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x : N; y : N; x = y Bx0 = y0 (10)x : N BAx3(x) := x0 6= 1 (11)x : N B:(9x:natural number1 : suessor(x)) (12)B8x:NAx3(x) (13)x : N; y : N; x0 = y0 BAx4(x; y) := x = y (14)B8x:N8y:NAx4(x; y) (15)x : N; y : N; Ax4(x; y) By0 6= x or y0 = x (16)M : SET; B : STAT; B =) 1 :M; I : STAT; I =) 8x:Mx0 :MBAx5(M; B; I) :=" natural number �M (17)(Def 1) B1 : N (18)x : N; (Def S) Bx0 : N (19)BAx5(N; (18); (19)) (20)Setion 2: Addition f2gx : N; y : N; x 6= y BTh1(x; y) := x0 6= y0 (21)Proof Theorem 1 f2.1gx : Ny : Nx0 = y0; Ax4(x; y) Bx = y (22)x 6= y; x0 = y0 and Ax4(x; y) =) x = y BTh1(x; y) (23)x : N BTh2(x) := x 6= x0 (24)Proof Theorem 2 f2.2gM : SET8x:MTh2(x)Ax1; Ax3(1) B10 6= 1 (25)(25); (Def Th2) B1 :M (26)x :MBx0 6= x (27)(27); Th1(x0; x) Bx00 6= x0 (28)(28); (Def Th2) Bx0 :M (29)Ax5(M; (26); (29)) BN �M (30)(30) B8x:NTh2(x) (31)x : N; x 6= 1 BTh3(x) := 9u:Nx = u0 (32)Proof Theorem 3 f2.3gM : SET1 :M8x:M9u:Nx0 = uB1 :M (33)x :Mu : Nx = u(Def S) Bx0 = u0 (34)(34); (Def Th3) Bx0 :M (35)Ax5(M; (33); (34)) BN �M (36)(36) B8x:NTh3(x) (37)De�nition 1 f2.4gx : N B+(x; 1) := x0 (38)x : N; y : N B+(x; y0) := (x+ y)0 (39)x : N; y : N Bsum(x; y) := Nounz:N(z = x+ y) (40)x : N; y : N; z : N BTh4(x; y; z) := x+ y = z (41)Proof Theorem 4 f2.5gProof Theorem 4 part A fa, bg f2.5.1gx : NBa(x; 1) := x0 (42)y : N Ba(x; y0) := (a(x; y))0 (43)Bb(x; 1) := x0 (44)y : N Bb(x; y0) := (b(x; y))0 (45)Proof Theorem 4 part A I f2.5.1.1gM : SET8y:Ma(x; y) = b(x; y)(Def a(42)) Ba(x; 1) = x0 (46)(Def b(44)) Bx0 = b(x; 1) (47)(46); (47) Ba(x; 1) = b(x; 1) (48)(48) B1 :M (49)Proof Theorem 4 part A II f2.5.1.2gy :Ma(x; y) = b(x; y)CoAx2(x; y) B(a(x; y))0 = (b(x; y))0 (50)(Def a(43)) Ba(x; y0) = (a(x; y))0 (51)(Def b(45)) Bb(x; y0) = (b(x; y))0 (52)(43); (50); (45) Ba(x; y0) = b(x; y0) (53)(53) By0 :M (54)Ax5(M; (49); (54)) BN �M (55)(55) B8y:Na(x; y) = b(x; y) (56)fa, bgProof Theorem 4 part B f2.5.2gProof Theorem 4 part B I f2.5.2.1gM : SET 2



8x:Mx+ 1 = x0 and 8y:Nx+ y0 = (x+ y)0x : Nx = 1y : Nx+ y = y0Bx+ 1 = 1 + 1 (57)(Def +(38)) B1 + 1 = 10 (58)(57); (58) Bx+ 1 = 10 (59)B10 = x0 (60)(59); (60) Bx+ 1 = x0 (61)Bx+ y0 = 1 + y0 (62)(Def +(38)) B1 + y0 = y00 (63)(62); (63) Bx+ y0 = y00 (64)(Def +(38)) B1 + y = y0 (65)(65) Bx+ y = y0 (66)(66) By00 = (x+ y)0 (67)(64); (67) Bx+ y0 = (x+ y)0 (68)(61); (68) B1 :M (69)Proof Theorem 4 part B II f2.5.2.2gx :M8y:N9z:Nz = x+ yy : Nx0 + y = (x+ y)0Bx0 + 1 = (x+ 1)0 (70)(Def +(38)) B(x+ 1)0 = x00 (71)(70); (71) Bx0 + 1 = x00 (72)Bx0 + y0 = (x+ y0)0 (73)(Def +(39)) B(x+ y0)0 = (x+ y)00 (74)B(x+ y)00 = (x0 + y)0 (75)(73); (74); (75) Bx0 + y0 = (x0 + y)0 (76)(72); (76) Bx0 :M (77)Ax5(M; (69); (77)) BN �M (78)(78) B8x:N8y:N9z:NTh4(x; y; z) (79)x : N; y : N; z : N BTh5(x; y; z) := (x+ y) + z = x+ (y + z) (80)Proof Theorem 5 f2.5.3gProof Theorem 5 part I f2.5.3.1gx : Ny : NM : SET8z:MTh5(x; y; z)(Def +(38)) B(x+ y) + 1 = (x+ y)0 (81)(Def +(39)) B(x+ y)0 = x+ y0 (82)(Def +(38)) Bx+ y0 = x+ (y + 1) (83)(81); (82); (83) B(x+ y) + 1 = x+ (y + 1) (84)(84); (Def Th5) BTh5(x; y; 1) (85)(85) B1 :M (86)Proof Theorem 5 part II f2.5.3.2gz :Mz :M BTh5(x; y; z) (87)(Def +(39)) B(x+ y) + z0 = ((x+ y) + z)0 (88)(87) B((x+ y) + z)0 = (x+ (y + z))0 (89)(Def +(39)) B(x+ (y + z))0 = x+ (y + z)0 (90)(Def +(39)) Bx+ (y + z)0 = x+ (y + z0) (91)(88); (89); (90); (91) B(x+ y) + z0 = x+ (y + z0) (92)(92) BTh5(x; y; z0) (93)(93) Bx0 :M (94)Ax5(M; (86); (94)) BN �M (95)(95) B8x:N8y:N9!z:NTh5(x; y; z) (96)x : N; y : N BTh6(x; y) := x+ y = y + x (97)Proof Theorem 6 f2.5.4gProof Theorem 6 part I f2.5.4.1gy : NM : SET8x:MTh6(x; y)(Def +(38)) By + 1 = y0 (98)f2:5:1g B1 + y = y0 (99)(98); (99) B1 + y = y + 1 (100)(100) BTh6(1; y) (101)(101) B1 :M (102)Proof Theorem 6 part II f2.5.4.2gx :MTh6(x; y) Bx+ y = y + x (103)(103) B(x+ y)0 = (y + x)0 (104)(Def +(39)) B(y + x)0 = y + x0 (105)(104); (105) B(x+ y)0 = y + x0 (106)f2:5:2g Bx0 + y = (x+ y)0 (107)(107); (Def +(39)) Bx0 + y = y + x0 (108)3



(108) BTh6(x0; y) (109)(109) Bx0 :M (110)Ax5(M; (102); (110)) BN �M (111)(111) B8x:N8y:NTh6(x; y) (112)x : N; y : N BTh7(x; y) := y 6= x+ y (113)Proof Theorem 7 f2.5.5gProof Theorem 7 part I f2.5.5.1gx : NM : SET8y:MTh7(x; y)Ax3(x) B1 6= x0 (114)(114); (Def +(38)) B1 6= x+ 1 (115)(115) BTh7(x; 1) (116)(116) B1 :M (117)Proof Theorem 7 part II f2.5.5.2gy :MTh7(x; y) By 6= x+ y (118)(118); Th1(x; y) By0 6= (x+ y)0 (119)(119); (Def +(39)) By0 6= x+ y0 (120)(120) BTh7(x; y0) (121)(121) Bx0 :M (122)Ax5(M; (117); (122)) BN �M (123)(123) B8x:N8y:NTh7(x; y) (124)x : N; y : N; z : N; y 6= z BTh8(x; y; z) := x+ y 6= x+ z (125)Proof Theorem 8 f2.5.6gProof Theorem 8 part I f2.5.6.1gy : Nz : Ny 6= zM : SET8x:MTh8(x; y; z)Th1(y; z) By0 6= z0 (126)(126); f2:5:1g B1 + y 6= 1 + z (127)(127) BTh8(1; y; z) (128)(128) B1 :M (129)Proof Theorem 8 part II f2.5.6.2gx :MTh8(x; y; z) Bx+ y 6= x+ z (130)(130); Th1(x+ y; x+ z) B(x+ y)0 6= (x+ z)0 (131)(131); f2:5:2g Bx0 + y 6= x0 + z (132)(132) BTh8(x0; y; z) (133)(133) Bx0 :M (134)Ax5(M; (129); (134)) BN �M (135)(135) B8x:NTh8(x; y; z) (136)Theorem 9 fase1, ase2, ase3g f2.5.7gx : N; y : N Base1(x; y) := x = y (137)x : N; y : N Base2(x; y) := 9u:Nx = y + u (138)x : N; y : N Base3(x; y) := 9v:Ny = x+ v (139)x : N; y : N BTh9(x; y) := xor(ase1(x; y); xor(ase2(x; y); ase2(x; y))) (140)Proof Theorem 9 f2.5.7.1gProof Theorem 9 part A f2.5.7.1.1gx : N; y : N; Th7(x; y)Base1(x; y) =) :(ase2(x; y)) and ase2(x; y) =) :(ase1(x; y)) (141)x : N; y : N; Th7(x; y)Base1(x; y) =) :(ase3(x; y)) and ase3(x; y) =) :(ase1(x; y)) (142)x : Ny : Nase2(x; y)ase3(x; y)u : N(Def ase2) Bx = y + u (143)v : N(Def ase3) By + u = (x+ v) + u (144)Th5(x; v; u) B(x+ v) + u = x+ (v + u) (145)Th6(x; v + u) Bx+ (v + u) = (v + u) + x (146)(143); (144); (145); (146) Bx = (v + u) + x (147)Th7(x; v + u) BImpossible(x = (v + u) + x) (148)x : N; y : N; (148)Base2(x; y) =) :(ase3(x; y)) and ase3(x; y) =) :(ase2(x; y)) (149)(141); (142); (149)B8x:N8y:N:(ase1(x; y)) and :(ase1(x; y)) and :(ase2(x; y)) (150)Proof Theorem 9 part B f2.5.7.1.2gProof Theorem 9 part B I f2.5.7.1.2.1gx : NM : SET8y:Mase1(x; y) or ase2(x; y) or ase3(x; y)Th3(1) Bx = 1 or 9u:Nx = u0 (151)4



(151); (Def +(38)) Bx = 1 or 9u:Nx = 1 + u (152)(152) Base1(x; 1) or ase2(x; 1) (153)(153) B1 :M (154)Proof Theorem 9 part B II f2.5.7.1.2.2gy :Mase1(x; y)(Def =(38)) By0 = y + 1 (155)By + 1 = x+ 1 (156)(155); (156) By0 = x+ 1 (157)(157) Base3(x; y0) (158)ase2(x; y)u : N(Def ase2) Bx = y + u (159)u = 1(159) Bx = y + 1 (160)(160); (Def +(38)) Bx = y0 (161)(161) Base1(x; y0) (162)u 6= 1w : NTh3(u) Bu = w0 (163)(163); (Def +(38)) Bu = 1 + w (164)(159); (164) Bx = y + (1 + w) (165)Th5(y; 1; w) By + (1 + w) = (y + 1) + w (166)(Def +(38)) B(y + 1) + w = y0 + w (167)(165); (166); (167) Bx = y0 + w (168)(168) Base2(x; y0) (169)ase3(x; y)v : N(Def ase3) By = x+ v (170)(170); CoAx2(y; x+ v) By0 = (x+ v)0 (171)(Def +(39)) B(x+ v)0 = x+ v0 (172)(171); (172) By0 = x+ v0 (173)(173) Base3(x; y0) (174)(158); (162); (169) By :M (175)Ax5(M; (154); (175)) BN �M (176)(176); (150) B8x:N8y:NTh9(x; y) (177)fase1, ase2, ase3gSetion 3: Ordering f3gx : N; y : N Bx > y := 9u:Nx = y + u (178)x : N; y : N Bx < y := 9v:Ny = x+ v (179)x : N; y : N BTh10(x; y) := x = y or x > y or x < y (180)Proof Theorem 10 f3.1gx : N; y : N; Th9(x; y); (Def >); (Def <) BTh10(x; y) (181)x : N; y : N; x > y BTh11(x; y) := y < x (182)Proof Theorem 11 f3.2gx : Ny : Nx > y B9u:Nx = y + u (183)y < x B9u:Nx = y + u (184)(183); (184) B8x:N8y:NTh11(x; y) (185)x : N; y : N; x < y BTh12(x; y) := y < x (186)Proof Theorem 12 f3.3gx : Ny : Nx < y B9v:Ny = x+ v (187)y > x B9v:Ny = x+ v (188)(187); (188) B8x:N8y:NTh12(x; y) (189)x : N; y : N Bx > y := x > y or x = y (190)x : N; y : N Bx 6 y := x < y or x = y (191)x : N; y : N; x > y BTh13(x; y) := y 6 x (192)Proof Theorem 13 f3.4gx : Ny : Nx = y; (2) By = x (193)x > y; Th11(x; y) By < x (194)(193); (194) B8x:N8y:NTh13(x; y) (195)x : N; y : N; x 6 y BTh14(x; y) := y > x (196)Proof Theorem 14 f3.5gx : Ny : Nx = y; (2) By = x (197)x < y; Th12(x; y) By > x (198)(197); (198) B8x:N8y:NTh14(x; y) (199)x : N; y : N; z : N; x < y; y < z BTh15(x; y; z) := x < z (200)Preliminary Remark f3.6gx : Ny : N 5



z : Nx > yy > zTh11(x; y) By < x (201)Th11(y; z) Bz < y (202)(201); (202); Th15(z; y; x) Bz < x (203)(203); Th11(z; x) Bx > z (204)Proof Theorem 15 f3.7gx : Ny : Nz : Nv : Nw : Ny = x+ vz = y + wBz = (x+ v) + w (205)(205); Th5(x; v;w) B(x+ v) + w = x+ (v + w) (206)(206); (Def <) Bx < z (207)x : N; y : N; z : N; x 6 y; y < z BTh16(x; y; z) := x < z (208)x : N; y : N; z : N; x < y; y 6 z BTh16(x; y; z) := x < z (209)Proof Theorem 16 f3.8gx : Ny : Nz : Nx = y; y < z Bx < z (210)x < y; y = z Bx < z (211)x < y; y < z; Th15(x; y; z) Bx < z (212)(210); (211); (212) B8x:N8y:N8z:NTh16(x; y; z) (213)x : N; y : N; z : N; x 6 y; y 6 z BTh17(x; y; z) := x 6 z (214)Proof Theorem 17 f3.9gx : Ny : Nz : Nx = y; y = z Bx = z (215)x = y; y < z; Th16(x; y; z) Bx < z (216)x < y; y = z; Th16(x; y; z) Bx < z (217)x < y; y < z; Th16(x; y; z) Bx < z (218)(215); (216); (217); (218) B8x:N8y:N8z:NTh16(x; y; z) (219)x : N; y : N BTh18(x; y) := x+ y > x (220)Proof Theorem 18 f3.10gx : N; y : N; (Def >); x+ y = x+ y BTh18(x; y) (221)x : N; y : N; z : N; x > y BTh19(x; y; z) := x+ z > y + z (222)x : N; y : N; z : N; x = y BTh19(x; y; z) := x+ z = y + z (223)x : N; y : N; z : N; x < y BTh19(x; y; z) := x+ z < y + z (224)Proof Theorem 19 f3.11gProof Theorem 19 ase 1 f3.11.1gx : Ny : Nx > yu : N(Def >) Bx = y + u (225)z : N(225) Bx+ z = (y + u) + z (226)(226); Th6(y; u) B(y + u) + z = (u + y) + z (227)(227); Th5(u; y; z) B(u+ y) + z = u+ (y + z) (228)(228); Th6(u; y + z) Bu+ (y + z) = (y + z) + u (229)(229); (Def >) Bx+ z > y + z (230)Proof Theorem 19 ase 2 f3.11.2gx = yz : N Bx+ z = y + z (231)Proof Theorem 19 ase 3 f3.11.3gx < yBy > x (232)z : N(232); f3:11:1g By + z > x+ z (233)(233) Bx+ z < y + z (234)(230); (231); (234); x : N; y : N; x > y or x = y or x < y B8z:NTh19(x; y; z) (235)x : N; y : N; z : N; x+ z > y + z BTh20(x; y; z) := x > y (236)x : N; y : N; z : N; x+ z = y + z BTh20(x; y; z) := x = y (237)x : N; y : N; z : N; x+ z < y + z BTh20(x; y; z) := x < y (238)Proof Theorem 20 f3.12gf3:11g; x : N; y : N; z : N; x+ z > y + z or x+ z = y + z or x+ z < y + zBTh20(x; y; z) (239)x : N; y : N; z : N; u : N; x > y; z > u BTh21(x; y; z; u) := x+ z > y + u (240)Proof Theorem 21 f3.13gx : Ny : N 6



z : Nu : Nx > yz > uTh19(x; y; z) Bx+ z > y + z (241)Th6(y; z) By + z = z + y (242)(Def Th19(222)) Bz + y > u+ y (243)Th6(u; y) Bu+ y = y + u (244)(242); (243); (244) By + z > y + u (245)(241); (245) BTh21(x; y; z; u) (246)x : N; y : N; z : N; u : N; x > y; z > u BTh22(x; y; z; u) := x+ z > y + u (247)x : N; y : N; z : N; u : N; x > y; z > u BTh22(x; y; z; u) := x+ z > y + u (248)Proof Theorem 22 f3.14gx : Ny : Nz : Nu : Nx = y; z > u; Th19(z; u; x) Bx+ z > y + u (249)x > y; z = u; Th19(x; y; z) Bx+ z > y + u (250)x > y; z > u; Th21(x; y; z; u) Bx+ z > y + u (251)(249); (250); (251) BTh22(x; y; z; u) (252)x : N; y : N; z : N; u : N; x > y; z > u BTh23(x; y; z; u) := x+ z > y + u (253)Proof Theorem 23 f3.15gx : Ny : Nz : Nu : Nx = y; z = u Bx+ z = y + u (254)x > y; z > u; Th22(x; y; z; u) Bx+ z > y + u (255)x > y; z > u; Th22(x; y; z; u) Bx+ z > y + u (256)(254); (255); (256) BTh23(x; y; z; u) (257)x : N BTh24(x) := x > 1 (258)Proof Theorem 24 f3.16gx : Nx = 1Bx > 1 (259)u : Nx = u0(Def +(38)) Bu0 = u + 1 (260)Bu+ 1 > 1 (261)(260); (261) Bx > 1 (262)(259); (262) B8x:NTh24(x) (263)x : N; y : N; y > x BTh25(x; y) := y > x+ 1 (264)Proof Theorem 25 f3.17gx : Ny : Ny > xu : N(Def >) By = x+ u (265)Th24(u) Bu > 1 (266)(265); (266) BTh25(x; y) (267)x : N; y : N; y < x+ 1 BTh26(x; y) := y 6 x (268)Proof Theorem 26 f3.18gx : Ny : N:(y 6 x)By > x (269)Th25(y; x) By > x+ 1 (270)M : SET; 8x:Mx : natural number BTh27(M) := 1 :M (271)Proof Theorem 27 f3.19gN : SETTh27(N)M : SET8x:M8y:Nx 6 yx : N; Th24(x) B1 6 x (272)(272) B1 :M (273)y : N; y + 1 > y B:(y + 1 :M) (274)(274) B:(8x:Nx :M) (275)m :M; Ax5(M; (273);m+ 1 :M) BN �M (276)(275); (276) B9m:M:(m+ 1 :M) (277)m :M:(m+ 1 :M)B8n:Nm 6 n (278):(m : N)B8n:Nm < n (279)(279); n : N; Th25(n;m) Bm+ 1 6 n (280)7



(280) Bm+ 1 :M (281)(281) Bm : N (282)Setion 4: Multipliation f4gDe�nition 6 f4.1gx : N B.(x; 1) := x (283)x : N; y : N B.(x; y0) := x:y + x (284)x : N; y : N Bprodut(x; y) := Nounz:N(z = x:y) (285)x : N; y : N; z : N BTh28(x; y; z) := x:y = z (286)Proof Theorem 28 f4.2gProof Theorem 28 part A fa, bg f4.2.1gx : NBa(x; 1) := x (287)y : N Ba(x; y0) := (a(x; y)) + x (288)Bb(x; 1) := x (289)y : N Bb(x; y0) := (b(x; y)) + x (290)Proof Theorem 28 part A I f4.2.1.1gM : SET8y:Ma(x; y) = b(x; y)(Def a(287)) Ba(x; 1) = x (291)(Def b(289)) Bx = b(x; 1) (292)(291); (292) Ba(x; 1) = b(x; 1) (293)(293) B1 :M (294)Proof Theorem 28 part A II f4.2.1.2gy :Ma(x; y) = b(x; y)B(a(x; y)) + x = (b(x; y)) + 1 (295)(Def a(288)) Ba(x; y0) = (a(x; y)) + 1 (296)(Def b(290)) Bb(x; y0) = (b(x; y)) + 1 (297)(288); (295); (290) Ba(x; y0) = b(x; y0) (298)(298) By0 :M (299)Ax5(M; (294); (299)) BN �M (300)(300) B8y:Na(x; y) = b(x; y) (301)fa, bgProof Theorem 28 part B f4.2.2gProof Theorem 28 part B I f4.2.2.1gM : SET8x:Mx:1 = x and 8y:Nx:y0 = x:y + xx : Nx = 1y : Nx:y = yBx:1 = 1 (302)(Def .(283)) B1 = x (303)(302); (303) Bx:1 = x (304)Bx:y0 = y0 (305)(Def +(38)) By0 = y + 1 (306)By + 1 = x:y + x (307)(305); (306); (307) Bx:y0 = x:y + x (308)(304); (308) B1 :M (309)Proof Theorem 28 part B II f4.2.2.2gx :M8y:N9z:Nz = x:yy : Nx0:y = x:y + xBx0:1 = x:1 + 1 (310)(Def .(283)) Bx:1 + 1 = x+ 1 (311)(Def +(38)) Bx+ 1 = x0 (312)(310); (311); (312) Bx0:1 = x0 (313)Bx0:y0 = x:y0 + y0 (314)(Def .(284)) Bx:y0 + y0 = (x:y + x) + y0 (315)Th5(x:y; x; y0) B(x:y + x) + y0 = x:y + (x+ y0) (316)(Def +(39)) Bx:y + (x+ y0) = x:y + (x+ y)0 (317)(Def +(39)) Bx:y + (x+ y)0 = x:y + (x0 + y) (318)Th6(x0; y) Bx:y + (x0 + y) = x:y + (y + x0) (319)Th5(x:y; y; x0) Bx:y + (y + x0) = (x:y + y) + x0 (320)(Def .(284)) B(x:y + y) + x0 = x0:y + x0 (321)(314); (315); (316); (317); (318); (319); (320); (321)Bx0:y0 = x0:y + x0 (322)(313); (322) Bx0 :M (323)Ax5(M; (309); (323)) BN �M (324)(324) B8x:N8y:N9z:NTh28(x; y; z) (325)x : N; y : N BTh29(x; y) := x:y = y:x (326)Proof Theorem 29 f4.3gProof Theorem 29 part I f4.3.1gy : NM : SET 8



8x:MTh29(x; y)(Def .(283)) By:1 = y (327)f4:2:1g B1:y = y (328)(327); (328) B1:y = y:1 (329)(329) BTh29(1; y) (330)(330) B1 :M (331)Proof Theorem 29 part II f4.3.2gx :MTh29(x; y) Bx:y = y:x (332)(332) Bx:y + y = y:x+ y (333)(Def .(284)) By:x+ y = y:x0 (334)(333); (334) Bx:y + y = y:x0 (335)f4:2:2g Bx0:y = x:y + y (336)(334); (336) Bx0:y = y:x0 (337)(337) BTh29(x0; y) (338)(338) Bx0 :M (339)Ax5(M; (331); (339)) BN �M (340)(340) B8x:N8y:NTh29(x; y) (341)x : N; y : N; z : N BTh30(x; y; z) := x:(y + z) = x:y + x:z (342)Preliminary Remark f4.4gx : N; y : N; z : N; (Def Th30); (Def Th29) Bx:(y + z) = x:y + x:z (343)Proof Theorem 30 f4.5gProof Theorem 30 I f4.5.1gx : Ny : NM : SET8z:MTh30(x; y; z)(Def +(38)) Bx:(y + 1) = x:y0 (344)(Def .(284)) Bx:y0 = x:y + x (345)(Def .(283)) Bx:y + x = x:y + x:1 (346)(344); (345); (346) Bx:(y + 1) = x:y + x:1 (347)(347) B1 :M (348)Proof Theorem 30 II f4.5.2gz :MTh30(x; y; z) Bx:(y + z) = x:y + x:z (349)(Def +(38)) Bx:(y + z0) = x:(y + z)0 (350)(Def .(284)) Bx:(y + z)0 = x:(y + z) + (y + z) (351)(349) Bx:(y + z) + x = (x:y + x:z) + x (352)Th5(x:y; x:z; x) B(x:y + x:z) + x = x:y + (x:z + x) (353)(Def .(284)) Bx:y + (x:z + x) = x:y + x:z0 (354)(350); (351); (352); (353); (354) Bx:(y + z0) = x:y + x:z0 (355)(355) Bx0 :M (356)Ax5(M; (348); (356)) BN �M (357)(357) B8x:N8y:N8z:NTh30(x; y; z) (358)x : N; y : N; z : N BTh31(x; y; z) := (x:y):z = x:(y:z) (359)Proof Theorem 31 f4.6gProof Theorem 31 part I f4.6.1gx : Ny : NM : SET8z:MTh31(x; y; z)(Def .(283)) B(x:y):1 = x:y (360)(Def .(283)) Bx:y = x:(y:1) (361)(360); (361) B(x:y):1 = x:(y:1) (362)(362); (Def Th5) BTh31(x; y; 1) (363)(363) B1 :M (364)Proof Theorem 31 part II f4.6.2gz :Mz :M BTh31(x; y; z) (365)(Def .(284)) B(x:y):z0 = (x:y):z + x:y (366)(365) B(x:y):z + x:y = x:(y:z) + x:y (367)Th30(x; y; z) Bx:(y:z) + x:y = x:(y:z + y) (368)(Def .(284)) Bx:(y:z + y) = x:(y:z0) (369)(366); (367); (368); (369) B(x:y):z0 = x:(y:z0) (370)(370) BTh31(x; y; z0) (371)(371) Bx0 :M (372)Ax5(M; (364); (372)) BN �M (373)(373) B8x:N8y:N9!z:NTh31(x; y; z) (374)x : N; y : N; z : N; x > y BTh32(x; y; z) := x:z > y:z (375)x : N; y : N; z : N; x = y BTh32(x; y; z) := x:z = y:z (376)x : N; y : N; z : N; x < y BTh32(x; y; z) := x:z < y:z (377)Proof Theorem 32 f4.7gProof Theorem 32 ase 1 f4.7.1gx : Ny : Nx > yu : N 9



(Def >) Bx = y + u (378)z : N(378) Bx:z = (y + u):z (379)Th30(z; y; u) B(y + u):z = y:z + u:z (380)(Def >) By:z + u:z > y:z (381)(379); (380); (381) Bx:z > y:z (382)Proof Theorem 32 ase 2 f4.7.2gx = yz : N Bx:z = y:z (383)Proof Theorem 32 ase 3 f4.7.3gx < yBy > x (384)z : N(384); f4:7:1g By:z > x:z (385)(385) Bx:z < y:z (386)(382); (383); (386); x : N; y : N; x > y or x = y or x < y B8z:NTh32(x; y; z) (387)x : N; y : N; z : N; x:z > y:z BTh33(x; y; z) := x > y (388)x : N; y : N; z : N; x:z = y:z BTh33(x; y; z) := x = y (389)x : N; y : N; z : N; x:z < y:z BTh33(x; y; z) := x < y (390)Proof Theorem 33 f4.8gf4:7g; x : N; y : N; z : N; x:z > y:z or x:z = y:z or x:z < y:zBTh33(x; y; z) (391)x : N; y : N; z : N; u : N; x > y; z > u BTh34(x; y; z; u) := x:z > y:u (392)Proof Theorem 34 f4.9gx : Ny : Nz : Nu : Nx > yz > uTh32(x; y; z) Bx:z > y:z (393)Th29(y; z) By:z = z:y (394)(Def Th32(375)) Bz:y > u:y (395)Th29(u; y) Bu:y = y:u (396)(394); (395); (396) By:z > y:u (397)(393); (397) BTh34(x; y; z; u) (398)x : N; y : N; z : N; u : N; x > y; z > u BTh35(x; y; z; u) := x:z > y:u (399)x : N; y : N; z : N; u : N; x > y; z > u BTh35(x; y; z; u) := x:z > y:u (400)Proof Theorem 35 f4.10gx : Ny : Nz : Nu : Nx = y; z > u; Th32(z; u; x) Bx:z > y:u (401)x > y; z = u; Th32(x; y; z) Bx:z > y:u (402)x > y; z > u; Th34(x; y; z; u) Bx:z > y:u (403)(401); (402); (403) BTh35(x; y; z; u) (404)x : N; y : N; z : N; u : N; x > y; z > u BTh36(x; y; z; u) := x:z > y:u (405)Proof Theorem 36 f4.11gx : Ny : Nz : Nu : Nx = y; z = u Bx:z = y:u (406)x > y; z > u; Th35(x; y; z; u) Bx:z > y:u (407)x > y; z > u; Th35(x; y; z; u) Bx:z > y:u (408)(406); (407); (408) BTh36(x; y; z; u) (409)End of our MathLang translation of the �rst hapter ofFoundations of Analysis [Lan51℄B Foundations of Analysis' �rst hapterThis setion of the appendix ontains the original text of the �rst hapter (translated from Germanto English by F. Steinhardt) of E. Landau's Foundations of Analysis [Lan51, Lan30℄.Beginning of the original �rst hapter of Foundationsof Analysis [Lan51℄ 10



B.1 Natural NumbersB.1.1 AxiomsWe assume the following to be given:A set (i.e. totality) of objets alled natural num-bers, possessing the properties - alled axioms- to belisted below.Before formulating the axioms we make some re-marks about the symbols = and 6= whih be used.Unless otherwise spei�ed, small itali letters willstand for natural numbers throughout this book.If x is given and y is given, then either x and y arethe same number; this may be writtenx = y(= to be read \equals"); or x and y are not the samenumber; this may be writtenx 6= y(6= to be read \is not equal to").Aordingly, the following are true on purely logialgrounds: x = x for every x (1)If x = y then y = x (2)If x = y; y = z then x = z (3)Thus a statement suh asa = b =  = d;whih on the fae of it means merely thata = b; b = ;  = d;ontains the additional information that, say,a = ; a = d; b = d:(Similarly in the later hapters.)Now, we assume that the set of all natural numbershas the following properties:Axiom 1 1 is a natural number.That is, our set is not empty; it ontains an objetalled 1 (read \one").Axiom 2 For eah x there exists exatly one naturalnumber, alled the suessor of x, whih will be denotedby x0.In the ase of ompliated natural numbers x, wewill enlose in parentheses the number whose sues-sor is to be written down, sine otherwise ambiguitiesmight arise. We will do the same throughout this book,in ase of x+ y; xy; x� y;�x; xy; et.Thus, if x = ythen x0 = y0:Axiom 3 We always havex0 6= 1:That is, there exists no number whose suessor is1.

Axiom 4 If x0 = y0then x = y:That is, for any given number there exists eitherno number or exatly one number whose suessor isthe given number.Axiom 5 (Axiom of Indution) Let there be givena set M of natural numbers, with the following proper-ties:I) 1 belongs to MII) If x belongs to M then so does x0Then M ontains all the natural numbers.B.1.2 AdditionTheorem 1 If x 6= ythen x0 6= y0:Proof Otherwise, we would havex0 = y0and hene, by Axiom 4,x = y:Theorem 2 x0 6= x:Proof Let M be the set of all x for whih this holdstrue.I) By Axiom 1 and Axiom 3,10 6= 1;therefore 1 belongs to M.II) If x belongs to M, thenx0 6= x;and hene by Theorem 1,(x0)0 6= x0;so that x0 belongs to M.By Axiom 5,M therefore ontains all the natural num-bers, i.e. we have for eah x thatx0 6= x:Theorem 3 If x 6= 1;then there exists one (hene, by Axiom 4, exatly one)u suh that x = u0:11



Proof Let M be the set onsisting of the number 1and of all those x for whih there exists suh a u. (Forany suh x, we have of neessity thatx 6= 1by Axiom 3.)I) 1 belongs to M.II) If x belongs toM, then, with u denoting the num-ber x, we have x0 = u0;so that x0 belongs to M.By Axiom 5,M therefore ontains all the natural num-bers; thus for eah x 6= 1there exists a u suh thatx = u0:Theorem 4 , and at the same time De�nition 1 Toevery pair of numbers x; y, we may assign in exatlyone way a natural number, alled x+ y (+ to be read\plus"), suh that x+ 1 = x0 for every x (4)x+ y0 = (x+ y)0 for every x and every y (5)x+ y is alled the sum of x and y, or the number ob-tained by addition of y to x.ProofA) First we will show that for eah �xed x there is atmost one possibility of de�ning x + y for all y insuh a way that x+ 1 = x0and x+ y0 = (x+ y)0 for every y:Let ay and by be de�ned for all y and be suh thata1 = x0, b1 = x0,ay0 = (ay)0, by0 = (by)0 for every y.Let M be the set of all y for whihay = by:I) a1 = x0 = b1;hene 1 belongs to M.II) If y belongs to M, thenay = by ;hene by Axiom 2,(ay)0 = (by)0;therefore ay0 = (ay)0 = (by)0 = by0 ;so that y0 belongs to M.Hene M is the set of all natural numbers; i.e. forevery y we have ay = by:

B) Now we will show that for eah x it is atually pos-sible to de�ne x+ y for all y in suh a way thatx+ 1 = x0and x+ y0 = (x+ y)0 for every y:Let M be the set of all x for whih this is possible(in exatly one way, by A))I) For x = 1;the number x+ y = y0is as required, sinex+ 1 = 10 = x0;x+ y0 = (y0)0 = (x+ y)0 :Hene 1 belongs to M.II) Let x belong to M, so that there exists anx+ y for all y. Then the numberx0 + y = (x+ y)0is the required number for x0, sinex0 + 1 = (x+ 1)0 = (x0)0andx0 + y0 = (x+ y0)0 = ((x+ y)0)0 = (x0 + y)0:Hene x0 belongs to M.Therefore M ontains all x.Theorem 5 (Assoiative Law of addition)(x+ y) + z = x+ (y + z):Proof Fix x and y, and denote by M the set of all zfor whih the assertion of the theorem holds.I) (x+ y) + 1 = (x+ y)0 = x+ y0 = x+ (y + 1);thus 1 belongs to M.II) Let z belong to M. Then(x+ y) + z = x+ (y + z);hene(x+ y) + z0 = ((x+ y) + z)0 = (x+ (y + z))0= x+ (y + z)0 = x+ (y + z0);so that z0 belongs to M.Therefore the assertion holds for all z.Theorem 6 (Commutative Law of Addition)x+ y = y + x:Proof Fix y, and M be the set of all x for whih theassertion holds.I) We have y + 1 = y0;and futhermore, by the onstrution in the proofof Theorem 4, 1 + y = y0;so that 1 + y = y + 1and 1 belongs to M.12



II) If x belongs to M, thenx+ y = y + x;Therefore (x+ y)0 = (y + x)0 = y + x0:By the onstrution in the proof of Theorem 4,we have x0 + y = (x+ y)0;hene x0 + y = y + x0;so that x0 belongs to M.The assertion therefore holds for all x.Theorem 7 y 6= x+ y:Proof Fix x, and let M be the set of all y for whihthe assertion holds.I) 1 6= x0;1 6= x+ 1;1 belongs to M.II) If y belongs to M, theny 6= x+ y;hene y0 6= (x+ y)0;y0 6= x+ y0;so that y0 belongs to M.Therefore the assertion holds for all y.Theorem 8 If y 6= zThen x+ y 6= x+ z:Proof Consider a �xed y and a �xed z suh thaty 6= z;and let M be the set of all x for whihx+ y 6= x+ z;I) y0 6= z0;1 + y 6= 1 + z;hene 1 belongs to M.II) If x belongs to M, thenx+ y 6= x+ z;hene (x+ y)0 6= (x+ z)0;x0 + y 6= x0 + zso that x0 belongs M.Therefore the assertion holds always.Theorem 9 For given x and y, exatly one of the fol-lowing must be the ase:

1) x = y:2) There exists a u (exatly one, by Theorem 8) suhthat x = y + u:3) There exists a v (exatly one, by Theorem 8) suhthat y = x+ v:ProofA) By Theorem 7, ases 1) and 2) are inompatible.Similarly, 1) and 3) also follows from Theorem 7;for otherwise, we would havex = y+u = (x+v)+u = x+(v+u) = (v+u)+x:Therefore we an have at most one of the ases 1),2) and 3).B) Let x be �xed, and let M be the set of all yfor whih one (hene by A), exatly one) of theases 1), 2) and 3) obtains.I) For y = 1, we have by Theorem 3 that eitherx = 1 = y (ase 1))or x = u0 = 1 + u = y + u (ase 2)).Hene 1 belongs to M.II) Let y belong to M. Then either (ase 1) fory) x = y;hene y0 = y + 1 = x+ 1(ase 3) for y0);or (ase 2) for y)x = y + u;hene if u = 1;then x = y + 1 = y0(ase 1) for y0);but if u 6= 1;then, by Theorem 3,u = w0 = 1 + w; (6)x = y + (1 + w) = (y + 1) + w = y0 +w(7)(ase 2) for y0);or (ase 3) for y) y = x+ v;hene y0 = (x+ v)0 = x+ v0(ase 3) for y0).In any ase, y0 belongs to M.Therefore we always have one of the ases 1), 2) and3).13



B.1.3 OrderingDe�nition 2 If x = y + uthen x > y:(> to be read \is greater than.")De�nition 3 If y = x+ vthen x < y:(< to be read \is less than.")Theorem 10 For any given x, y, we have exatly oneof the ases x = y; x > y; x < y:Proof Theorem 9, De�nition 2 and De�nition 3.Theorem 11 If x > ythen y < x:Proof Eah of these means thatx = y + ufor some suitable u.Theorem 12 If x < ythen y > x:Proof Eah of these means thaty = x+ vfor some suitable v:De�nition 4 x = ymeans x > y or x = y:(= to be read \is greater than or equal to.")De�nition 5 x 5 ymeans x < y or x = y:(5 to be read \is less than or equal to.")Theorem 13 If x = ythen y 5 x:Proof Theorem 11.Theorem 14 If x 5 ythen y = y:

Proof Theorem 12.Theorem 15 (Transitivity of Ordering) Ifx < y; y < z;then x < z:Preliminary Remark Thus ifx > y; y > z;then x > z;sine z < y; y < x; z < x;but in what follows I will not even bother to write downsuh statements, whih are obtained trivially by simplyreading the formulas bakwards.Proof With suitable v, w, we havey = x+ v; z = y + w;hene z = (x+ v) +w = x+ (v +w); x < z:Theorem 16 Ifx 5 y; y < z; or x < y; y 5 z;then x < z:Proof Obvious if an equality sign holds in the hypoth-esis; otherwise, Theorem 15 does it.Theorem 17 If x 5 y; y 5 z;then x 5 z:Proof Obvious if two equality signs hold in the hy-pothesis; otherwise, Theorem 16 does it.A notation suh asa < b 5  < dis justi�ed on the basis of Theorem 15 and 17. Whileits immediate meaning isa < b; b 5 ;  < d;it also implies, aording to these theorems, that, saya < ; a < d; b < d:(Similarly in the later hapters.)Theorem 18 x+ y > x:Proof x+ y = x+ y:14



Theorem 19 Ifx > y; or x = y; or x < y;thenx+ z > y + z; or x+ z = y + z; or x+ z < y + z;respetively.Proof1) If x > ythen x = y + u;x+ z = (y + u) + z = (u+ y) + z = u+ (y + z) =(y + z) + u;x+ z > y + z:2) If x = ythen learly x+ z = y + z:3) If x < ythen y > x;hene, by 1), y + z > x+ z;x+ z < y + z:Theorem 20 Ifx+ z > y + z; or x+ z = y + z; or x+ z < y + z;then x > y; or x = y; or x < y; respetively:Proof Follows from Theorem 19, sine the three asesare, in both instanes, mutually exlusive and exhaustall possibilities.Theorem 21 If x > y; z > u;then x+ z > y + u:Proof By Theorem 19, we havex+ z > y + zand y + z = z + y > u+ y = y + uhene x+ z > y + u:Theorem 22 Ifx = y; z > u or x > y; z = u;then x+ z = y + u:

Proof Follows Theorem 19 if an equality sign holds inthe hypothesis, otherwise from Theorem 21.Theorem 23 If x = y; z = u;then x+ z = y + u:Proof Obvious if two equality signs hold in the hy-pothesis; otherwise Theorem 22 does it.Theorem 24 x = 1:Proof Either x = 1or x = u0 = u+ 1 > 1:Theorem 25 If y > xthen y = x+ 1:Proof y = x+ u;u = 1;hene y = x+ 1:Theorem 26 If y < x+ 1then y 5 x:Proof Otherwise we would havey > xand therefore, by Theorem 25,y = x+ 1:Theorem 27 In every non-empty set of natural num-bers there is at least one (i.e. one whih is less thanany other number of the set).Proof Let N be the given set, and let M be the set ofall x whih are 5 every number N.By Theorem 24, the set M ontains the number 1.Not every x belongs to M; in fat for eah y of N thenumber y + 1 does not belong to M, siney + 1 > y:Therefore there is an m in M suh that m + 1 doesnot belong to M; for otherwise, every natural numberwould have to belong to M, by Axiom 5.Of this m I now assert that it is 5 every n of N,and that it belongs to N. The former we already know.The latter is established by an indiret argument, asfollows: If m did not belong to N, then for eah n of Nwe would have m < n;hene, by Theorem 25,m+ 1 5 n;thusm+1 would belong toM, ontraditing the state-ment above by whih m was introdued.15



B.1.4 MultipliationTheorem 28 and at the same time De�nition 6 Toevery pair of numbers x; y, we may assign in exatlyone way a natural number, alled x � y (� to be read\times"; however, the dot is usualy omitted), suh thatx � 1 = x for every x; (8)x � y0 = (x � y) + x for every x and every y: (9)x � y is alled the produt of x and y, or the numberobtained from multipliation of x by y.Proof (mutatis mutandis, word for word the same asthat of Theorem 4)A) We will �rst show that for eah �xed x there is atmost one possibility of de�ning xy for all y in suha way that x � 1 = x0and xy0 = xy + x for every y:Let ay and by be de�ned for all y and be suh thata1 = x, b1 = x,ay0 = ay + x, by0 = by + x for every y.Let M be the set of all y for whihay = by:I) a1 = x = b1;hene 1 belongs to M.II) If y belongs to M, thenay = by ;hene, ay0 = ay + x = by + x = by0 ;so that y0 belongs to M.Hene M is the set of all natural numbers; i.e. forevery y we have ay = by:B) Now we will show that for eah x it is atually pos-sible to de�ne xy for all y in suh a way thatx � 1 = xand xy0 = xy + x for every y:Let M be the set of all x for whih this is possible(in exatly one way, by A))I) For x = 1;the number xy = yis as required, sinex � 1 = 1 = x;xy0 = y0 = y + 1 = xy + x:Hene 1 belongs to M.

II) Let x belong toM, so that there exists an xyfor all y. Then the numberx0y = xy + yis the required number for x0, sinex0 � 1 = x � 1 + 1 = x+ 1 = x0and x0y0 = xy0 + y0 = (xy + x) + y0 =xy+(x+y0) = xy+(x+y)0 = xy+(x0+y) =xy + (y + x0) = (xy + y) + x0 = x0y + x0:Hene x0 belongs to M.Therefore M ontains all x.Theorem 29 (Commutative Law of Multipliation)xy = yx:Proof Fix y, and let M be the set of all x for whihthe assertion holds.I) We have y � 1 = y;and futhermore, by the onstrution in the proofof Theorem 28, 1 � y = y;hene 1 � y = y � 1;so that 1 belongs to M.II) If x belongs to M, thenxy = yx;hene xy + y = yx+ y = yx0:By the onstrution in the proof of Theorem 28,we have x0y = xy + y;hene x0y = yx0;so that x0 belongs to M.The assertion therefore holds for all x.Theorem 30 (Distributive Law)x(y + z) = xy + xz:Preliminary Remark The Formula(y + z)x = yx+ zxwhih results from Theorem 30 and Theorem 29, andsimilar analogues later on, need not be spei�ally for-mulated as theorems, nor even be set down.Proof Fix x and y, and let M be the set of all z forwhih the assertion holds true.I) x(y + 1) = xy0 = xy + x = xy + x � 1;1 belongs to M.II) If z belongs to M, thenx(y + z) = xy + xz;henex(y + z0) = x�(y + z)0� = x(y + z) + x =(xy + xz) + x = xy + (xz + x) = xy + xz0;so that z0 belongs to M.Therefore, the assertion always holds.16



Theorem 31 (Assoiation Law of Multipliation)(xy)z = x(yz):Proof Fix x and y, and let M be the set of all z forwhih the assertion holds true.I) (xy) � 1 = xy = x(y � 1);hene 1 belongs to M.II) Let z belong to M. Then(xy)z = x(yz);and therefore, using Theorem 30,(xy)z0 = (xy)z+xy = x(yz)+xy = x(yz+y) = x(yz0);so that z0 belongs to M.Therefore M ontains all natural numbers.Theorem 32 Ifx > y; or x = y; or x < y;thenxz > yz; or xy = yz; or xz < yz; respetively:Proof1) If x > ythen x = y + u;xz = (y + u)z = yz + uz > yz:2) If x = ythen learly xz = yz:3) If x < ythen y > x;hene by 1), yz > xz;xz < yz:

Theorem 33 Ifxz > yz; or xz = yz; or xz < yz;then x > y; or x = y; or x < y; respetively.Proof Follows from Theorem 32, sine the three asesare, in both instanes, mutually exlusive and exhaustall possibilities.Theorem 34 If x > y; z > u;then xz > yu:Proof By Theorem 32, we havexz > yzand yz = zy > uy = yu;hene xz > yu:Theorem 35 Ifx = y; z > u or x > y; z = u;then xz > yu:Proof Follows from Theorem 32 if an equality signholds in the hypothesis; otherwise from Theorem 34.Theorem 36 If x = y; z = u;then xz = yu:Proof Obvious if two equality signs hold in the hy-pothesis; otherwise Theorem 35 does it.End of the original �rst hapter of Foundations of Anal-ysis [Lan51℄
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