Boundary value problems for nonlinear first-order ODEs -
constructing generalised solutions via the max-plus algebra
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Max-plus Linear Combinations  max(a1 + y1(z),a> + yo(x))

First-order differential equation:
f(z,y'(x)) =0 (1)

y1(x),yo(x) solutions of (1), ai,a> € R

Then
y(x) = max(ay + y1(x), a2 + yo2(x))

is a (generalized) solution of (1) Max-plus linear combination
(Min-plus)
(nondifferentiable at some points)



Max-plus Interpolation y(x1) = b1, y(xo) = bo

Given: y1(x),yo(x), =z1,20 € R and b1,b0 €R
Find: @1,a2 € R

suchthat ~ y(z) = max(a1 + y1(x),as + y2(z))
satisfies y(x1) =b1 and y(xzp) =1bo

Solve:
max(a1 + y1(x1),a2 + yo(x1)) = by

max(ai1 + y1(x2),as + yo(x2)) = by
Max-plus linear system

(’yl(ﬂi’l) y2(x1)

Interpolation matrix
y1(z2) yz(icz))

Generalise: m points and values, and n functions



Max-plus Semiring Rmax =R U {—o0}

a® b= max{a,b} a®b=a—+b
203 =3 203 =05

aP—oo0o=a 0= -—c a®0=a 1

|
o

Semiring = “ring without subtraction”

Commutative additive monoid, multiplicative monoid, distributivity,

OOCa=a®0=0

Natural numbers N

Max-plus Rmax  and the dual Rin al-1) = ¢4
Nonnegative real numbers R with usual +,. Semifields
Ideals of a commutative ring

Square matrices over a semiring
Golan [G0199]



Idempotent Semirings a®a=a

Max-plus: a @ a = max{a,a} = a Idempotent Semiring

(—1)
Rings can’t be idempotent: 1 4+1 =1 — 1=0

Idempotent Semirings:
abb=0=a=0b0=0
Standart partialorder a < b aPb=1> lattice theory

Then 0 <a and a<b=aG®c<bOc
Max-plus:

ajb@a@bzbﬁmax{a,b}zb@agb usual order

Idempotent Analysis Kolokoltsov, Maslov [KM97] Litvinov [Lit05]

Tropical algebraic geometry Richter-Gebert, Sturmfels, Theobald, [RGSTO05]



Max-plus Linear Algebra A® B, A®B

Matrices: (A h B)Zj = AU 4 B’&J M&X-p'US Linear Algebra

k

I identity matrix P permutation matrix
1 0 0 —oo permuting rows and/or
I'= 01/ -0 0 columns of [
D diagonal matrix 4 generalized
a 0O a4 —00 permutation matrix
D:(O b)z(—oo b) A=D@®P

Invertible matrices = generalized permutation matrices

In particular A ¢ R™»X7  not invertible
Cuninghame-Green [CG79], Butkovi¢ [But03], Gaubert, Plus [GP97]



Max-plus Linear Systems I Az =0

Linear System -1 1 o (%) = 0
1 -1 x>) \O

max(—1+z1,14+2,) =0 21 <1 x1<min(-1,1)
max(l+xz1,—1+a22) =0 21 < —1 — max (—11)
$1§51=—1=—max(_1) x solution of A © x = 0O iff
x < I and
ro < o = —1 = —max (_1) for every row ¢ there is a column J
a principal solution Gjj = Maxpag;  Lj = Zj

Solvability: test if the principal solution solves the system (O(mn))

Unique solvability: equivalent to Minimal Set Covering (NP-complete)
Cuninghame-Green [CG79], Butkovi¢ [But03]



Max-plus Linear Systems II AOx=5»b

Linearsystem A Ox =b AecR™*™" becR™
D = diag(by?t,...,b,) = diag(—by, ..., —bm)

(DOA)Oz=DOb=0 normalized system

(not homogenous, 0 = 1)
Solutionset  S(A,b) = {x € R": A@®x = b}
As 1in LA the number of solutions |S(A, b)| = {0, 1, OO}

But . : m —{O’OO}
T(A) ={IS(A.b)[ beR™y = () )

Even if there is a unique solution for a RHS b
then there is a RHS b with |S(A,b)| = o

and one with no solutions. Butkovi¢ [But94,But03]



Nonlinear BVPs and Max-Plus LA (v/(x))2 =1

(y’(:p))2 =1 Solutions: y1(x) =2 yo(x) = —x

Findaj,ap €R, y =a1 Oy bapr ®y>

y(—1) =y(1) =0  Solve (_1 1 ) 5 (al) B (0)
1 -1 ar] \O

Rmax a1 =-1, ap = -1 Rmin a1 =1, ap =1
y(a:) =max(—14z,—-1—2) y(z)=min(1+=z,1—2x)
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Max-Plus Interpolation and Multipoint BVPs x,—x,1/2 2

yi(x) =2 yo(z) = -z y3(x) = 1/227
@' () = D@ (2) + D (' (=) — )
Find a1,02,63 €R, y=a10y1 D ar®yo® az O y3
y(=1) =y(0) =y(1) =0 Solve (1 1 ) ) (Z;) . (

O O

Nl ONI-=

0
0
0

1 -1
Rmax No solution

0.2

Rmin a1 =1, ap =1, a3z =0

0.157

y(z) = min(l + 2,1 —z,1/22%) e
0.057
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Implementation > LinearMaxSolve(A,b)

Maple implementation:

* Solve max(min)-plus linear systems

 Basic matrix vector operations, generate equations, conversions

» Based on LinearAlgebra package
« Max-plus interpolation

» Use dsolve to solve differential equations

Maple solve gives not all, wrong solutions of max-plus linear

systems
a+b-+|a—0>b
Convert max to abs max(a, b) — 5 | |

Solutions of BVPs can be expressed with nested absolute values
(advantage for symbolic differentiation)




Conclusion and Outlook

* Solve nonlinear first-order ordinary BVPs given symbolic
solutions to the initial value problem via Max-plus interpolation

 To decide (unique) solvability and compute Max-plus solutions
we only need evaluation of the solution at “boundary” points

» Use numerical solutions of nonlinear ODEs

« Relate Max-plus solutions to known solution concepts
with Martin Burger: viscosity solutions

 Consider PDEs (Hamilton-Jacobi equations)
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