A Tableaux System for a Fragment of the Hyperset Theory

Domenico Cantone Massimo Felici Dept. of Mathematics and Computer Science LFCS, Division of Informatics Università di Catania The University of Edinburgh Viale A. Doria, 6 Mayfield Road 95126 Catania Edinburgh EH9 3JZ Italy United Kingdom cantone@cs.unict.it mas@dcs.ed.ac.uk

June 22, 2000

Abstract

Non-well-founded phenomena arise in a variety of ways in Informatics. The need to formalise with circular phenomena has motivated the development of the theory of Non-Well-Founded Sets or Hypersets. The talk introduces a decidable tableau calculus for a fragment of the Hyperset Theory.

1 Introduction

Non-well-founded phenomena have motivated works on Non-Well-Founded Sets or Hypersets^1 by Aczel [1] and Barwise [3, 4] respectively. Their works provide an elegant mathematical tool to formalise phenomena that are characterised by circular behaviours, e.g., the works on CSS by Robin Milner [14, 15, 16] and the philosophical problem of the liar paradox by Jon Barwise and John Etchemendy [2].

Hyperset Theory by the AntiFoundation Axiom and the Solution Lemma provides a powerful and elegant mathematical tool to formalise those circular phenomena that cannot be expressed by the standard axiom system ZFC of axiomatic Set Theory [20]. The application of Set Theory has been extensively investigated in the past decades. One research field, namely Computable Set Theory [6, 7, 8], has been related to the decidability problem of Set Theory.

Despite the existence of many phenomena in Informatics characterised by a circular beings, there has been little attention to the decidability problem, hence the automation, within Hyperset Theory.

2 A Tableaux System for a Fragment of the Hyperset Theory

In Computable Set Theory [6, 7, 8], previous works have proved the decidability problem for many fragments of Set Theory. An initial fragment named Multi-level Syllogistic (MLS) has been proved to be decidable in [13]. Several extensions of MLS were proved decidable, among them Multi-Level Syllogistic

1I will use the name Hypersets for the rest of the paper.

with Singleton (MLSS), which extends MLS with the singleton operator. An efficient decision procedure for MLSS has been stated as tableau calculus in [5].

In [12] we have proved the decision problem for a fragment of the Hyperset Theory. The work was originally motivated by the decision problem in presence of the AntiFoundation Axiom, hence the decision problem of Hyperset Theory. As Hyperset Theory extends the classical Set Theory, the work extends some decidability results within Set Theory to the Hyperset Theory. We have defined the language HMLSS^2 and proved that the satisfiability problem for HMLSS in the hypersets universe is decidable. This result can be seen as an extension of the Solution Lemma. It is enough to think to a formula as a system. In other words, finding a model to satisfy a given HMLSS-formula is like to solve an equations system. This problem has already been solved in [13] for the case of the well-founded sets universe. This problem is taken into account in [18] within the hypersets context but using different techniques. The decidability result is the basis to define a decidable tableaux system for HMLSS. We have proved the correctness and completeness of the tableaux system. In conclusion, we have provided a sound and complete tableau calculus for the fragment HMLSS of Hyperset Theory. The tableau calculus is based on a decision procedure for HMLSS. Moreover, the tableau calculus terminates by a saturation strategy. The tableau system for HMLSS has been implemented in SETL2 [21, 22].

3 Further work

I will discuss further work to extend the HMLSS-tableaux system. The following points summarises the working program.

• Extension of the HMLSS language to obtain more expressive formulae (e.g., explicit quantification, functions, powerset,). All further extensions of the HMLSS language should not violate the decidability result. In particular we intend to extend the HMLSS language by the following points

– iterative membership operator and other extensions similarly defined for the case of Well- Founded Sets (e.g., [5, 9, 10, 11]).

– the predicate is wf to decide whether or not a set is well-founded – the function W fd with domain in the hypersets universe and image in the well-founded sets universe, the function returns the well-founded part of a given set.

All above extensions will be provided by an equivalent tableau calculus and an implementation. The tableau calculus will be the kernel for a system to provide proofs and counterexamples within the Hyperset Theory.

• Comparison of the tableau calculus with other tableau systems (e.g., [19]). The comparison aims to point out similarities and to define possible scenarios of integration with other systems.

• The tableau calculus for HMLSS has already been implemented, see [12], in SETL2 [21, 22]. We plan to develop a complete toolset to support the theoretical results. The toolset will improve our ability to investigate possible scenarios of applications. For example, the toolset can be used to

– investigate cases of non-well-founded reasoning in programming languages (e.g., [17]) – investigate possible scenarios of applications in Software Engineering.

2HMLSS: Hyperset Multi-Level Syllogistic with Singleton.

We believe that the decidability of fragments of Hyperset Theory can give rise to many applications in Informatics in which there are various examples of non-well-founded phenomena.

References

[1] P. Aczel. Non-Well-Founded Sets. CSLI Lecture Notes, Number 14, 1988.

[2] J. Barwise, J. Etchemendy. The Liar: An Essay on Truth and Circular Propositions. Oxford University Press, Oxford, 1987.

[3] J. Barwise, L.S. Moss. Hypersets. Mathematical Intelligencer, 13, No. 4, 1991, pp. 31-41.

[4] J. Barwise, L.S. Moss. Vicious Circles: On the Mathematics of Non-Wellfounded Phenomena. CSLI Lecture Notes, Number 60, 1996.

[5] D. Cantone. A fast saturation strategy for set-theoretic tableaux. In Didier Galmiche (Ed.), Proceedings of the International Conference on Theorem Proving with Analytic Tableaux and Related Methods, TABLEAUX ’97, Springer-Verlag, LNAI 1227, Abbaye des Prémontrés, Pont-à-Mousson, France, 13-16 May 1997, pp. 122-137.

[6] D. Cantone. A survey of computable set theory. LE MATEMATICHE, Vol. XLIII (1988) - Fasc. I, pp. 125-194.

[7] D. Cantone, A. Ferro. Techniques of computable set theory with applications to proof verification. In Essays in Honor of Jack Schwartz, Courant Institute of Mathematical Sciences, May 1995, pp. 1-45.

[8] D. Cantone, A. Ferro, E.G. Omodeo. Computable Set Theory. International Series of Monographs on Computer Science, N. 6, Clarendon Press, Oxford, 1989.

[9] D. Cantone, R. Ruggeri Cannata. A decidable tableau calculus for a fragment of set theory with iterated membership. Università di Catania, 1995.

[10] D. Cantone, C.G. Zarba. A New Fast Tableau-Based Decision Procedure for an Unquantified Fragment of Set Theory. In R. Caferra, G. Salzer (Eds.), Proceedings of the International Workshop on First-Order Theorem Proving, FTP ’98, to appear in the series LNAI, Springer-Verlag, 1999.

[11] D. Cantone, C.G. Zarba. A tableau-based decision procedure for a fragment of set theory involving a restricted form of quantification. In N. Murray (Ed.), Proceecings of the International Conference on Theorem Proving with Analytic Tableaux and Related Methods, TABLEAUX ’99, Saratoga Springs, NY USA, June 7-11, 1999, To appear in the series LNAI, Springer-Verlag, 1999.

[12] M. Felici. Frammenti Decidibili della Teoria degli Iperinsiemi ed Applicazioni. Tesi di Laurea, Thesis advisor: Prof. Domenico Cantone, Università degli Studi di Catania, December 1995.

[13] A. Ferro, E.G. Omodeo, e J.T. Schwartz. Decision procedures for elementary sublanguages of set theory. Multi-level syllogistic and some extensions. Comm. Pure Appl. Math. 33, 1980, pp. 599-608.

[14] R. Milner. A Calculus of Communicating Systems. Berlin, Springer-Verlag, LNCS, n. 92, 1980.

[15] R. Milner. A Calculus of Communicating Systems. Report ECS-LFCS-86-7, Computer Science Departement, University of Edinburgh, 1986.

[16] R. Milner. Communication and Concurrency. Prentice Hall, 1989.

[17] R. Milner et al., The definition of standard ML : (revised). MIT Press, 1997.

[18] E.G. Omodeo, A. Policriti. Solvable set/hyperset contexts: Some decision procedures for the pure, finite case. In Essays in Honor of Jack Schwartz, Courant Institute of Mathematical Sciences, May 1995, pp. 239-270.

[19] L.C. Paulson. A Generic Tableau Prover and its Integration with Isabelle. In proceedings of CADE- 15, Integration of Deduction Systems, The 15th International Conference on Automated Deduction, July 5-10, 1998, Lindau, Germany, pp. 51-60.

[20] J.R. Shoenfield. Axioms of Set Theory. In Jon Barwise (Ed.), Handbook of Mathematical Logic, B.1, Studies in Logic and the Foundations of Mathematics, Volume 90, North Holland, Amsterdam, 1977, pp. 321-344.

[21] W.K. Snyder. The SETL2 Programming Language. Technical Computer Science Report 490, Courant Institute of Mathematical Sciences, New York University, 1990.

[22] W.K. Snyder. The SETL2 Programming Language-Update on Current Developments. Courant Institute of Mathematical Sciences, New York University, 1991.