Logic and Proof Class Test (week 8)
ANSWERS + FEEDBACK

Here is the collection of predicates to use in this test:
	predicate
	meaning

	
	

	brother(x, y)
	x is a brother of y 

	father(x , y) 
	x is the father of y

	mother(x , y)
	x  is the mother of y

	sister(x, y)
	x is a sister of y


1. Express the following statements in predicate logic, using only the predicates above.

(a) Luke is Leia’s brother  and Anakin is Luke’s father                      [1 mark]
The answer is:  
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Almost everyone got the full 1 mark for this! 

(b) David’s mother has a sister                                                           [3 marks]
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or something like this is also fine:
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or
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The key point here, which was the source of quite a few lost marks, is that both x and y should be (existentially) quantified.

A very common answer was like this:
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with the y unquantified.  This means:  “ David has a mother and y is her sister”   -- but this is not a definite statement – i.e. it has no truth value -- since y is not specified as an individual, or quantified. 

An error that sometimes happened was this:
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this was a common problem in some of the other questions too. Let’s just look at the main bit:

This means, roughly: “If  x is David’s mother than y is her sister.”
This is not logically the same as the statement we want to make. It is TRUE, for example, when x is not David’s mother. But we need to make the definite statement that David has a mother and that she has a sister.

Another thing I saw a lot was like this:
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… using functions in place of individuals.  In context (which would have been understandable from lectures and from the examples we did), this is not a valid thing to do. Functions like this can be used (in the exam, for example) in the specific context of Skolemization when converting something into CNF, but not otherwise. They basically have unclear meaning out of the CNF context.
(c) One of Joe’s grandfathers has a sister who has no children.         [5 marks]

A correct answer is:
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in other words: there is an x, a y and a z for which it is true to say that:

   x is y’s father, and y is either Joe’s mother or Joe’s father (so, x is one of Joe’s grandfathers) and z is x’s sister, and there is no c for which it is the case that z is c’s mother.

Quite tricky!   Common mistakes were, similar to before:  missing quantifications for one or more of the quantifiers, use of functions, implication instead of and, as well as missing out the fact that the parent `between’ the grandfather and Joe could be either father or mother.  Actually, so many missed the latter that I didn’t reduce marks for that. 
2. Convert each of the following into Conjunctive Normal Form:
(a) 
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                                                                        [2 marks]

The answer is:

Remove implication: no need

De Morgan’s: no need

Skolemize:
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Eliminate Universal:
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Now it is in CNF

Almost the only error made here was to use a Skolem function, instead of replacing the z with a simple constant.  In this case, the z does not depend on the x!  It would do if the quantifiers were the other way around, but they aren’t.

(b) 
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                   [4 marks]

Remove implication
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De Morgan’s – no need

Skolemize:
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NOTE that a skolem function is not right, this is just a constant. The scope of the universal quantifier does not cover q.

NOTE NOTE NOTE:  The biggest problem with answers to this question was `bracket maintenance’.  Note how I maintain brackets around the clause that I just Skolemized – they were implicitly there before, and must stay there.

Eliminate Universal quantification:
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NOTE:  NOTICE THE BRACKET MAINTENANCE!
From hereon in, it is a case of using the distributivity rules to get this into CNF.  Almost every single answer got it wrong from here, primarily because bracket maintenance got messed up earlier on.    It happened so much I just docked 1 mark, as long as most everything else was right.

So: let’s give it a go.  If P is 
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and Q AND R map onto 
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, then we can get:
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We can then do distributivity on this self-contained part:
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, getting: 
[image: image20.wmf]))

1

(

)

(

(

))

1

(

)

(

(

Q

d

x

a

Q

c

x

a

Ú

Ù

Ø

Ú


Similarly we can then do distributivity on this self-contained part: 
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[image: image22.wmf])))

1

(

)

(

)

(

(

))

1

(

)

(

)

(

((

Q

d

x

c

x

b

Q

c

x

c

x

b

Ú

Ø

Ú

Ø

Ù

Ø

Ú

Ø

Ú

Ø


(making use of the associativity of OR)

So we now have:
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This is in CNF!

Rather tricky – probably wouldn’t ask something that difficult in exam. But, maybe – you never know.

3. Suppose that the following are accepted to be true:
1. 
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Do some logical reasoning to show that the following follows from statements 1, 2 and 3:   
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                                                                                                                    [5 marks]

(you can get 3 marks for this by setting out a correct logical reasoning clearly in English, but 5 marks are available if you use the style of logical reasoning from the lectures, and correctly name the inference rule(s) and/or equivalences used).

Here is a full logic answer:

1. 
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2. 
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{Assume B}

4.    B

{Or-weakening – so statement 4 is stronger than statement 5}
5.   
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{from 1 and 5}

6.  C 

{Or-weakening – so statement 6 is stronger than statement 7}

7. 
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{from 2 and 7

8. E
{Or-weakening – so statement 9 is stronger than statement 8}

9. 
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{from 3 and 9}

10. 
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{From assumption at 4, we derive 10, making only equivalent or weakening steps, so it follows that:}

11. 
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{Contraposition}

12. 
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There are many other ways to do it. I allowed as OK the simpler notion of going to 6 from just 1 and 4, without going through 5 first, though this wasn’t perfect, and could hide the fact that there is weakening involved. 

Many of you started by assuming A, but notice that an assumption of B to start with seems more sensible, considering what you are aiming for.
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