dz(0). (25)

The function o is called a flux of the conser-
vation law.

We can eliminate function o applying to (25)
the Euler operator to get

dD¢(p) _
ou

0.




Example. Functions
Pl — U, P2 — ’U,2, P3 — _u% + 2u3
are conserved densities of the Korteweg - de
Vries equation uy = u3z + 6uuy. Indeed,
Dy(u) = Dy(uz + 3u?),
Di(u?) = Dy (2uun — u% + 4u3),

Di(p3) = Da;(9u4—|—6u2u2—|—u%—12uu%—2u1u3) :

Function 3 is not a density of a conserva-
tion law for the Korteweg de Vries equation.
Indeed, D;(u3) = 3u2usz+18u3uy. In order to
check that the right-hand side is not a total
derivative we apply the Euler operator

)
5—(3u2u3 + 18u3uq) = —18uqus # 0.
u
If v is a function periodic in space with period

L, then I, = fOL pr dr do not depend on time
and are constants of motion.



Relation (25) is evidently satisfied if p = D, (h)
for any h € §. In this case ¢ = D;¢(h). Such
'"conservation laws’” we call trivial.

Definition. Two conserved densities pq, po
are called equivalent p; ~ po if the difference
p1—po is a trivial density (i.e. p1—po € ImDy).

Lemma. For any conserved density p, func-

)
tion g = 5—’0 IS @ cosymmetry.

u



Hamiltonian operators.

Most of known integrable equations can be
written in a Hamiltonian form

5
w="(5)

where p is a conserved density and H is a
Hamiltonian operator. It is known that this
operator satisfies the equation

(D¢ — F¥) H = H(D¢ + F}), (26)

which means that ‘H takes cosymmetries to
symmetries. Besides (26), the Hamiltonian
operator should satisfy relations equivalent to
the skew-symmetricity and the Jacobi identity
for the corresponding Poisson bracket

9= _f " (5u>

It is easy to see that the ratio Hngl of any
two Hamiltonian operators is a recursion op-
erator.



As the rule, the Hamiltonian operators are lo-
cal (i.e. differential) or quasilocal operators.
The latter means that

m
H=H —|— Z GiDgléi, (27)
i=1
where H is a differential operator and G;,G;
are fixed symmetries. It is clear that acting
by the operator (27) on any cosymmetry, we
get a local symmetry.

For example, the Korteweg-de Vries equation
can be represent in the Hamiltonian form in
two different ways:

5 5
= (37) =257

where Hq = D,, Ho = D3+ 4uDy + 2u,.

For the Krichever-Novikov equation the sim-
plest quasilocal Hamiltonian operator is given
by

Hy = ue D] tug.



Symmetry approach to
classification of
integrable equations.

1979-2006

Was developed by: A.Shabat, A.Zhiber,
N.Ibragimov, A.Fokas, V.Sokolov, S.Svinolupov,
A.Mikhailov, R.Yamilov, V.Adler, P.Olver,
J.Sanders, J.P.Wang, V.Novikov, A.Meshkov,
D.Demskoy, H.Chen, Y.Lee, C.Liu,
I.Khabibullin, B.Magadeev, R.Heredero,
V.Marikhin ...

Definition. PDE is integrable if it possesses
infinitely many generalized symmetries.



Why integrable equations possess higher
symmetries?

"Explanation”. A linear equation has in-
finitely many higher symmetries. Integrable
nonlinear equation is related to a linear one
by some transformation. The same transfor-
mation produces higher symmetries for non-
linear equation starting from symmetries of
the linear one.

For instance, the Burgers equation is inte-
grable because of the Cole-Hopf substitution
Ux

u — y
v

which relates the equation to vy = vy;. More-
over, the same substitution maps the third
order symmetry of the Burgers equation to

Ur — VUgxx,

etc.



T he first classification result in frames of the
symmetry approach was:

Theorem. (Shabat-Zhiber 1979)
Nonlinear hyperbolic equation of the form

Uy = F(u)

possesses higher symmetries iff (up to scal-
ings and shifts)

F(u) = e%, F(u) = e¥+e ™™, or F(u) = e¥4e 2%
The complete classification of integrable hy-
perbolic equations of the form

Ugy — F(Uauxauy)

IS an open problem till now.

Example:

Uzy = S(u)y/1 —u2y/1 — ug,

S" 2834 ¢8S =0:



Integrability conditions for
evolution equations

For further consideration we will need formal
pseudo-differential series, which for simplicity
we shall call formal series

A=amD"+a,_ 1D 1+ . -+ag+a_1D; 1+

CL_QD_2+"' a. €5, meE L.
The product of two formal series is defined

by
D% o bDI" = bDJTF + CL Do (b) D™ 14

CZD2(b)DE+™=2 4 ...

where k,m € Z and CJ, is the binomial coeffi-
cient

k(k—1)(k—2)---(E—7+1)
7! '
T his product is associative.

J —
Cy =



For any series

A=amD"+a,_ 1D 1+ . -+ag+a_1D; 1+

we can find uniquely the inverse element

B=b_mD;"+b_pm 1D, 4, b EF
such that Ao B=BoA=1.

Moreover we can find a series

C:ClD£C+CO+C_1D(;1—I-C_QD;Q—I—---

such that C"™ = A. If we know first k coeffi-
cients of the series A we can find the first k
coefficients of the series C.

Example. Let A= D2+ u. Then

u u _
C=A1/2:Dx—|—§D$1—Zle2—I—---.

We can easily find as many coefficients of C
as required.



Definition. The residue of a formal series
A = Yp<papDE, ap € § is by definition the
coefficient at D 1:

res(A) =a_1.
The logarithmic residue of A is defined as
reslog A = An-1
an

We will use the following important Adler’s
Theorem. For any two formal series A, B the
residue of the commutator belongs to Im Dy :

res[A, B] = D.(c(A, B)),

where

p+q+1>0
(A, B) = 3 cptatl i
p<ord(B), g<ord(A)

p+q
> (—1)*D5(aq) DETI™5(by) .
s=0



Definition. A pseudo-differential symbol

where [, = [;(us,,...,u), is called a formal
recursion operator (or formal symmetry) for
the equation

ut — F(unaun—la R ,U)
if
" OF
Ly = [Fy, L], where Fi= ) — Dk
k=0 Ok

Theorem 1 (Ibragimov-Shabat 1980). If
equation u; = F' possesses an infinite hierar-
chy of higher symmetries

ur, = Gi(um,, . .., u), m; — 00

then the equation has a formal recursion op-
erator.



Theorem 2 (Svinolupov-VS 1982). If equa-
tion uy = F' possesses an infinite hierarchy of
higher conserved densities
82 p;
pi(um;, ..., u)t € Im Dy, s~ 7#0, m;— o0
dugy,.

then the equation has a formal recursion op-
erator.

Theorem 3 (Svinolupov-VS 1982). If equa-
tion uy = F' is related to the linear equation
vy = vp, by a differential substitution

Uzgp(uka"'au)

then the equation has a formal recursion op-
erator.



The formal recursion operator allows us to
construct local conservation laws for the equa-
tion uy = F':

Proposition. The functions

' z
pi =res(L'), i=-1,1,2,..., and pozl_o
1

are conserved densities.

Example. For the Korteweg-de Vries equa-
tion u; = ugz + 6uu; we can take

L= (D;+4u+ zungl)l/Q

and

p1 = 2u, po> = 2uq, p2:2u2—|—u2,...
Theorem 4 (Svinolupov-VS 1982).
1). Under assumptions of Theorem 2 all even
canonical densities py; are trivial.
li). Under assumptions of Theorem 3 all
canonical densities are trivial.

We call p;, canonical densities.



Classification of KdV-type equations
(Ibragimov-Shabat, Fokas, 1980)

Consider equations of the form

ug = uz + f(ug,u).  (kdvt)
Let us find the simplest canonical density p;.
Equating the coefficients of D3, D2, ... in

— [Fy, L] = 0O,
where
L=11Dy+1lp+1_ 1D—1_|_... ,
Fy = D3+ 55Dy + g,
we get:
D3 :3D,(l1) =0; D2:3D2(l1)+ 3D:(lg) = O;
Dy : D3(11) +3D2(lo) +3Dx(1-1) + HL- Da(ly) =

(l1)t + 11 Dx (L)
If we put [{ =1 then

1 of

:l_ = - —
p1 1 3 Buy



Thus we discovered a very remarkable fact:
o
(—f> = Di(o1)
duy /,
for any integrable equation |

Example. For the mKdV-equation uy = uz+
3uluy we expect that p; = u? is a conserved
density. Indeed,

(u?)¢ = Dy (2uun — ul + u4)



We can eliminate unknown o1 applying the
Euler operator

ouo

As the result we get the first integrability con-
dition

5 [ Of o f o% f
O:5u< >t=3u4<u2ﬁ—|—u1 3 )—I—

It implies

fu1,u) = pui + A(w)ui + B(w)ug + C(u).
For such f the first condition is equivalent to
uA’ =0, B+ 8uB’ =0,
(B'C) =0, AB'+ 6uC’ = 0.

It is almost enough to complete the classifi-
cation.



The second integrability condition has the
form

(g) — Dw(O'Q)

ou/t

Using this fact we derive several more dif-
ferential relations between A(u), B(u), C(u).
Solving them alltogether we obtain the fol-

lowing list of equations

Uy = Ugprxr + (clu2 + cou + c3)ug
13 2u _2u
U = Ugpgpr — Eum + (c1e" + coe + ¢3) ug

2
Ut = Ugzr + clug + coul + c3ug + ¢4



For more general class of equations

ut = uz + f(uo,u1,u) (28)

several simplest canonical densities have the
form

_ of

100 - 8u2’
2
of of

= 33— - :

Al 8”&1 + (8’&2)
3
of of Of of

= 9 27—~ —9 2(=—] ,

P2 70 + ou 8’&2 5’u1 * <8u2>

The point transformations

u=1(u)

preserve this class of equations.



Description of integrable equations (28).
(Svinolupov-VS 1982)
1. Equation of the form

Ut — Ugxx + f(uma:, Uy, U)

IS integrable iff it satisfies integrability condi-
tions (pi)t = D(O‘i), 1 =20,1,2,3.

2. A complete list (up to "almost invertible”
transformations) of equations with infinite hi-
erarchy of conservation laws can be written

as.

ut
ut

ut

Ut

ut

Ugrr + Uug, KdV
Ugzs + U2 Uy, mKdV
1
T —— Eug -+ (ozezu —+ ﬁe_zu)ux, CD1
1 3((Q —u%)x)z
——Q" " u — , CD2
tere T T e (@ - ud)
3 2
uwxx__u:va:'l'Q(u) KN |
2 U

where Q""" (u) = 0.
3. Equations KdV and KN form a complete
list up to differential substitutions.



All integrable equations of the form

= F(uo,u1,u,z,t)

were listed by Svinolupov 1985 (see also
VS-Svinolupov 1991.)

The answer is:
ur = uo + 2uug + h(x),
ur = u2u2 — Azuq + A\u
ur = u2u2 + Au?
U = u2u2 — )\xQul + 3)\zu

This is a complete list up to the contact
transformations

CE:SO(CU u ’U,]_> ﬁ=¢(m,u,u1),
Ui = (D (¥) ) (4),
where
Du(e) " = Dalw) -
Ul ul



All equations of the form

uy = us + F(ugq,us3,un,ug,u),

possessing higher conservation laws were found
by Drinfeld-VS-Svinolupov 1985.

Examples: Well-known equations

uy = ug + buugz + dujuo + 5u2u1,

us + buusg + %ulug —+ 5u2u1

us 4+ 5(uy — u?)ug + SU% — 20uuiuo
—5u:'1” + 5u®uy

Ut

Ut

A new equation

up = ug~+ 5(uns — u% 4+ Aev — )\36_4“) u3
—5u1u% 4+ 15(\1e?* + 4)\56_4“) uiuo + u{’
—90)\36_4“ u:{’ + 5(\1e?t — )\%6_4U)2 U1



Classification of systems.

The most significant work has been done by
Mikhailov-Shabat-Yamilov 1987. All sys-
tems of the form

Ut — up _I_ F(U,’U,’U,l,’l}l),
U — —V2 _I_ G(’LL, ’U,U]_,’U]_)

possessing higher conservation laws, were listed.

Example 1: Well-known NLS-equation
ur = uo + u2v,

Vg = —Vp — v2u,



Example 2. The Landau-Lifshitz equation
(after stereographic projection)

_ 2uf  4(p(u,v)ug +r(w)vr)
Ut — up — -

u —+ v (u+ v)2
g 28 AR +r(—vur)
b u—+ v (u+ v)2 ’

where

r(y) = cay” + 3y + coy® + 1y + oo
and
p(u,v) = 2¢cqu?v? + c3(uv? — vu?)—
2couv + c1(u — v) + 2c¢p.



Multi-component systems.

In several papers by Svinolupov 1991-1994
remarkable relations between special types of
polynomial N-component systems and non-
associative algebras were established.

Theorem 1. If C;.k are structural constants
of any left-symmetric algebra then the system

u%:uéw—I—QC; uJ—I—AZ U Fudu™,
where ij,kz 1,...,N and
]k:m 3( T +Clz:r m]+C’IZnT‘
—Cy; Ckm_cﬁkcﬁzj_cﬁm jk>>

possesses higher symmetries.

Theorem 2. If C;.k are structural constants
of any Jordan algebra then the KdV-type sys-
tem

ut—uxxx—I—C;ku ul, i,j,k=1,...,N
possesses higher symmetries.



Theorem 3. If C;ikm are structural constants
of any Jordan triple system then the mKdV-
type system

Up = Upgr + Clpmu Wuy',  4,5,k=1,...,N

possesses higher symmetries.

Theorem 4. If C;'.km are structural constants
of any Jordan triple system then the nonlinear
Schroedinger-type system

u%zuzxw-l-c;-kmujvkum, i, 7, k=1,...,N

V] = —Vyp — Cjkmvju v

possesses higher symmetries.

Theorem 5. If C;.km are structural constants
of any Jordan triple system then the nonlinear
derivative Schroedinger-type system

u% — u?IZx—I_C;km(ujvkum)iCa i7j7k — 17"'7N

v = —vk.. — C;km(vjukvm)x

possesses higher symmetries.



Definition of left-symmetric algebra:
As(X,Y, 7)) = As(Y, X, Z),
where

As(X,)Y,Z) = (XoY)oZ—-Xo(YoZ).

Definition of Jordan algebra:
XoY =YoX, X?0(YoX)=(X?%0Y)oX.

If x is a multiplication in an associative alge-
bra then X oY = X xY 4+ Y x X is a Jordan
operation.

Definition of Jordan triple system:
{X,Y,Z}={2,Y, X},

(X,Y,{V,W,Z}} — {V,W,{X,Y, Z}} =
{X,Y,V}, W, Z} — {V,{Y, X, W}, Z}.



Example of left-symmetric algebra.
The set of all N-dimensional vectors w.r.t.

XoY =< X,C>Y4+<X,Y >C,
where C is a fixed (constant) vector.

Examples of simple Jordan algebras.
a) The set of all N x N matrices w.r.t.

XoY=XY+YX
b) The set of all N-dimensional vectors w.r.t.

XoY =< X, C>Y4+ <Y C>X—-—< XY >C.

Examples of simple triple Jordan systems.
a) The set of all N x N matrices w.r.t.

{(X,)YV,Z} =XYZ+2ZYX
b) The set of all N-dimensional vectors w.r.t.
{(X,)Y,Z} =< X, Y >Z4+ <Y, Z>X—-< X, Z>Y.
Cc) The set of all N-dimensional vectors w.r.t.

{X,)Y,Z} =< XY >7Z4+ <Y, Z > X.



Examples of corresponding integrable sys-
tems: Svinolupov-VS 1994.

The matrix Burgers equation

U = uo + uu;

the matrix KdV-equation

U = u1 + uul + uiu;
the matrix mKdV equation
up = uz + uug + uau’;
the vector Burgers equation (new)

w=ur+2<u,ur>C+2<C,u>uzr+
<u,u><Cu>C—<u,u><C,C > u,

the vector KdV equation (new)

ur =u3z+ < Ciu>u1+ < Ciuyp >u— <u,uy; > C,



the matrix NLS equation
ur = uo + 2 uvu,
vV = —vo — 20UV,

the vector NLS equation 1 (Manakov)

ur = uo+ < u,v > u,
Vg = —Up— < U,V >,

the vector NLS equation 2 (Kulish-Sklyanin)

w=ur+2<u,v>u—<u,u>"u,
v = —vo — 2 < u,v>v+ <v,v>u;



Classification of integrable
matrix evolution equations.

Olver and Sokolov 1998 listed integrable
non-abelian polynomial evolution equations hav-
ing higher symmetries. One of the lists:

U = u3 + 3u2u1 + 3u1u2,

ur = u3z + 3uuo — 3uru — buugu,

ur = u3 + 3u%.
Second order non-abelian systems of NLS-
and DNLS-types also were listed and several

new integrable models were found.

Examples.
ut = us+2(utv)uq, v = —vo+2v1 (u4v);

ur = uo + 2uqvu, v = —vUo + 2vuvy.



Non-abelian Painleve equations:
u2—|—3u2=xE—|-C’,
U —I—2u3 + xu = A\FE,

1 _
uo + —u1 = uiu lul.
x



Classification of integrable
matrix ODEsSs.

Polynomial non-abelian ODEs have been con-
sidered by Mikhailov-VS, 2000 and some
partial classification results have been obtained.

For example the following system

Ut — 02, Vt — u2

possesses infinitely many symmetries
Ur;, — Pi(uav)7 Ur;, — Qi(UHU)
and first integrals
p; = trace R;(u,v).

There exists two interesting integrable non-
abelian equations containing arbitrary con-
stant element C'

up = Cu? — u?C
and

ur = uwCu? — u?Cu.



Bibliography

Adler V. E., Shabat A. B., and Yamilov R.
I., The symmetry approach to the problem
of integrability, Theor. and Math. Phys.,
125(3), 355—424, 2000.

Adler M., On the trace functional for formal
pseudodifferential operators and the symplec-
tic structure of the KdV type equations, In-
ventiones Math., 50, 219—-248, 1979.

Athorne C. and Fordy A., Generalized KdV
and MKdV equations associated with sym-
metric spaces, J. Phys. A., 20, 1377—1386,
1987.

Balandin S. P. and Sokolov V. V., On the
Painleve test for non-Abelian equations, Phys.
Lett. A, 246(3-4), 267-272, 1998.



Bakirov I. , Popkov V. Phys. Lett. A7?77?

F. Beukers, J. Sanders and Jing Ping Wang
“On Integrability of Systems of Evolution Equa-
tions”, J. Differential Equations 172, pp. 396-
408, 2001.

Camassa R., D. Hoim D.D., An integrable
shallow water equation with peaked solutions,
Phys. Rev. Lett., 71, 1661—-1664, 1993.

Calogero F., Why Are Certain Nonlinear PDE’s
Both Widely Applicable and Integrable?, in

book "What is integrability?”, Springer-Verlag
(Springer Series in Nonlinear Dynamics), 1—

62, 1991.

Degasperis A. and Procesi M., Asymptotic
integrability, in "Symmetry and Perturbation



Theory”, edited by A. Degasperis and G. Gaeta,
World Scientific (1999) pp.23-37.

Degasperis A., Holm D.D. and Hone A.N.W.,
A New Integrable Equation with Peakon So-
lutions, to appear in NEEDS 2001 Proceed-
ings, Theoretical and Mathematical Physics,
2002.

Dorfman I.Ya. Dirac Structures and Integra-
bility of Nonlinear Evolution Equations, John
Wiley&Sons, Chichester, 1993.

Drinfeld V.G. and Sokolov V.V., Lie alge-
bras and equations of Korteweg de Vries type.
Jour. Sov. Math., 30, 1975-2036, 1985.

Drinfeld V.G., Svinolupov S.I. and Sokolov,
V.V., Classification of fifth order evolution
equations with infinite series of conservation



laws, Doklady of Ukrainian Akademy, Section
A, 10, 7—-10, 1985.

Fokas A.S., Symmetries and integrability, Stud.
Appl. Math., 77, 253—299, 1987.

Fokas A.S., A symmetry approach to exactly
solvable evolution equations, J. Math. Phys.,
21(6), 1318—-1325, 1980.

Fordy A. P. and Kulish P. , Nonlinear Schrodinger
equations and simple Lie algebras, Commun.
Math. Phys., 89, 427—443, 1983.

Fordy A. P., Derivative nonlinear Schrodinger
equations and Hermitian symmetric spaces,
J. Phys.A.: Math. Gen., 17, 1235-1245, 1984.

Gelfand I. M., Dickii L. A., Asymptotic prop-
erties of the resolvent of Sturm-Lioville equa-
tions, and the algebra of Korteweg de Vries



equations. Russian Math. Surveys, 30, 77-
113, 1975.

Gelfand I. M., Manin Yu. I., Shubin M. A.
Poisson brackets and kernel of variational deriva-
tive in formal variational calculus. Functional

Anal. and Appl., 10(4), 30-34, 1976.

Golubchik I. Z. and Sokolov V. V. Multicom-
ponent generalization of the hierarchy of the
Landau-Lifshitz equation, Theor. and Math.
Phys., 124(1), 909-917, 2000.

Habibullin I. T., Phys. Lett. A, 369—, 1993.

Habibullin I. T., Sokolov V.V., Yamilov R.I.,
Multi-component integrable systems and non-
associative structures, in "Nonlinear Physics:
theory and experiment”, World Scientific Pub-
lisher: Singapore. Eds: E. Alfinito, M. Boiti,
L. Martina, F. Pempinelli, 139—-168, 1996.



Heredero R. H., Sokolov V. V., and Svinolupov
S. I. Toward the classification of third or-
der integrable evolution equations, Journal
of Physics A: Mathematical and General, 13,
4557-4568, 1994.

Husson E. Sur un thereme de H.Poincaré,
relativement d'un solide pesant, Acta math.,
31, 71-88, 1908.

Ibragimov N. Kh. and Shabat A. B., Evo-
lution equation with non-trivial Lie-Backlund
group, Functional Anal. and Appl., 14(1),
25—36, 1980. [in Russian]

Ibragimov N. Kh. and Shabat A. B., Infinite
Lie-Backlund algebras, Functional Anal. and
Appl., 14(4), 79—-80, 1980. [in Russian]

Jacobson, N., Structure and representations
of Jordan algebras, Amer. Math. Soc. Col-
loq. Publ., Providence R.I., 39, 1968.



L. Martinez Alonso and Shabat A.B., " To-
wards a theory of differential constraints of
a hydrodynamic hierarchy,” submitted in J.
Non. Math. Phys.

Meshkov A. G. and Sokolov V. V., Integrable
evolution equations on the N-dimensional sphere,
Comm. in Math. Phys., 2002, , no., —.

Mikhailov A.V. and Novikov V.S. Perturba-
tive Symmetry Approach, Journal of Physics
A 2002.

Mikhailov A.V. and Novikov V.S. “Classifica-
tion of Integrable Benjamin-Ono type equa-
tions”, to be published.

Mikhailov A.V. and Shabat A.B., Integrability
conditions for systems of two equations u; =



A(w)uzgze + B(u, ug). I, Theor. Math. Phys.,
62(2), 163-185, 1985.

Mikhailov A.V. and Shabat A.B., Integrability
conditions for systems of two equations u; =
A(w)ugy + B(u, ug). II, Theor. Math. Phys.,
66(1), 47-65, 1986

Mikhailov A. V., Shabat A. B., and Yamilov
R. I., The symmetry approach to the classifi-
cation of non-linear equations. Complete lists
of integrable systems, Russian Math. Sur-
veys, 42(4), 1-63, 1987.

Mikhailov A. V., Shabat A. B., and Yamilov
R. I., Extension of the module of invertible
transformations. Classification of integrable
systems, Commun. Math. Phys., 115, 1-19,
1988.



Mikhailov A. V. and Sokolov V. V., Integrable
ODEs on Associative Algebras, Comm. in
Math. Phys.,211(1), 231-251, 2000.

Mikhailov A. V., Sokolov V.V., Shabat A.B.,
The symmetry approach to classification of
integrable equations, in ”"What is Integrabil-
ity?” (V.E. Zakharov ed.), Springer series in
Nonlinear Dynamics, 115-184, 1991.

Mikhailov A.V., Yamilov R.I., Towards clas-
sification of (241)— dimensional integrable
equations. Integrability conditions1.”, J. Phys.
A: Math. Gen, 31, 6707—-6715, 1998.

Miura R.M., Korteweg-de Vries equation and
generalization. I. A remarkable explicit non-
linear transformation, J. Math. Phys., 9,
1202—1204, 1968.



Olver P. J. and Sokolov V. V., Integrable
evolution equations on associative algebras,
Comm. in Math. Phys., 193(2), 245-268,
1998.

Olver P. J. and Sokolov V. V., Non-abelian
integrable systems of the derivative nonlinear
Schrodinger type, Inverse Problems, 14(6),
L5-L.8, 1998.

Olver P., Jing Ping Wang, Classification of
integrable one-component systems on asso-
Ciative algebras, Proc. London Math. Soc.,
81(3), 566—586, 2000.

Sanders J., Jing Ping Wang, On the Integra-
bility of homogeneous scalar evolution equa-
tions, J. Differential Equations, 147, 410—
434, 1998.nddocument



Shabat A.B. and Yamilov R.I. On a com-
plete list of integrable systems of the form
iur = uge + f(u,v,uz, vz), —ivt = Ugz +
g(u,v,ug,vy), Preprint BFAN, Ufa, 28 pages,
1985.

Sokolov V.V., Shabat A.B., Classification of
Integrable Evolution Equations, Soviet Scien-
tific Reviews, Section C, 4, 221-280 (1984)

Sokolov V. V., On the symmetries of evolu-
tion equations, Russian Math. Surveys, 43(5),
165—204, 1988.

Sokolov V.V., A new integrable case for the
Kirchhoff equation, Theoret. and Math. Phys.,
129, no.1, 1335—-1340, 2001.

Sokolov V. V. and Svinolupov S. I., Vector-
matrix generalizations of classical integrable



equations, Theor. and Math. Phys., 100(2),
959— 962, 1994.

Sokolov V. V. and Svinolupov S. I., Weak
nonlocalities in evolution equations, Math. Notes,
48(5-6), 1234 - 1239, 1991.

Sokolov V. V. and Wolf T., A symmetry test
for quasilinear coupled systems, Inverse Prob-
lems, 15, L5-L11, 1999

Sokolov V. V. and Svinolupov S. I., Defor-
mation of nonassociative algebras and inte-
grable differential equations, Acta Applican-
dae Mathematica,41(1-2), 323-339, 1995.

Sokolov V.V., Wolf T., Classification of inte-
grable polynomial vector evolution equations,
J. Phys. A, 2001, 34, 11139-11148.



Steklov V.A. On the motion of a rigid body
in a fluid, Kharkov, 234 pages, 1893.

Svinolupov S.I., Second-order evolution equa-
tions with symmetries, Uspehi mat. nauk,
40(5), 263-, 1985.

Svinolupov S.I., On the analogues of the Burg-
ers equation, Phys. Lett. A, 135(1), 32-36,
19809.

Svinolupov S.I., Generalized Schrodinger equa-
tions and Jordan pairs, Comm. in Math.
Physics, 143(1), 559-575, 1992.

Svinolupov S.I., Jordan algebras and gener-
alized Korteweg-de Vries equations, Theor.
and Math. Phys., 87(3), 391-403, 1991.

Svinolupov S. I. and Sokolov V. V., Evolution
equations with nontrivial conservation laws,



Functional Anal. and Appl., 16(4), 86-87,
1982.

Svinolupov S. I. and Sokolov V. V., Deforma-
tions of Jordan triple systems and integrable
equations, Theor. and Math. Phys., 108(3),
1160 — 1163, 1996.

Svinolupov S. I. and Sokolov V. V., Evolution
equations with nontrivial conservation laws, ,
Func. analiz i pril., 16(4), 86-87, 1982. [in
Russian],

Svinolupov S. I. and Sokolov V. V., On con-
servation laws for equations with nontrivial
Lie-Backlund algebra, , in "Integrable sys-
tems”, ed. A.B. Shabat, Ufa, BFAN SSSR,
53—-67, 1982. [in Russian].

Svinolupov S. I. and Sokolov V. V., Factor-
ization of evolution equations, Russian Math.
Surveys 47(3), 127 - 162, 1992.



Svinolupov S. I. and Sokolov V. V., Deforma-
tions of Jordan triple systems and integrable
equations, Theoret. and Math. Phys., 1996,
108(3), 1160 - 1163, 1997.

Svinolupov S. 1., Sokolov V. V., and Yamilov
R. I., Backlund transformations for integrable
evolution equations, Dokl. Akad. Nauk SSSR,
271(4), 802—805, 1983.

Tsuchida T., Wadati M., New integrable sys-
tems of derivative nonlinear Schrodinger equa-
tions with multiple components, Phys. Lett.

A, 257, 53—-64, 1999.

Zakharov V.E., Schulman E.I., Integrability
of Nonlinear Systems and Perturbation The-
ory, in “What is Integrability?” (V.E. Za-
kharov ed.), Springer series in Nonlinear Dy-
namics, 185—250, 1991.



Zhiber A.V. and Shabat A.B., Klein-Gordon
equations with a nontrivial group, Sov. Phys.
Dokl., 247(5), 1103—1107, 19709.

Zhiber A.V. and Shabat A.B., Systems of
equations uz = p(u,v), vy = q(u,v) POSSess-
ing symmetries, Sov. Math. Dokl., 30, 23—
26, 1984.

Zhiber A. V. and Sokolov V. V. Exactly inte-
grable hyperbolic equations of Liouville type,
Russian Math. Surveys, 56(1), 63—106, 2001.

Zhiber A. V., Sokolov V. V., and Startsev S.
Ya., On nonlinear Darboux-integrable hyper-
bolic equations, Doklady RAN, 343(6), 746—
748, 1995.

Ziglin S.L. The branching of solutions and
non-existing of first integrals in Hamiltonian



mechanics. LII, Functional Anal. and Appl.,
16(3), 30-41, 1982; 17(1), 8-23, 1983.

Jing Ping Wang, Symmetries and Conserva-
tion Laws of Evolution Equations, PhD the-
Ssis, published by Thomas Stieltjes Institute
for Mathematics, Amsterdam, 1998.



