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[ Fundamental Physics at ZARM: Scope

¢ Development of new technologies
« for microgravity experiments (drop tower, ISS, satellite)
« for applications in space
¢ Accompanying theoretical investigations
= motivation for experiments and missions
= theory for experiments and applications
¢ High precision modeling
« experimental devices
» whole spacecraft
+ whole missions
» quantum modeling

3 Professors, 3 post—docs, 14 PhD students, 1 diploma student, 2 technicians
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Research areas
e Satellite dynamics

« modeling
» disturbance forces
» thermal and stress analysis
= HPS (High Performance satellite dynamics Simulator)
e Quantum physics
» Bose—Einstein Condensate, BEC (exp, theory & modeling)
» atom interferometry (exp & theory)
= quantum tests (equivalence principle, decoherence, linearity, ...)

« development of corresponding space technology
e Gravitational physics

» tests of Equivalence Principle

« analytical and numerical solutions for orbits

* quantum gravity phenomenology B

« theoretical description of experiments testing SR and GR =
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design of capsule
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LU Hannover, ZARM, MPQ Munich, U Hamburg, HU Berlin, U Ulm
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B

e Status
» until now almost 200 drops
« BEC is created regularly
» extremely robust (survives ~ 50 g)
Worldwide towards space
application and fundamental quantum physics in ug
e Ongoing work
» PRIMUS (PRazisions—Interferometrie mit
Materiewellen Unter Schwerelosigkeit)
» FOKUS (FaserOptischer FrequenzKamm Unter
Schwerelosigkeit)
« ATUS (Atom Interferometer Modeling)
» Fluctuations in Quantum Systems
e In future
» Fundamental Physics experiments
» Drop tower — Texus — ISS
» Inertial sensors
« High precision clocks

€. Limmerzahl (ZARM, Bremen) ARG S S




GOST: trampolin with a Bose—Einstein condensate



ball.avi
Media File (video/avi)


BEC described by Gross—Pitaevskii equation

100 = A + V() + gv)*y

» wide class of solutions known

» dynamical solutions in gravitational field V(z) = g - © (Chen & Lee, PRL
1976)

® stationary and dynamical solutions in gravito—optical surface trap: boundary
condition ¢» =0 for z =0

® nonlinear hydrogen atom V(x) = 1/r
® solutions in periodic potentials
« solutions in gravitational waves

» solitons, vortices

— S—
n=1 = n=3 n=4 n=>5 n==~06 n==7
C. Lammerzahl (ZARM, Bremen) ~ Analytic solutions of the geodesic equation | Edinburgh, 13.10.2010 12 /86




for testing the Universality of Free Fall:
two BECs in the same trap @ 2 1 ow

— multicomponent BEC o ' E

multi—-component BEC described by

00, = AU, + V(z)T, + g|| V[T, ",
with aal
\Ill an 2 N

00

W — E 00 02 04
v, T C]
» vector Schrodinger equation:

analytical solutions? In
gravitational fields?

06 08

* skyrmions Leslie et al, PRL 2009
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New method for high
precision modeling of
® experimental devices

® spacecraft
Needed for

= ground experiments
(Michelson—Morley,
gravitational wave
interferometers, etc.)

» analysis of Pioneer
anomaly

» LISA, LISA
pathfinder, geodesy
missions, ...

High Gain

Magnetometer

Antenna

Medium Gain
Antenna

Fuel tank

Launch
adapter

RTG

section

Rievers, C.L., List, Bremer & Dittus, NJP 2009
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RTG Surface
temperatures
c

EANSYS

encomaatciad Soe Sy




Main topics

® Thermal modeling

® Strains and stresses

« Drag and recoil forces

® Analytical solutions
Aim

® Accuracy ~ 10720

* motivated by cavities and optical clocks

SR SN (T ASNTTAY
_LC c v L

future frequency stability ~ 1078 requires same mechanical stability

o

~
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Modeling an optical resonator

applications to gravitational wave interferometers, LISA, LISA Pathfinder, clock
missions, ...



Analytic solution of Lamé-Navier equation in
gravity gradient

pAut + (X + p)(graddivu) + K =0
Homogenous part implies biharmonic equation

AAu =0

Scheithauer & C.L., CQG 2006
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® New analytic solutions, based on algebra—geometric methods

Analytic solution of differential equations of the form

(%)2 = P,(z)  and (xé—i)Q = Pa(x)

P,, = polynomial of degree n

Application: influence of cosmological constant on motion
» Plebariski-Demiariski space—times without acceleration in 4D (Petrov D)
+ higher dimensions
= in space—times with mass multipoles

Practical application

» Pioneer anomaly, dark matter problems
* geodesy
» clocks in space

Hackmann & Lammerzahl, PRL 2008, PRD 2008,
Hackmann, Kagramanova, Kunz & Lammerzahl, PRD 2008, 2009, 2010, EPL
2009
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gravity can only be explored through the motion of particles and light

» particles (spacecraft, stars, pulsars, black holes, ...) and light
* point particles and light rays — geodesic equation

» spinning particles and polarized light — MPD equation

« particles with mass multipoles — MPD equation



gravity can only be explored through the motion of particles and light

® analytic solutions for geodesic equations in vacuum space—times

Schwarzschild (Hagihara, JJGA 1931)

Reissner—Nordstrém (Chandrasekhar 1983)

Kerr (Carter 1968, Chandrasekhar 1983)

Schwarzschild—de Sitter (Hackmann & C.L. PRL 2008, PRD 2008)
spherically symmetric space-times in higher dimensions (Hackmann,
Kagramanova, Kunz, C.L., PRD 2008)

Plebaniski-Demianski (Hackmann, Kagramanova, Kunz, C.L., EPL 2009)
Kerr—de Sitter (Hackmann, Kagramanova, Kunz, C.L., PRD 2010)
Taub-NUT (Kagramanova, Kunz, Hackmann, C.L., PRD 2010)
Taub—NUT—de Sitter (Hackmann, Kagramanova, Kunz, C.L., in preparation)

® analytic solutions for geodesic equations in nonvacuum space—times

« Schwarzschild—string (Hackmann, Hartmann, C.L., Sirimachan, PRD 2010)
« Kerr—string (Hackmann, Hartmann, C.L., Sirimachan, PRD 2010)
« Plebariski-Demiariski-string (Hackmann, Hartmann, C.L., Sirimachan, in

prep.)
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gravity can only be explored through the motion of particles and light

» analytical solutions for extended particles

» spinning particles in Schwarzschild (Micolaut, ZP 1967)

« spinning particle in spherically symmetric space—times (C.L. & Schaffer, in
prep.)



analytical calculation of satellite orbits

analytical calculation of general relativistic effects
huge perihelion shift (binary black holes), Lense-Thirring effect, etc

analytical calculation of effects of generalized gravity theories
tests of numerical codes (for gravitational wave templates)

binary systems and gravitational waves

= calculation of gravitational wave templates for EMRIs
» technique can be applied to effective one—body formalism
= self force calculation

accretion discs
further application: motion in mass multipole fields
pulsar timing formula

inclusion of spin / quadrupole — modification, in particular enhancement, of
effects
further issue: solutions of field equations

€. Limmerzahl (ZARM, Bremen) ARSI S S
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All foundations and predictions of GR are experimentally well tested and confirmed

The Einstein Equivalence
Principle

= Universality of Free Fall

+ Universality of Gravitational
Redshift

* Local Lorentz Invariance

C. Limmerzahl (ZARM, Bremen) ARSI S S
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All foundations and predictions of GR are experimentally well tested and confirmed

The Einstein Equivalence = Solar system effects
Principle « Perihelion shift
« Universality of Free Fall + Gravitational redshift

« Deflection of light

* Universality of Gravitational Gl e de sy

Redshift + Lense-Thirring effect
* Local Lorentz Invariance * Schiff effect
il « Strong gravitational fields

« Binary systems

Amplication « Black holes

=
Gravity is a metrical theory « Gravitational waves
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[ The geometry and the Einstein equations

All foundations and predictions of GR are experimentally well tested and confirmed

The Einstein Equivalence = Solar system effects
Principle « Perihelion shift
« Universality of Free Fall + Gravitational redshift

« Deflection of light

* Universality of Gravitational Gl e de sy

Redshift + Lense-Thirring effect
* Local Lorentz Invariance * Schiff effect
il « Strong gravitational fields

« Binary systems

Amplication « Black holes

ES
Gravity is a metrical theory « Gravitational waves

I
Ry — 39w R = KT,

C. Limmerzahl (ZARM, Bremen) ARSI S S



» Geodesic equation

RO dx? dx°
0= (D)l = —= o} ——
) ds? {4} ds ds
with
{PU} = ( 9o + aagup 8/49;70)
and
guut'u” =1 for point particles with = dxt
guutu” =0 for light rays ~ds

where g, is the pseudo—Riemannian space-time metric

» reading of clocks = proper time of massive particles

s = / ds = / V9w dzhdzy = / v Gup T dt
orbit orbit [}

rbit g 3

€. Limmerzahl (ZARM, Bremen) ARSI S S



Equation of motion for matter field
D, T =0

is partial differential equation: difficult to solve
task: reduction of this PDE to a set of ordinary differential equations
— Mathisson—Papapetrou—Dixon



Mathisson—Papapetrou—Dixon: equation of particle with mass multipole and spin

dx*
po— &
v ds
Dypy = Ruvpev’ S’ + DyRyorJ?7"
D,S*" = otp” —o¥pt
S“‘”pu =0

Quantities involved
® v* gives the geometric trajectory of the body

® p, is an auxiliary quantity describing the momentum (if p,, is considered as
derived from T, then p,, is the primary quantity and v* is an auxiliary
quantity which however possesses the same interpretation as geometric orbit)

® SH spin of particle

o JPOTH mass multipole moments
special case: standard mass quadrupole JPo™% = —3plr QI p~l with

Q"p, =0
PO e —



Mathisson—Papapetrou—Dixon: equation of particle with mass multipole and spin

dx*
po— &
v ds
Dypy = Ruvpev”S?” + Dy RporJ?77"
D,S*" = otp” —o¥pt
Sl‘”py =0

Meaning
» direct access to curvature
® quadrupole motion in quadrupole space—time

« special case: aligned quadrupoles
» equatorial orbit possible: analytic solution?
« exact quadrupole—quadrupole interaction in GR

€. Limmerzahl (ZARM, Bremen) ARSI S S
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® Space-times
® Vacuum space-times: Plebanski—-Demianski space-time



stationary axially symmetric metric

A, 2 A 2
ds? = (- Apdp)? — g2 — p—j sin2 9(adt — A,dg)? — L qp?

Ar Aﬁ
where
p? = >4 (n—acos 9)?
Ay = 1+ %aQA cos? 9 — %Aan cos ¥
A, = (1-32Ar7) (PP +a®) —2Mr —n®+ Q2 + Q2 — An® (2r + a® — n?)
Ay = asin®0+ 2ncos?d
A, = rP+ad®+n?

® M = mass, a = Kerr parameter, A = cosmological constant, n = NUT
parameter, Q). = electric charge, (Q,,, = magnetic charge

# this metric contains all standard black hole space-times, Petrov Type D
» Plebanski & Demianski, AP 1976; Griffiths & Podolski, [JMP 2006
» horizons given by A, =0

€. Limmerzahl (ZARM, Bremen) ARSI S S



There are two Killing vectors 0; and 0,
= two conservation laws

E = gyt + JoP
—L:= gwti + Gop®

or

A, Ay
FE = p_z(t — Agtp) — ap— sin ﬂ(at - r(P)

L= AﬂA—;(t' — Ag) — ATA—f sin?¥(ai — A,¢),
p p

this corresponds to
® energy
® angular momentum in z—direction
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Plebanski—-Demianski string space—time dp — Bdp

ds? = B0 (dt — Ay idy)? — P ga_ Bo sin? 0(adt — A, 3dp)? — 2 g
p2 Ar P2 Aﬁ
describes space-time with string along symmetry axis (space—time with matter)
« same Killing vectors
® conserved energy and angular momentum

— see Betti's talk
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spherically symmetric space-times in d dimensions: Reissner—Nordstrom—(anti-)de

Sitter
ds? = gudt? — gppdr? — TQdel_Q

with
1 Ma—3 q2(d73) 2A )

— 1 — —
rs @ T @ 1)d-2)

Jit =

rr

Equation of motion

dr\? rto1 L?
— = — E2 -
(&) = T (2o ()
r4 M3 q2(d—3) 2A L2
= —(E*-(1- — 2 —
L2< ( rds ) <d—1><d—2>7")<€+r2>)

. m
Substitution © = —,

r
various cases can be solved by elliptic and hyperelliptic integrals
—— for general case, see Valeria's talk
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PPN metric

goo = 1—2U+28U°+
goi = 0
gi; = —(1+27U)d;
with Newtonian potential
t
U(t,:l))_ P( w)dS /
|z — |

= same Killing vectors
» conserved energy and angular momentum

» geodesic equation leads to differential equations which have the same
mathematical structure as in Schwarzschild space—time
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geodesic equation
APz { } dx? dx®
ds? red s ds
is equivalent to the Hamilton—Jacobi equation

as a 05 08

205 =9 gun on

0:

separation ansatz
S =1es—Et+ Lo+ 5.(r)+ Sy(9)
insertion into Hamilton—Jacobi
separation of r and ¥ equations
separation constant = /- = Carter constant (Carter, PR 1968)
introduction of Mino time 7 through dr = p?ds (Mino, PRD 2003)

substitution £ = cos ¢

renormalization: all quantities in units of rg = &

€. Limmerzahl (ZARM, Bremen) ARSI S S



2
<—> =((r*+a*+n*)E - aL)2 — A (er® + k) =: R(r)
2

() =2c-€) (b ctn—atf) ~ (L= AcEP =000

dp  (r*+a®+n*)E—alL L—AE o
dt (P +a®+n*)E—al A (L—AE) ,

analytic solution given by hyperelliptic functions (Hackmann & C.L., PRL 2008)

() (=
r(7) = :FU?T)(Q? +ro  with  o"(@) =0, F= (T;)
01 ()
oi () "

e

ZARM



integration of ¢ and ¢ motion

r(7) £(r)
<P—<P0=/ f(r)ﬁJr g(§) &

\/E &o @(5)
B r(7) dr 5(7). d¢
t—to-/m Mt [ IO e

f. g, h, and j are rational functions
— partial fraction expansion: hyperelliptic integrals of first, second and third kind

/ zP dx z? dx dzx

VPu(x) (z — )/ Pr(x)

with p < [251] and ¢ > [ L], can be integrated explicitly, but gives rather
complicated expressions

regularity of geodesic equation for 9 =0 or w

C. Limmerzahl (ZARM, Bremen) ARG S SEr  E



solution for ¢ (similar for t)

¢ = o +sign(ry) (CTf"(T —10) + C3(1 — 70) + I34(7 — 19))
san() (17— ) + C8(r — ) ~ alfh(r — 78) ~ Tisr — )
with
e T fz(w)—f””(wo)>T .
Imn(w) - ; Pg(%)( < w — Wy /p: dr
Fo(w),w)” —2 7 dz
+lloga(( (w w) fﬁ z)_(wHwO)
2o (o) w)T =2 2 d2)

dr = holomorphic differentials of second kind
dZ = meromorphic differentials of first kind

p; = <:I: Ps(ui)> with u; pole ,’/,’

€. Limmerzahl (ZARM, Bremen) ARSI S S



#® Solutions of the geodesic equation

* Examples for orbits



bound orbit homocline orbit

Hagihara, JJGA 1931
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Hagihara, JJGA 1931

(¢

10

20

30

-8 -6 M -2~
-4
-6
L8

inspiral orbit




Solutions of the geodesic eauation | Exambles for orbits.

Schwarzschild—de Sitter

escape orbit reflection at cosmic wall

Hackmann & C.L., PRL 2008, PRD 2008

mmerzahl (ZARM, Bremen) Analytic solutions of the geodesic equation Edinburgh, 13.10.2010



bound orbit
many universe orbit

Hackmann, Kagramanova, Kunz, & C.L., PRD 2008

C. Limmerzahl (ZARM, Bremen)

0.5 1 10 /\&g

escape orbit
escape in different universe




Solutions of the geodesic eauation | Exambles for orbits.

Kerr space-time

parameter plots for r and ¥

ammerzahl (ZARM, Bremen) Analytic solutions of the geodesic equation Edinburgh, 13.10.2010 54 / 86
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escape orbi

bound orbi

Hackmann, Kagramanova, Kunz, C.L., PRD 2010




Solutions of the desic eauation for orbits

Taub-NUT

bound orbit escape orbit

Hackmann, Kagramanova, Kunz, & C.L., PRD 2010

C. Lammerzahl (ZARM, Bremen) Analytic ions of the desi i Edinburgh, 13.10.2010 56 / 86




#® Solutions of the geodesic equation

» Classification of orbits






« transit orbit: —co < r < 4+

* bound orbit: 0 < rpin < 7 < Fmax

« crossover bound orbit: ryin < 7 < rmax With 74 < 0 < Tmax
* escape orbit: i, < < 00

= crossover escape orbit: i, < 7 < 0o with iy, < 0
or —00 < 7 < Pmax With 0 < rpax

« terminating — bound — crossover orbit: bound orbit |r| < 7max terminates
* terminating — escape — crossover orbit: escape orbit terminates

[ ]
r = 400

T
e ¢

€. Limmerzahl (ZARM, Bremen) ARSI S S



Further discussion of effects
® geodesic incompleteness
geodesics in analytic continuation of space-time
closed time-like curves (CTC)
crossing horizons
homocline orbits
many crosses of z—axes

fast, slow rotation




Solutions of the desi i Classification of orbits

Taub—NUT space-time: incompleteness

» Taub—NUT space-time possess
no curvature singularity

» but is geodesic incomplete ...
during second transition through
a horizon proper time terminates

(Hackmann, Kagramanova, Kunz,
C.L. 2010)

C. Lammerzahl (ZARM, Bremen) Analytic ions of the desi i Edinburgh, 13.10.2010 61 / 86




® Observables
= Observables for bound orbits
® Observables for escape orbits



® Observables
» Observables for bound orbits



For bound orbits
» two oscillatory coordinates: r and ¢ (generalized Lissajous figures)
» two (secularly) increasing coordinates: t and ¢

+ radial period

Tmax dr

Tmin ﬁ

is time needed to go from 7y tO Tmin

wr =2

* polar angle period

Fmax dr Tmax

'lgmin ﬁ

is time needed to go from Yin t0 Ymax ‘G

wy =2

C. Limmerzahl (ZARM, Bremen) ARSI S S



* secular time increase
dt 2 /m dr 2 [Omex dr
<dT> Wr Jrmin ( )\/R WIS 9min i) S}

+ secular azimuthal increase

dg0> 2 / e dr 2 [Omax dr
Y=(L )= — r)— + — 3 —
(-2 [T 10T+ 2 [ a0
orbital frequencies (Drasco & Hughes, PRD 2004; Schmidt, CQG 2004)

2 2w Y
r = s Q = _-—, Q =
Tw, T Twy ¢ T

= angular velocity of r—oscillations

» angular velocity of ¥-oscillations ‘T

® secular angular velocity

C. Limmerzahl (ZARM, Bremen) " Analytic solutions of the geodesic equation | Edinburgh, 13.10.2010 65 / 86



observables: self referential comparison, invariant

= periastron shift
2 1
Aperia.stron = Qcp - Qr = (Y = —ﬂ-) —

* Lense-Thirring effect

2\ 1
ALense—Thirring = Qap —Qy = (Y — —) f

® Aperiastron COMpares the p—advance for ry, with 27
— in weak field motion of 7,,;, within orbital plane or orbital cone

® AlLense—Thirring COMpares the g—advance for ¥,i, with 27
— in weak field precession of orbital plane or orbital cone

all observables for bound orbits should be functions of €2,., Q0y, and €, WhICh can
be evaluated explicitly by complete hyperelliptic integrals
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» Schwarzschild, Schwarzschild—de Sitter, Reissner—Nordstrom, Taub—NUT:
Apelrihelion 7é 0 ) ALense—Thirring =0
» Kerr, Kerr—de Sitter, Kerr—Newman, Kerr—NUT:

Aperihelion ?é 07 ALense—Thirring 7£ 0



» Schwarzschild, Schwarzschild—de Sitter, Reissner—Nordstrom, Taub—NUT:
Aperihelion 7 0, Alense—Thirring = 0

» Kerr, Kerr—de Sitter, Kerr—Newman, Kerr—NUT:
Aperihelion 7 0, ALcnse—Thirring 7 0

» task: expansion of Aperinelion = Aperihelion (M, @, 1, A, Qe, Qm) and

ALense—Thirring = ALense—Thirring(]\4, a,n, A, Qo, Qm) (HaCkmann.
Kagramanova, Kunz, C.L., in preparation)



» Schwarzschild, Schwarzschild—de Sitter, Reissner—Nordstrom, Taub—NUT:

Aperihelion 7é 0; ALense—Thirring; =0

» Kerr, Kerr—de Sitter, Kerr—Newman, Kerr—NUT:
Aperihelion 7é 0; ALense—Thirring 7é 0

» task: expansion of Aperinelion = Aperihelion (M, @, 1, A, Qe, Qm) and
ALense—Thirring; = ALense—Thirring(]\47 a,n, A, Qo, Qm) (HaCkmanny
Kagramanova, Kunz, C.L., in preparation)

® In general, for complicated potentials there are several periods
= many perihelion shifts or Lense-Thirring effects (— Valeria's talk)
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» Schwarzschild, Schwarzschild—de Sitter, Reissner—Nordstrom, Taub—NUT:

Aperihelion 7é 0, ALense—Thirring =0

Kerr, Kerr—de Sitter, Kerr—-Newman, Kerr—NUT:

Aperihelion 7é 0; ALense—Thirring 7é 0

task: expansion of Aperinclion = Aperihetion (M, a, 1, A, Qe, Qm) and

ALense—Thirring; = ALense—Thirring(]\47 a,n, A, Q., Qm) (Hackmann,
Kagramanova, Kunz, C.L., in preparation)

In general, for complicated potentials there are several periods
= many perihelion shifts or Lense-Thirring effects (— Valeria's talk)

observables on higher dimensions: many ¢, ¥,, p=1,...,n — 3 periods
possible to define I and Y}, and

Aperiastron,p = anp - Qp

ALense—Thirring,p,p’ = Qcpp - Qﬂp/

does this make sense?
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Perihelion shift in Schwarzschild—de Sitter (for bound orbit, Kraniotis &
Whitehouse, CQG 2003)

zdx
5@perihelion =27 —wop = 27 — % \/ﬁ

with

rdx f{ 1 p) 2% 22+ A )
= ———Am —————dz + O(A?)
%12 P5(£L‘ az \/ P3(III) 3 az .'172P3($) P3(IZT)
x

m2 (3
M + w12 A
T (Z< 2k (”(%ﬁ)?)

]:

+)\< m — W1 _"_E @//(UO) (((UO)_UIUO)>)+O(A2)

~—

16(¢'(u0))? 16 (' (u0))®

® Needs introduction of r,;, and ¢ OF @ and e for interpretation Y
» Needs relativistic approximation for interpretation
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" / . /  dp de / s dx / = dx
1= — _— — 1
Tmin e dx e (d_m)z e \/ 43 — g2 — g3
\/ dy

Perihelion shift

™

4 2 d
dp = 2w — 2w = / v — 2.
\/—62 — 263 0 \/1 _ _es—es Sin2 T

—eo—2e3

One can identify

oM 1 oM 1
Tmin 3 ’ = Tmax 3 )

€y =

» Can be used for approximation

» Can be used for representation in terms of semi—-major axis and eccentricity
ZARM



« progression of nodes: determination of ¢ and ¢ or 7 for which ¢ = 7/2: then

Ai‘P:(P(Ti—i-l)_SD(Ti) with 19(’7'1') = g, 1=1,2 005

one has to determine 7; and then to integrate do/dr from 7; to 741
(Gebhardt, Hackmann & C.L., in preparation)

J A .
« clock effect s4 —s_ ~ 47rﬂ ~ 1077 s — and generalizations of it ...

» analytic expressions still have to be calculated
» application to Galileo?
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® Observables

® Observables for escape orbits



flyby orbit: r — oo for s — 400
Then 9% = ¥(+00) and T = p(d00)

= azimuthal deflection angle
Ap =pt —p~
« polar deflection angle

A9 =9T -9~

« analytic expressions still have to be calculated

« application to rotating black holes

® no impact on flyby anomaly (Hackmann & C.L. 2010)
In addition for light:

= gravitational time delay
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» flyby at rotating body: different direction, different velocity
® no impact on flyby anomaly (Hackmann & C.L. 2010)

» deflection of light

® timing formula

will depend on impact parameter as well as on polar angle



/_NAU
\_/%A )

» flyby at rotating body: different direction, different velocity
® no impact on flyby anomaly (Hackmann & C.L. 2010)
» deflection of light

e timing formula

will depend on impact parameter as well as on polar angle



Question: frequency of pulses arriving at Earth — function of orbit (position,
velocity, structure of gravitational field) ]

~
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satellite

Question: frequency of satellites
(time of satellites, Galileo) arriving at
Earth — function of orbit
® signals arriving at fixed position
on Earth

® signals arriving at surface of
Earth



® Discussion, summary and outlook
* Discussion

® The solution for spinning objects
= Effective one-body problem




® Discussion, summary and outlook
# Discussion



The Hamilton—Jacobi equation for the geodesic equation is separable if and only if

space—time is of Petrov type D without acceleration (Demianski & Francaviglia,
JPA 1981)

The general type D Petrov space-times are exhausted by the electro—vac
Plebariski-Demiariski solutions (Plebarski & Demianski, AP 1976)

The geodesic equation in a general electro—vac Plebanski-Demiariski space—time
without acceleration can be integrated using the method of hyperelliptic integrals
(Hackmann, Kagramanova, Kunz, C.L., EPL 2009)

All what is separable can be solved analytically
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Summary
« Complete analytic solution of geodesic equation in Plebarnski-Demianski
space—times
= Analytic solution for all electro—vac space-times for which Hamilton—Jacobi
separates
« Complete set of fundamental observables for bound orbits

mathematics is essentially under control — discussion of solutions and observables
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Discussion. summary and outlook [ Discussion

Summary and outlook

Outlook 1: discussion of obtained solutions
« analytic description of progression of nodes
« further observables (deflection angle, clock effect, timing, time delay, ...)
» post—Newton, post—Schwarzschild, post—Kerr, ... expansions of solutions

» post—Newton, post—Schwarzschild, post—Kerr, ... expansions of observables

Outlook 2: new solutions

« motion in axially symmetric mass multipole fields (e.g. Quevedo, FP 1990)

* we are now able to analytically solve

dr\ 2

dr
(Enolskii, Hackmann, Kagramanova, Kunz, C.L. in preparation, — see
Valeria's talk)

P,(r) for all n

C. Lammerzahl (ZARM, Bremen) Analytic ions of the desi i Edinburgh, 13.10.2010 80 / 86




® Discussion, summary and outlook

® The solution for spinning objects



spherically symmetric metric
ds® = adt? — o~ Ydr® + r2d9? + r? sin® 19d<p2 , a=1— — — — + —=—
r
additional constant of motion
C=¢&"p,+ DS
spin motion can be solved

nv
dsS 1dTS’°“’—O N S””—S
ds rds r

equation of motion for radial coordinate (with J = L + .5)

<ﬁ>2 — g2 _ (3rgtt) SJ
r

J? + 2JS>
— Gt
ds

+ Gt (r—4




for Reissner—Nordstrom—de Sitter

2 2 2 2 12 2
<§) _ o Mg 2ALS A2 2 S 12-Q
S

3 3 r 72
5 (L+95)2
ra

2LS + 212
e
-

Q



® Discussion, summary and outlook

= Effective one-body problem



* Newton: 2-body problem can be reduced to a one-body problem
» Einstein: not possible in closed form

® series expansion method for successive reduction to an “effective” one—body
problem within post—-Newtonian expansion

» effective dynamics of two black holes described by
ds*c = —gu (r,v)dt? + grp(r,v)dr? + r*(d9? + sin® 9dp?)
with u = 2(M1 + Mg)/'l‘, 1 MlMQ/(Ml —+ M2)2 and

gu(r,v) = 1-=2u+2vu®+vagu* + O(u)
(g (1, ) grr(r, )™ = 14 6002 4 2(26 — 3v)vu® + O(u?)

» effective one-body equation of motion

ar\? o1 L?
=) = E? — = y
(dSD) LZ Grrdtt < g <€ * T2 >) -
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® physical questions

« orbits

« last stable orbit

» last spherical stable orbit
last circular stable orbit

® has to be complemented by radiation reaction effects

« variation of orbital parameters, variation of observables
» gravitational radiation
= inspiraling orbit

® can be supplemented by spin — axially symmetric case



Thank you

Also thanks to

e« German Research Foundation
DFG

e Center of Excellence QUEST
» German Space Agency DLR
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