8.4

8.5

8.6

9.3

Logic and Proof course
Solutions to exercises from
chapters 8 and 9

Fairouz Kamareddine

(a) Vy[reD:x #0]

(b) Valt €Dz >10Az < 25]

(c) Vy[r€eD:x>10]VV,[r € D:x < 25]

(@) Val(y) €D ix £y = o —1] > 1]

(2) pfm € Z : m > 1000]

(b) Fm[m € Z : m =m?]

(¢) ImmeR:m>0]AF,[meR:m <)

(d) “FpmeR:m>0Am <]

(a) VplneN:ImeR:m—n=1]

(b) =F,[n € N:Vp,[m € R:n > m]]

(¢) VulneN:VpmeR: (m+n>m)A(m+n>n)]

(d) F,[n € N: 3 [m e R:m? +n? = 58]
Alternatively: 3, »[(m,n) € R x N:m?2 4 n? = 58]

(a) As follows

V[P : True]

= { ’exchange trick’}
Vy[-True : —P]

= { Inversion}
V.[False : =P)]

= { Empty Domain}
True

(b) As follows

V[P : False]

2al { ’exchange trick’}
V.[-False: -P]

= { Inversion}
V. [True : = P]

Lol { Remark 8.4.1}
Ve [_'P]



(c) As follows

;[P : True]

2al { ’exchange trick’}
3;[True : P]

2al { Remark 8.4.1}
3[P]

(d) As follows

3,[P : False]

2al { ’exchange trick’}
3,[False : P]

val

= { Empty Domain}
False

9.4 (a) As follows
Vo[PVQ :—P)

val { Negation }
Vi[PV Q: P = False]

val { Domain Weakening}
Vo[(PV Q) A P :False]

val { True/False elimination}
Vo[(PV Q) A (PV False) : False]

val { Distributivity}

Vi[PV (Q A False) : False]
val { True/False elimination}
V[PV False : False]
val { True/False elimination}

V.| P : False]
vl {9.3b)}
Vo[- P)
(b) As follows
Vo[PAQ :—P)
val { Negation }
V.[PAQ : P = False]
val { Domain Weakening}
Vo[PAQA P :False]
vl { Idempotence}
V[P A Q : False]
val

val {9.3 b), De Morgan }
Vo [PV -Q)]

(¢) Left as an exercise.

(d) Left as an exercise.

9.5 (a) As follows



[P Q)]
= { Double negation }
[P s 7Q)]
= { De Morgan}
—Vi[P : Q)]
= { "Exchange trick’}
“Vi[Q : P
{ Double negation }
Vi [Q : —P)
(b) As follows
VelP:QV R
2ol { Double negation }
V[P 1 2=(Q V R)]
== { Negation }
Vi[P: ~(QV R) = False]
= { Domain Weakening}
Vi[P A —(Q V R) : False]
== { De Morgan}
Vi[P A —=Q A —R : False]
= { Domain Weakening}
Vi[P A —Q : =R = False]
= { Negation }
V[P A—Q : ——R]
{ Double negation }
V[P A-Q : R]

9.6 (a) Assume k is a natural number. Take P to be k > 3 and Q to be k? > 3.
(b) Take P tobe k € N, Q to be k =4 and R to be k> =4 .



