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8.4 (a) ∀x[x ∈ D : x 6= 0]

(b) ∀x[x ∈ D : x > 10 ∧ x < 25]

(c) ∀x[x ∈ D : x > 10] ∨ ∀x[x ∈ D : x < 25]

(d) ∀x,y[(x, y) ∈ D : x 6= y ⇒ |x − 1| > 1]

8.5 (a) ∃m[m ∈ Z : m > 1000]

(b) ∃m[m ∈ Z : m = m2]

(c) ∃m[m ∈ R : m > 0] ∧ ∃m[m ∈ R : m < 0]

(d) ¬∃m[m ∈ R : m > 0 ∧ m < 0]

8.6 (a) ∀n[n ∈ N : ∃m[m ∈ R : m − n = 1]]

(b) ¬∃n[n ∈ N : ∀m[m ∈ R : n > m]]

(c) ∀n[n ∈ N : ∀m[m ∈ R : (m + n ≥ m) ∧ (m + n ≥ n)]]

(d) ∃n[n ∈ N : ∃m[m ∈ R : m2 + n2 = 58]]

Alternatively: ∃m,n[(m, n) ∈ R × N : m2 + n2 = 58]

9.3 (a) As follows

∀x[P : True]
val
== { ’exchange trick’}

∀x[¬True : ¬P ]
val
== { Inversion}

∀x[False : ¬P ]
val
== { Empty Domain}

True

(b) As follows
∀x[P : False]

val
== { ’exchange trick’}

∀x[¬False : ¬P ]
val
== { Inversion}

∀x[True : ¬P ]
val
== { Remark 8.4.1}

∀x[¬P ]
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(c) As follows

∃x[P : True]
val
== { ’exchange trick’}

∃x[True : P ]
val
== { Remark 8.4.1}

∃x[P ]

(d) As follows

∃x[P : False]
val
== { ’exchange trick’}

∃x[False : P ]
val
== { Empty Domain}

False

9.4 (a) As follows
∀x[P ∨ Q : ¬P ]

val
== { Negation }

∀x[P ∨ Q : P ⇒ False]
val
== { Domain Weakening}

∀x[(P ∨ Q) ∧ P : False]
val
== { True/False elimination}

∀x[(P ∨ Q) ∧ (P ∨ False) : False]
val
== { Distributivity}

∀x[P ∨ (Q ∧ False) : False]
val
== { True/False elimination}

∀x[P ∨ False : False]
val
== { True/False elimination}

∀x[P : False]
val
== {9.3 b)}

∀x[¬P ]

(b) As follows

∀x[P ∧ Q : ¬P ]
val
== { Negation }

∀x[P ∧ Q : P ⇒ False]
val
== { Domain Weakening}

∀x[P ∧ Q ∧ P : False]
val
== { Idempotence}

∀x[P ∧ Q : False]
val
== {9.3 b), De Morgan }

∀x[¬P ∨ ¬Q]]

(c) Left as an exercise.

(d) Left as an exercise.

9.5 (a) As follows
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∃k[P : Q]
val
== { Double negation }

∃k[P : ¬¬Q]
val
== { De Morgan}

¬∀k[P : ¬Q]
val
== { ’Exchange trick’}

¬∀k[¬¬Q : ¬P ]
val
== { Double negation }

¬∀k[Q : ¬P ]

(b) As follows
∀k[P : Q ∨ R]

val
== { Double negation }

∀k[P : ¬¬(Q ∨ R)]
val
== { Negation }

∀k[P : ¬(Q ∨ R) ⇒ False]
val
== { Domain Weakening}

∀k[P ∧ ¬(Q ∨ R) : False]
val
== { De Morgan}

∀k[P ∧ ¬Q ∧ ¬R : False]
val
== { Domain Weakening}

∀k[P ∧ ¬Q : ¬R ⇒ False]
val
== { Negation }

∀k[P ∧ ¬Q : ¬¬R]
val
== { Double negation }

∀k[P ∧ ¬Q : R]

9.6 (a) Assume k is a natural number. Take P to be k > 3 and Q to be k2 > 3.

(b) Take P to be k ∈ N, Q to be k = 4 and R to be k2 = 4 .


