Logic and Proof Example Class Test (weeks 5-7)

Here is the collection of predicates to use in this test:

	predicate
	meaning

	
	

	causes(x, y)
	thing x causes disease y 

	symptom(x , y) 
	problem x is a symptom of disease y 

	cures(x, y)
	drug x cures disease y

	Expensive(x)
	drug x is expensive


1. Express the following statements in predicate logic, using only the predicates above.

(a) ItchGo cures  AthletesFoot but not Measles.    [1 mark]

cures(ItchGo, AthletesFoot) 
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 cures(ItchGo, Measles)

(b) There is a cure for Malaria, but it is expensive   [3 marks] 
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(c)  There is no inexpensive drug that cures any disease that causes RedSpots                                                                [5 marks]


[image: image3.wmf])]]

,

(

)

,

(

[

)

(

[

y

x

cures

REDspots

y

causes

y

x

Expensive

x

Þ

"

Ù

Ø

Ø$


2. Convert each of the following into Conjunctive Normal Form:

(a) 
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                                                                        [2 marks]

1. remove implication, 2. de Morgans  -- no need.

3. Skolemize:

The existentially quantified variable is x, which is in the scope of the universally quantified variable z, so we replace it with a function of z.
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4. Eliminate universal quantifers:
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This is now in CNF – all of the clauses happen to be single predicates, rather than groups of disjuncts of predicates.

(b) 
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                 [4 marks]

1. remove implication; no need.

2.  De morgan’s:  no need – the only negation is already attached to a simple predicate.

3.  Skolemize:

The existentially quantified variable q is not in the scope of any universally quantified variable, so we can just replace it with a unique constant.
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4. Eliminate universal quantifers
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5. Distribute AND over OR

Just think of this step as “try to get into CNF – i.e. things ANDed together, where each thing is a group of atomic predicates ORed together. 

First let’s clean it up a little to make it more manageable (to make the structure more clear), to this:
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So we basically have:
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where A = 
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Using distributivity, we know that A or (B and C) == (A or B) AND (A or C), so we get (doing this, and substituting A with the clause it represents):
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This is now in CNF

3. Suppose that the following are accepted to be true:

1. 
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2. 
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Do some logical reasoning to show that the following follows from statements 1 and 2:   
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                                                                                                                    [5 marks]

(you can get 3 marks for this by setting out a correct logical reasoning clearly in English, but 5 marks are available if you use the style of logical reasoning from the lectures, and correctly name the inference rule(s) and/or equivalences used).

In English, it’s like this:

Suppose A is true.  From 1, we know that A implies B, so B must be true. Also from 1 we know that B implies C. Since B is true (given A), then C must be true too.

From 2, we know that if C is true then F is true (since C being true makes the LHS of the implication in 2 true). SO, we assumed A and this led us to asserting that F is true. This proves that 
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In logic:

These are given:

1. 
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2. 
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AND-elimination provides these two:

3. 
[image: image20.wmf])

(

B

A

Þ


4. 
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Now let’s Assume A

5. A
This now follows from 5 and 3:
6. B
This now follows from 6 and 4
7. C
This is 2 transformed by using the implication rule and then De Morgan’s.

8. 
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Now use distributivity a couple of times on 8 A or (B and C) ( (A or B) and (A or C)

9. 
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AND-elimination on 9

10. 
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Implication, from 10

11. 
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From 7 and 11

12. F
Since we assumed A, and we got to F, we have shown that:
13. 
[image: image26.wmf]F

A

Þ


NOTE:  From 8 to 10  I show how you can do it step by step using the basic equivalences, but I would allow you in a test to derive 11  directly from 2 and go on from there. I.e. you can say that 11 follows from 2 (and what other two statements like that follow from 2?)
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