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Classical Neumann system on

IR Gq) = 1, (9,p) =0} CR*

g=(q1---.qn)", p=(p1....pn)"
1 1 .

H:§<p7p>+§<Aq7q>7 A:dlag(al7"'7an)7
Hamilton equations

g=p, p=-Ag+vgq, v={(p,p) — (q,Aq)
First integrals in involution (Ulenbeck)

B = +ZP:%—%), =1 .n
A AT

e Integrability by the Liouville theorem: generic invariant manifolds
are T"~1 with straight line flows on them.



The Neumann system on T*S"!: the Lax reprentations

Big (n x n) Lax pair was found by Moser (1983),
Small (2 x 2) Lax pair by Mumford (1984):

L(Y) = [L(A), A,

. 2

_ Dol B Py ,\qfa _ (0 0 ~ N

L()\) - n ;7,2 n gpi ] \1 0 + Z A—a:’
1->0 A—a >t X—a; i=1 !

A(A) = ()\ + uo(p, q) (1)>

e Spectral curve {|a(A\)L(A\) — pl| = 0} is hyperelliptic of genus
g=n—1

Fr={=0MN—a)---(A—apn)(A—c1) - (A—cn_1)}, ¢ = const
a(A)

e Real generic tori T"~! are extended to
complex tori 'JI‘('(’;1 = Jac(I), the Jacobian variety of I'



Relation with the (odd) Jacobi-Mumford systems

V() U
AMHA) = <W(A) —vm) ’

= {u* =R\

R(N) = UMNW(A) + V() = N8+ n )% 4+ g,
UN) =X +umd 4 g =M= A1) - (A= Ap),
V(A) = viX8 ™t 4o 4 v,

W(A) = X+ woX8 + wid8 ™l 4o+,

e The Lax pair defines a flow (Jacobi-Mumford system) on

Jac(l)/©

gg = C3g+1[ul, v Vg0, Wg] C2g+1[r1, ooy I’2g+1]

The points Py = (A1, 1), ..., Pg = (Ag, f1g) € T such that
U(Ai) =0, V(A;) = u; define an point on Jac(l)/©.
e The flow on each Jac(I) is translationally invariant.



Discrete Neumann system (Backlund transformation)

Implicit maps By« : (p,q) — (P, §), A\* € C being arbitrary step
parameter.
(A. Veselov, V. Kuznetsov, P. Vanhaecke, Yu. Suris)

Gg=A 1/2(A*)(6c7+/3) p=—AY2(X")g+ A"V2(\")(8%q + Bp),
AN) = X1 = A, = (g, AY?(\")q), A= diag(ar,...,an)

(1/A*) — 0 gives the continuous limit.

To evaluate By«, we solve the quadratic equation w.r.t. 3

(g, A7H(\)q) B2+ 2(p, A1 (X)q) B+ (p, A1 (X)p) =1 =0



1). Up to the action of the group of reflections

(piyqi) = (=pi,—qi), i=1,...,n,
the map By~ is equivalent to the discrete Lax pair

L(A) MOAIX*) = MOAIA) L),

o) = (e

hence, it has the same integrals as the continuous
system.

2) (A. Veselov) By~ is given by a shift on Jac(I') by

P

T:A(P)E/ (Wi, wg)", P=(\+p*)erl

(e e]

) ., B=(g,AYV2(\")c

v

~



The Stiefel variety V(n, r) = SO(n)/SO(n—r) (r < n)

The set of n X r matrices
X=(er---¢e), escR" X'X=I,.

The cotangent bundle T*V/(n, r), the set of n x r pairs (X, P),
P={(p1---pr), ps € R" such that

X'™X=1, X"TP+P'X=0

The Hamilton equations (with r x r symmetric matrix multipliers
M,A)

. OH
X =22 xn,
oP
p—-2  xnypn.

oX



The Neumann systems on T*V/(n, r)

Family of SO(n)-invariant metrics on V(n, r) given by

1
Ta(X, P) = 5 (TR(PTP) = (1 = &) TH((XTPY?)).
Choose H = T, + 3 Tr(X T AX).
e The Neumann system with the normal metric (k = 0)
X=P—-XPTX, P=AX+X\N+PXTP,
e The Neumann system with the Euclidean metric (k = 1)
X =P, P=AX+XA\,
A= —-XTAX — PTP & Symm(r x r)

Both preserve the so(r)-momentum integral W = XTP — PTX

and satisfy the n x n Lax pair of Reiman—Semenov-T .-Shanski
(1987).



"Small” (2r x 2r) matrix Lax representation

Generalization of the 2 x 2 Mumford Lax pair:

Theorem

Up to the action of the discrete group generated by reflections
(X, P) — (£X,£P), the Neumann flows with T, are equivalent
to
d
SL)=[LOL AW AT,
L) = XT(\l, —A)~LpP XT(Al, — A)~1X
“\lL,=PT(Al, = AP —PT(Al, — A)71X

0 0 Ni
<|r 0> + Z N2 € sp(2r),

Note: The Lax matrix does not give the so(r)-momentum
non-commutative integrals W; = (X7 P — PT X);.
e What are generic invariant tori ?




Theorem (B. Jovanovic, Yu. F.)

If all the eigenvalues of A are distinct and rank W = [r /2]
(maximal), then the Neumann systems are completely integrable in
the non-commutative sense. The generic motions of the system are
quasi-periodic over isotropic tori of dimension

6= % <2r(n—r)+ r(r2— 1) N [;]) * E}

1
0 < 5 Dim T*V(n,r), (r>1)

If W =0, then the tori have dimension r(n—r).




The spectral curve S of L()\) |

XT(y = A) TP XT(M, — A) 71X
L(N) = (Ir B PT()\ln . A)flp _PT()\I,, = A)1X>

F(\, w) = |a(A\)L(N) — wly,|
= w? + w2V (\) + - -
+ w22 3(\)Zpr—2(N) + 2> YN (N) =0,
Z5/(X) being a polynomial of degree n — /.

e Over \ = a; the curve S has singularity 6; = (2r — 1)(r — 1).
e Singularity at the infinite part with local coordinates

1 10
A=—, w=—
t tn
Then F(A\,w) =0 = (10 — t)" + o,(t0, t) = 0,
and S has a strong singularity at co.



The spectral curve S of L(\) Il

The eigenvector equation a(A\)L(\)y = wap, ¢ € P> 1 gives
Vot +Vit? + -+ It + U2+ - _
<I,+Wot+W1t2+--- “Vyt-=Vt?+... Y = w(t)y,
Vo=X"P, Vi=—TrAl, +XTAP,
Uy =—TrAlLL + XTAX, Wo=—-TrAl,—PTP
and the Puiseaux expansions: If Vo = X" P # 0 and r is impair,
then
tg(t) = tY2 4 it + bet32 4.
g as(t) = 12 = fit + bt2 + -, s=1,...,[r/2],
w,(t) = £1/2 + bot3/2 + Bot5/2 T

fs are distinct,

_ [0+ 0(t?)
o= (15 0m)



The spectral curve S of L(\) Il

The order of singularity at oo:

doo = 2nr(nr —2r — 1) 4 2r(r + 1) if rank(Vp) is maximal,

3r(r+1)
2

6o = 2nr(nr —2r —1) 4+ r* + if Vo = 0.

Degree of S equals N = n(2r — 1) + (n — r), and the geometric
genus

—2nr —n— gr —=r+1 if rank(Vo) = 2[r/2],
g=2r(n—r)—n+1 if Vo =0.



The regularized spectral curve S’ in the case r = 4

Figure: The 2-fold covering S’ — C' = S’ /o ramified at 2n — 2[r/2]
points

o extends to Jac(S') = C&/A = Jac(C) & Prym(S'/o)
Dimension of Prym(S'/c) is | = 3 (2r(n —r)+ @ = [5]) .



Introduce [r/2] meromorphic differentials {2; with pairs of simple
poles at coj, o(00;) such that o*2; = —(2;
Consider generalized Abel map

P
AP) = [ rviogs 1, )T € €5
0

And the generalized Jacobian
Jac(8/, 02;) = C&HI/2I /A = Jac(S') x C* x --- x C*.
—_———
[r/2]
o extends also to Jac(S', £2/) = Jac(C) @ P/r\yTn(S’/m 7))
N———

generalized Prym variety

Note: dim Prym(S' /o, £2;) = 6.

Theorem (B. Jovanovic, Yu. F.)

A generic complex §-dimensional invariant manifold of the
Neumann system on V/(n,r) is an open subset of Prym(S’/o, £2;).




Discretization of the Neumann systems on V/(n, r)

A family of transformations By« : (X, P) — (X, P), ** € C

P= AY2(X") X — X B(\"),
P = —AY2(A\*) X 4+ X B(\"),

AN) = Al, — A,

B(\*) = % (XTA1/2()\*)X +XTA1/2()\*))~<> € Symm(r x r).

The alternative form (discrete Lagrange equations on V(n,r))

(A* =0, Veselov—Moser, 1991)

X+X=A120%8B

Y

B = % (XTAY200) (X + X) + (X + X)TAV2(3)X)



The matrix quadratic equation |

To evaluate B and B+, we arrive at r X r matrix quadratic
equation w.r.t. B,

|BUB+BY+VTB—W =0
U=XTATTON)X, V=XTAI\)P, W=I,-PTAI(\")P.

o Vv U
To solve it, introduce {,,, 7| = L(A¥).
Its eigenvalues {w1, ..., wy,} are divided into r pairs (w;, —w;),
i=1,...,r.
— 32" possible partitions {wq,...,w, | —wi,...,—w,}.

Let 11, ...,1, € C?" be the eigenvectors of L(\*) with distinct
eigenvalues wi, ..., w, such that w; # —w; and
V = (41 ---1,) be a non-special eigenmatrix.



The matrix quadratic equation |l

Proposition (J. Potter, 1964)

Any symmetric solution of the matrix quadratic equation

BUB+BY+V'B—-W=0

has the form
B=e=1

where =, © are upper and lower r X r halves of a non-special
eigenmatrix V = (11 ---1,) = (g) of <1})V _Z{[}T>.

Corollary. For generic \*, the complex map By« is 2"-valued.




e Why the integrals of the continuous system are preserved ?

Theorem

The discrete Neumann system on V/(n,r) is equivalent to the
intertwining 2r X 2r matrix relation

LYM(AIX*) = ML),

XT(\y— AP XT(Al, — A)1X
L(A) = (,r —PT(Al, — AP —PT(AI, — A)‘IX)

(as in the continuous case),

MOIX) = (()\ — X, + B2(\Y) —B(X")) !




Description of )+ on the complex invariant tori (case
XTP=0)

The 2"-valued map By« is given by translations by one of the
following 2" vectors in Prym(S’/o)

T = AN, o A, W) — A(oo1) — -+ — Aoor),
( QW1)+ +A( QW) (001) (cor)
1 r

Note :
YQs—> 005+ (D Qs — > 00s) =(A—A*),s0.T +0T =0.



The 2"-valued map By~ is given by translations by one of the
following vectors

T = A(Qu) + -+ Q) — Aloor) — -+ — A(oo)

Sketch of proof. L(\) = wip, P(P) = (¥(P), ..., > (P))T,
PeS.

LYMAIN) = MAIX)L(A) =

BP) = MO XY = (o 3ty e o) ¥LP)

(i) > =D
Note: det M(X, A*) = (A — A*)".

D+Q+ -+ Q =D+001+ -+ 0o



