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Abstract. The introduction of a general definition of function was key
to Frege’s formalisation of logic. Self-application of functions was at the
heart of Russell’s paradox. Russell introduced type theory to control
the application of functions and avoid the paradox. Since, different type
systems have been introduced, each allowing different functional power.
Most of these systems use the two binders A and I to distinguish between
functions and types, and allow S-reduction but not I7-reduction. That
is, (m2:4.B)C — B[z := (] is only allowed when 7 is A but not when
it is I1. Since II-reduction is not allowed, these systems cannot allow
unreduced typing. Hence types do not have the same instantiation right
as functions. In particular, when b has type B, the type of (Agz:4.0)C is
immediately given as B[z := C] instead of keeping it as (I1,:4.B)C to be
IT-reduced to Bz := C] later. Extensions of modern type systems with
both - and IT-reduction and unreduced typing have appeared in [11, 12,
?] and lead naturally to unifying the A and I abstractions [9,10]. The
Automath system combined the unification of binders A and IT with
B- and IT-reduction together with a type inclusion rule that allows the
different expressions that define the same term to share the same type.
In this paper we extend the cube of 8 influential type systems [3] with
the Automath notion of type inclusion [5] and study its properties.

1 Introduction

Different type systems exist, each allowing different functional power. The \-
calculus is a higher-order rewriting system which allows the elegant incorpo-
ration of functions and types, explains the notion of computability and is at
the heart of programming languages (e.g., Haskell and ML) and formalisations
of mathematics (e.g., Automath and Coq). Typed versions of the A-calculus
provide a vehicle where logics, types and rewriting converge. Heyting [7], Kol-
mogorov [13] and Curry and Feys [6] (improved by Howard [8]) observed the
“propositions as types” or “proofs as terms” (PAT) correspondence. In
PAT, logical operators are embedded in the types of A-terms rather than in the
propositions and A-terms are viewed as proofs of the propositions represented by
their types. Advantages of PAT include the ability to manipulate proofs, easier
support for independent proof checking, the possibility of the extraction of com-
puter programs from proofs, and the ability to prove properties of the logic via
the termination of the rewriting system. And so, typed A-calculi have been the
subject of extensive studies in the second half of the 20th century. For example:
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— Both mathematics and programming languages make heavy use of the so-
called let expressions/abbreviations where a large expression is given a name
which can be replaced by the whole expression (we say in this case that the
definition/abbreviation is unfolded) when the need to do so arises.

— Some type systems (e.g., AUTOMATH and the system of [12] have IT-reduction
(lIz:A.B)N —p Blz:=N] and unreduced typing:

I'tM:Ilz:AB I'EN:A
I'-MN : (IIz:A.B)N

[12] showed that IT-reduction and unreduced typing lead to the loss of Sub-
ject Reduction (SR) which can be restored by adding abbreviations (cf. [11]).
Note that the abbreviation/definition system of AUTOMATH itself is not
“smart enough” for restoring SR: take the same counterexample as in [12].
— Some versions of the A-calculus (e.g., in Automath and in the Barendregt
cube with unified binders [10]) used the same binder for both A and IT
abstraction. In particular, Automath used [z : A]B for both Az : A.B and
ITx : A.B. Consequences of unifying A and IT are:
e A term can have many distinct types [10]. E.g., in AP of [3], we have:

a:x kg (Arviaa) @ (Hz:oex) and a:xbg (Hro.a) @ x

which, when we give up the difference between A and II, result in:

Ia:*kglzaja: [x:a] and INa:*kglzaja: *
Indeed, both equations I) and II) hold in AUT-QE.

e More generally, in AUT-QE we have the dervived rule:
I'bFg[z1:A1]) - [2n: A B [21:41] - - - (2 Ap ]
I'tpgx1:AL] - [2n:An] Bt [x1:AL] - - [Tm A ] *

This derived rule (1) has the following equivalent derived rule in AP (and
hence in the higher systmes like APw):

I'bFg Ax1:Ar - Axn:An. B Hx1: A -+ Hap: Ay % 0<m<n
I'FgAzi:Ar - Az A Hamyp1:Amy1. - Ay B Hxi: Ay - I Ay %

0<m<n (1)

However, AUT-QE goes further and generalises (1) to a rule of type inclusion:

g M :[zi:Aq] - [zp:Ag)*
I'bg M :[zi:Aq] - [z A *

0<m<n (Q)

Such type inclusion guarantees that two equal definitions will share (at least)
one type and appears in higher order AUTOMATH systems like AUT-QE.

Remark 1 Rule (Q) may be motivated by looking at the definition system of
AUTOMATH where I) allows us to introduce a definition ((a) := [x:a]a @ [x:a)*
and II) enables us to define (o) := [z:a]a : *. Now ((«) and &(a) are defining
exactly the same term (and are therefore called “definitionally equal”), but with-
out Rule (@) they wouldn’t share the same type (whilst [z:a]a has both the type
of ((«) and the type of £(a)). By generalizing (1) to (Q) we get that ((«) also
has type *, so ((a) and £(«) share (at least one) type.
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The behaviour of (variants of) Rule (Q) has never been studied in modern
type systems. This paper fills these gaps and gives the first extensive account
of modern type systems with/without IT-reduction, unreduced typing and type
inclusion. We chose to use as basis for these extensions, a flexible and general
framework: Barendregt’s S-cube. In the S-cube of [3], eight well-known type
systems are given in a uniform way. The weakest system is Church’s simply
typed A-calculus A—, and the strongest system is the Calculus of Constructions
APw. The second order A-calculus figures on the S-cube between A\— and APw.
The paper is divided as follows:

— Section 2 introduces a number of cubes, establishes necessary properties, and
shows that in the cube with type inclusion, 4 systems get merged into two
due to type inclusion.

— Section 3 establishes the generation lemma that is crucial for type checking
in all the cubes. Then, correctness of types and subject reduction (safety) as
well as preservation of types under reduction are studied for all the cubes.
Strong normalisation, typability of subterms and unicity of types are laid out
to be studied for each cube separately in the later sections.

— In Section 4 we relate the various cubes showing exactly which includes which
and whether these inclusions are strict. We then study strong normalisation,
typability of subterms and unicity of types in these cubes.

— We conclude in Section 5 and add an appendix containing missing proofs.

2 Notions of reduction and typing

We define the set of terms T by: 7 ::= |0 |V | mp.7.T | TT where m € {\, IT}.
We let s, s, s1, etc. range over the sorts {*,0}. We assume that {*,0} NV = 0.
We take V to be a set of variables over which, z, y, z, z1, etc. range. We let
A, B, M, N, a, b, etc. sometimes also indexed by Arabic numerals such as
A1, Ay range over terms. We use FV(A) to denote the free variables of A, and
Alz := B] to denote the substitution of all the free occurrences of z in A by B.
We assume familiarity with the notion of compatibility. As usual, we take terms
to be equivalent up to variable renaming and let = denote syntactic equality. We
also assume the Barendregt convention (BC) where names of bound variables
are always chosen so that they differ from free ones in a term and where different
abstraction operators bind different variables. For example, we write (my.4.y)z
instead of (7y.4.2)x and 7. 4.7y 5.C instead of my.4.7m4.5.C. (BC) will also be
assumed for contexts and typings (for each of the calculi presented) so that for
example, if I' F 7;.4.B : C then x will not occur in I'. We define subterms in
the usual way. For A € {\, I}, we write Ay, .a,, - .- As,.a,.A as AT

Definition 2 [Reductions]
— Let B-reduction —3 be the compatible closure of (A;.4.B)C —g Bz := C].
— Let IT-reduction — 7 be the compatible closure of (II.4.B)C = B[z := C].
— We define the union of reduction relations as usual. E.g., =gg=—3 U — .
— Let r € {B,II, BII }. We define r-redexes in the usual way. Moreover:

e —»,. is the reflexive transitive closure of —, and =, is the equivalence

. + .
closure of —,.. We write —», to denote one or more steps of r-reduction.
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If A —, B (resp. A —», B), we also write B ,« A (resp. B 4 A).

We say that A is strongly normalising with respect to —, (we use the
notation SN_, (A)) if there are no infinite —,-reductions starting at A.
We say that A is in r-normal form if there is no B such that A —,. B.
We use nf,(A) to refer to the r-normal form of A if it exists.

In order to investigate the connection between the various type systems, it is
useful to change IT-redexes into A-redexes and to contract IT-redexes:

Definition 3 [Changing [T-redexes, <, <,]
— For A€ T, we define [A]; € T and A € T as follows:
o [A]jr is A where all IT-redexes are contracted.
e Ais A where every IT-redex (II,._.—) is changed into a A-redex (Az._.—).
— o Let < be the smallest reflexive and transitive relation on terms such that
AL e < AL for all m < n.
° Let r € {f, BH} For terms A, B we define A <, B by: There are terms
A" =, A and B’ =, B such that A’ < B’.

Theorem 4 (Church-Rosser for —, where r € {3,811}). Let r € {38, BII}.
If By 4« A —», By then there is a C' such that By =, C' ,4— Bs.
Proof. For the f-case see [3]. For the SII-case see [12]. X

Corollary 5
1. If A<, B and B <, C then A<, C.
2. If Hz:A-Bl Sr HI:A.BQ then Bl ST BQ.

Proof. 1. Determine A’ =, A and B’ =, B such that A’ < B’, and determine
C" =, C and B” =, B such that B” < C". Note that we can write: A’ = AZL 1" .«

B’ = ALl B”:A;pr*andC”:A“ . for some m < n, ¢ < p. As
B =, B" , they have a common r-reduct by the Church Rosser Theorem 4. Note
that this reduct must be of the form /11 Lom x for some C; =, A; =, B;, and
that m = p. Define A” = AL AT £ and O = AZLA . Since W< <c”
(asg<p=m<n), A" =, A’ AandC”—C’—CsowehaveA§ C.

2. Determine P =, I,.4.B; and Q =, II,.4.B3 where P < Q. For some m < n,
P = AL s and Q = AL+, Since By =, AZ2 )"+ < ALZ" % =, By we get
By <, Bs. X

Definition 6 [L, Declarations, contexts, C, C’]

1. There are two forms of declarations over which d,d’,d;,... range.

2. A wariable declaration (v-dec) d is of the form z : A. We define var(d) = =z,
type(d) = A and Fv(d) = FV(A).

3. An abbreviation declaration (a-dec) d is of the form x = B : A and abbreviates
B of type A to be x. We define var(d) = z, type(d) = A, ab(d) = B and
Fv(d) = Fv(A) UFv(M).

4. A context I' is a (possibly empty) concatenation of declarations di,dsa, - ,d,
such that if ¢ # j, then var(d;) # var(d;). Let poM (I") = {var(d) | d € I'},
I''decl = {d € I' | d is a v-dec} and I'-abb = {d € I" | d is an a-dec }. Let
VA I, I, Iy, ... range over contexts and denote the empty context by ().



5. We define substitutions on contexts by: ()[x := A] = (),
(Iy: B)[x := Al = 'z := A],y : B[z := A],
(Iy=B:C)x:=A] =TIz := A],y = Blz := A] : C[z := A].
6. If d is the a-dec x = E : F, we write Iy for I'[x := E] and Aq for Az := E].
7. We define C (resp. C’) between contexts as the least reflexive transitive relation
satisfying I A C I'd, A (resp. [, A C' Id,Aand Iz : A, AC' I'Nx = B :
A, A).
8. We extend Definition 3 to contexts as follows: [Olm = ()
[ :Alg =[N,z [Alg [Ix=B:Alg=[gx=[Blg:[Aln

~ e~ e~

=) F,ZE:AEF,SC:;{ F,z:B:AEf,:czé:;l.

All systems of the S-cube have the same typing rules but are distinguished
from one another by the set R of pairs of sorts (s1,s2) allowed in the type-
formation or IT-formation rule, (IT) given in BT (X, IT) of Figure 4. Each system
of the S-cube has its set R such that (x,x) € R C {(x,x*), (x,0),(0,%),(0,0)}
and hence there are only eight possible different systems of the S-cube (see
Figure 2). The dependencies between these systems is depicted in Figure 1.
A II-type can only be formed in a specific system of the S-cube if rule (II) of
Figure 4 is satisfied for some (s1, s2) in the set R of that system. The type system
AR describes how judgements I’ R 4. B (or I' H A : B, if it is clear which R is
used) can be derived. Rule (IT) provides a factorisation of the expressive power
into three features: polymorphism, type constructors, and dependent types:

— (%, *) is the basic rule that forms types. All the 8-cube systems have this rule.

— (O, %) takes care of polymorphism. A2 is the weakest system with (O, ).

— (O, 0) takes care of type constructors. \w is the weakest system with (O, 0).

— (%,0) takes care of term dependent types. AP is the weakest system with
(x,0).

X— [+, )
A2 (3, %) e I

Cos
AP e, s, O
APz E*,*ﬁ =) E*,:.g e e — (0,0 < 72
Ao D) [€=FE=)) (=, 00) € =
C D]
C )
C

Ao (o, ) ==}
AP (=, | (3, )
AP | Gy #) [ (B3, =) | (=, D [ (3, &3

Fig. 1. Barendregt’s 8-cube

Cubes Rules References
B,—p BT(\, IT) + convg + appm 3]
7, —pn |BT(X, II) + convgr + i-appm [12]
Ba,—p |BT(A II) + convg + appr + BA + lety [11]
Tai, —prr |BT(A, IT) + convgr + i-appr + BA + letx + lety |[11]
7,—pn |BT(\ II) + convgrg + appmr This paper
Ta, —pn |BT(X, II) + convgr + appr + BA + lety + letr This paper
Ba,—p |BT(N\ II) + convg + appr + Qg This paper

Fr=FgCr,Ctn,,=t=x, for r € {Ba,m} (Lemma 16)

Fs, and Fx, are unrelated (Lemma 16)

Féow=Fpg. (Lemma 14)

Foor, =Fsor, (Lemma 14)

Fig. 2. Systems studied in this paper
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Cubes|lemmas hold [lemmas restricted

B 15..21

T4 15 and 19 16—23, 17—23+25, 18—23+25, 20—26, 21—23
Ba 15..19 and 21|20—27

Tai 15..19 and 21|20—27

T 15..21

TTa 15..19 20—27

Bao 15..16

Fig. 3. Properties of various cubes

The next definition sets out the basic notions needed for our type systems.

Definition 7 [Statements, judgements] Let I" be a context, A, B, C be terms.
Let I be one of the typing relations of this paper.

A : Bis called a statement. A and B are its subject and predicate respectively.

I' - A : B is a judgement which states that A has type B in context I
I'FA:B:Cdenotes'"FA:BAT'FB:C.

I is F-legal (or simply legal) if 3A;, By terms such that I'+ A; : By.

A'is a I'"-term (or simply I'-term) if 3By such that [['+ A: BV I By : A].

A is F-legal (or simply legal) if I [A is a I -term].

Let 7 be a reduction relation. We define I' IF B =, B’ as the smallest equiva-
lence relation closed under A and B where: A.If B=, B'thenI'IF B =, B’.
B.If x =D :C € I" and B’ arises from B by substituting one particular free
occurrence of x in B by D then I' I B =, B’.

Note that if I" does not have a-decs, then I' IF B =, B’ becomes B =, B’.

We define I' - d by: eI' I var(d) : type(d).

e And, if d is a-dec then I' - ab(d) : type(d) and I I+ var(d) =, ab(d).

. We define I"' - A by: I' - d for every d € A.

In this paper we study extended versions of the B-cube. The extensions con-
sidered are summarized in Figure 2 which shows for each cube, its reduction
relation and its typing rules. For example, the S-cube uses S-reduction and the
BT(A, IT) rules of Figure 4 with convg of Figure 7 and appy; of Figure 8.

(axiom) OF=*x:0

I'HA:s
(start) T2 AFx A x & pom (1)

I'-A:B I'=C:s
(weak) T 20 F A B xr & pom (1)
I'-A:s I'z:AF B : s:
(IT) FLFH.A.B:SQ 2 (s1,s2) € R
) Iz:A+-b: B '+ 1I1,..4.B : s
' Xg:ab: I1p.0.B

Fig. 4. Basic typing BT'(\, IT)

Definition 8 We define a number of cubes, all of which have 7 as the set of
terms, contexts as in Definition 6.4 and use the BT(\, IT) rules of Figure 4. For
each c-cube we define, we write k. to denote type derivation in the c-cube.

— The 3- and Bg-cubes have contexts that are free of a-decs, use S-reduction

— g, and the rules convg of Figure 7 and appyr of Figure 8. In addition, the
Bg-cube uses the Qg rule of Figure 10.
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(start-a) r ?i: BA f;:BA: A x ¢ pom (I7)
(weak-a) FFA:BFJC:Z:FCCF:;:BFFD:C = & por (I')
Fig. 5. Basic abbreviation rules BA
(et F,:c:B:AI*C:li
I = (\Nax:aA-COHIB : Dlx := I3]

Fig.6. (let\) where \ = Aor \ = II

— The m;-cube has contexts that are free of a-decs, uses BII-reduction — gy,
and the rules convgy of Figure 7 and i-appy of Figure 9.

The f(,-cube uses (-reduction —g, and the BA rules of Figure 5, convg of
Figure 7, appyy of Figure 8 and let) of Figure 6.
The 74,-cube uses SII-reduction — g7, and the BT (A, IT) rules of Figure 4

with the BA rules of Figure 5, convgyy of Figure 7, i-appy; of Figure 9 and
let) and let;; of Figure 6.

The m-cube has contexts that are free of a-decs, uses SII-reduction — g7, and

the rules convgr of Figure 7 and appy of Figure 8. In addition, the mg-cube
uses the Qg rule of Figure 10.

— The m,-cube uses f1l-reduction — g7, and the BA rules of Figure 5, convgyy
of Figure 7, appyr of Figure 8 and lety and lety of Figure 6.

In what follows we establish basic properties for the cubes listed above. Unless
spcifically mentioned, these properties hold for all the cubes.

Lemma 9 (Free Variable Lemma for - and —,) Let I" be --legal.
1.Ifd and d' are different elements in I, then var(d) # var(d').
2.If 't B: C then ¥v(B),Fv(C) C poM (I').
3.IfI' =11,d, Iy then Fv(d) C DOM (I1).

Proof. We prove 1, 2 and 3 by induction on the derivation of I' -, B : C. X

Lemma 10 (Start/Context Lemma for - and —,)
1. If I is F-legal then I' =% : 0 and for alld € I', I' F d.
2. On the derivation tree to I1,d, I3 F A : B we have
— It F type(d) : s for some sort s and I'1,d b var(d) : type(d).
— If d is a-dec then I'' - ab(d) : type(d) and I1,d I+ var(d) =, ab(d).
Proof. 1. Show by induction on I' b, B : C that if I" = () then I' F % : O and if
I'=T1",d then both I'" F % : O and I' F % : O. 2. By inductionon I' ., B : C. K

Lemma 11 (Transitivity Lemma for - and —,) Let I, A be F-legal con-
texts such that I' = A. The following hold:

1. IfAWF A=, B thenI'

- A=, B.

2.IfAFA:Bthenl'-A:B.

I'-A:B I'-B :s

I'+-B=, B

(conv,.)

r-A:p’

Fig. 7. (conv,) where r = 8 or r = BII
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( ) I'-F :Il..A.B I'a: A
aPP\ I'+ Fa: Blz:=a]
Fig. 8. (appm)
G ) ' F :1ly.A.B I'a:A
appi T'F Fa: (Il..a.B)a

Fig.9. (i-appm)

Proof. By induction on the derivation A - A : B. We do the let case. Assume
AF (\2:4.C)B : D[z := B] comes from A,z = B:AF C : D where x € DoMm (A)
(else rename x). By start lemma on the derivation tree to A,x = B:A+ C : D
we have A B: Aand A+ A:s Hence by IH, ' B: Aand ' A : s.
Hence, by (start-a), I''a = B:AF z : A and I',x = B:A is legal. Furthermore,
by start lemma, I,ox = B:A I x =, B. Hence, I'x = B:A+ A,x = B:A. By
IH, I''w = B:AF C: D and by let\,I" - (\4:4.C)B : D[z := B]. X

Lemma 12 (Thinning Lemma for - and —,)
If T and A are F-legal, I’ €' A, and I' I+ A =, B then Al- A=, B.
. If I and A are b-legal, ' C' A, and ' - A : B then A+ A: B.

Lemma 13 (Substitution Lemma for - and —,)
LIf I d,Alx B=,C, d is a-dec, and B,C are I',d, AF-legal then
I Ayl By =, Cy.
. If B is I',d-legal and d is a-dec then I',d|IF B =, By.
L IfId, A B:C and d is a-dec then I') Ay F By : Cy.
CIfTd,AFB:C and I' + A : type(d) then
I', Alvar(d) := A] + Blvar(d) := A] : C[var(d) := A].

Proof. 1. By induction on the derivation I d, A I+ B =, C.

2. By induction on the derivation I, d, A - A : B we show that I',d, Al- A =, Aq
and I,d, A - B =, By.

3. and 4. By induction on the derivation I',d, A+ B : C. X

Lemma 14
If '+ A: B then O does not occur in A, I', and if O occurs in B then B = 0.
If '+ A: B then A#, 0 and if B=, O then B = 0.
In all cubes that don’t use let\, I' i/ AB : 0.
If let\ is permissible then we can have I' = AB : O.
Let (A,r) € {(11,8), (IT, BI1)}.
IfI'+A:0O then A=, ALL! s« where 1 >0 and I'H AEL) 5 0.
IfIF oy a2, Thn, % 0 A where m € {\ I} and | > 0 then n* = II
foralll1 <i<land A= 0O (hence A= 0).

1.k i:l..n
'+ AxlAlA : HxiZAi'*
2:1..m :m+1..k j 2:1..m
D N T R R T e

Fig. 10. (Qg)

(Qs) 0<m<n, A% Ap.p.C
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TOIf I I8N O then I IT 5P« 0 O, Doy 2 Ayyag 0 Ao, ymp 0 Ay b
H;:f:il"l.* c0and Iwy 2 Av,xe 2 Ao, oo xpo1 2 Apo1 B Ay 2 sy for some sort
sp where (sp,0) € Rand1 <p <.

8 If 't Xp.a.B:C then C #, s.

9. If ' A: O then for Ay, Ag, ... A; where 1 >0, I' - H;lAl* -0 and
— If let\ is not permissible, then A = IT:15l .

— If lety is not permissible, then A =g IT*5 .
— If lety is permissible, then A =g ITE1 .
10. Rule Qg and rule (s,0) for s € {*,0} imply rule (s,*).
This means that the type systems )\Qc_u and )\Qw are equal, and that )\QPc_u
and /\QPw are equal as well.

3 Desirable properties
In this section we study the desirable properties of our cubes. Note that these

are generalised versions of those of the standard S-cube because they type more
terms. Unless otherwise stated, - ranges over i, for any of ¢ € {m;, B4, 7, 7a, 8o}

Lemma 15 (Generation Lemma for - and —,)

1. If I'ts:C then s=% and C = 0.

2. If C'Fx: C then for somed in I', x =var(d), ' - C : s and I' - type(d) : s
for some sort s. For all systems that exclude rule (Q), I' IF type(d) =, C. In
Bq, type(d) <z C.

3. If T'FI1,.4.B : C then there is (s1,82) € R such that ' A: sy, INx:AF B:
sa, and if C # sq then I' = C' : s for some sort s. For all systems that exclude
rule (Q), I' - C =, s2. In Bg, C =3 s2.

4. If ' Xyoab : C then there are s and B where I' - IT,.o.B : s, I'x:AF b: B,
and if C # I, 2.B then I' = C : s’ for some sort s'. For all systems that
exclude rule (Q), I' k- II.4.B =, C. In Bg, IIt:A.B <g C.

5.(a) If abbreviations are not included then: If I' = Fa : C then JA, B with

I'FF: I, pa.B, I'ta:Aandif CET then I' FC : s for some s, where:

— T = Bla:=a)] if unreduced typing i-app is not used;

— T = (lI;.4.B)a otherwise.

For all systems that exclude rule (Q), I'lFT =, C. In Bg, T <g C.

(b) If abbreviations are included then for all systems that exclude rule (Q):

i. If 't Fa:C and F # my.p.E then there are A, B such that I' b F :
HyaB, I'ta:Aand ' C =, T and if C ZT then ' - C : s
for some s, where T = Blx:=a] if unreduced typing is not used, and
T = (II;.4.B)a otherwise.

@ If 't (my.p.E)a:C then Iy=a:DFE:C.

Lemma 16 (Correctness of types for - and —,) In all systems except b, :
IfI'tA: B then (B=0 or I'+ B : s for some sort s).

Proof. By induction on the derivation I' - A : B using the substitution lemma.
We only do the Qg rule. If I' - A;}ATH;MAHICA : H;ﬁilt;‘:’“‘j* comes from I" -
AL A ITEL M s then since ITEL "« # O, by IH, I' b IIE15" % s for some

i
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sort s. By lemma 14.6 and 14.7, we have I" = IT¢!" % : O. For a counterexample
and a weaker form of this lemma for ,, see Sectlon 4.1. X

Lemma 17 (Subject Reduction for - and —,.) Letr € {8, 8I1}. In all sys-
tems except Fn,: If T A: B and A —», A’ then I'"+ A : B.

Proof. First, we prove by simultaneous induction the following:

1. fI'-A:Band A—, A then '~ A": B

2. fIr'+-A:Band I’ —, " then '+ A" : B

Then, we prove the lemma by induction on the derivation A —», A’. For a
counterexample and a weaker form of this lemma for F,, see Section 4.1. X

Lemma 18 (Reduction preserves types for - and —,) Let r € {8, 5II}.
In all systems except b, : If ' A: B and B —», B’ then ' A: B'.

Proof. Standard using subject reduction and corrrectness of types. First, note
that B =, B’. By correctness of types, either B = O (hence B’ = O and we are
done) or I' F B : s for some sort s in which case I' = B’ : s by subject reduction
and hence by conv,, I' + A : B’. Again, for b-,, see Section 4.1. X

The next 3 lemmas will be studied for each cube in the relevant sections.

Lemma 19 (Strong Normalisation for - and —,)
If A is F-legal then SN_, (A).

Lemma 20 (Typability of subterms for - and —,)
If A is F-legal and B is a subterm of A, then B is b-legal.

Lemma 21 (Unicity of Types for - and —,)

1. If’'A:By and ' A: By, then I' I+ By =, Bs.

2. IfF FAl : Bl and I' - A2 : B2 and I' I+ A1 =r AQ, then I I+ Bl =r B2.
8. IfI'tBy:s, 't By =.Byand ' A: By then ' By : s

4 Connecting the various extensions of the cube
In this section we will connect the various extensions of the cube and we will

complete the properties of . where ¢ € {m;, B4, Tai, T, Ta, Qp}-

Lemma 22 1. Let ¢ € {B,m,Ba,7}. Then: I' t/e (IIy.a.B)a : C and if I' g
A: B then I', A and B are all free of II-redexes.

2. Terms of the form (Il;.a.B)a can be -y, -legal, but, I' Yy, (IT;.4.B)a : C.

3. If ', A: B then I and A are free of II-redexes and B is the only possible

Il -redex in B.

Let ¢ € {mai,ma}. (IIz.4.B)a can bet-.-typable and we can have I' . AB : O.

We can have I' g, (Ay:a.B)a : O.

Let ¢ € {myi,ma}. If I'lF A =45 B then I' - A =17 B.

Moreover, If I' . A : B then any of I, A and B may contain II-redezes.

7. Let ¢ € {B,mi, Ba, Bai}. If IIy:a.B is Fc-legal then I' . IT,.4.B : s.

S v
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8 a)IfI'tg A:Bthen'tr, A:B. b)IfI'Fr, A: BthenI'tg A:[Bly.
¢) If I'+r, A: B and B is free of II-redexes then I' -3 A : B.
d) |—BC|—M

9. a)IfI'tg A: B then I'p, A: B.

b) If I'+p, A: B then I',,, A: B.
¢) IfI'r, A: B then I' b, A: B but the opposite does not hold.
d)IfI'+,,, A: B then ', A: B.

10. It does not hold that I' =g, A : B for I' free of a-decs implies I' -3 A : B.

11. FgClkg,Chr,,.

12. o) If I'tg, A: B then ', A: B.
b) If '+, A: B then 't , A: B.
¢) It is possible that I' -, A: B but I' t/g, A: B. Hence kg, Clr,.

18. Let I'+r A: B and R € {—,—»}. If ARgp A’ then ARgA’.

14. I'Fg A:Bifand only if ' A: B.

15. Assume var(d) € FV(A) UFV(B)UFV(A). Then:
o IfINd, A, A:B then I'TAF,, A:B.
o IfINd, Alx A=p B then I’ Al- A =3 B.

16. a. ', A: B ifand only if I' -, A: B.
b. Fr=FgCk,Cka,,=tFx, forr e {Bq, m}.

c. kg, and b, are unrelated.

4.1 The m;-cube: II-reduction and unreduced typing

[12] provided the m;-cube which extends the -cube with both IT-reduction and
unreduced typing. In addition to the success of Automath in using these notions,
there are many arguments as to why such notions are useful; the reader is refered
to [11,12,7]. Here, we complete the results for the m;-cube. [12] showed that
Lemmas 15 and 19 as well as the following hold for the m;-cube:

Lemma 23 (See [12])

1. A restricted correctness of types Lemma 16: If I' -, A : B and B is not a
IT-redex then (B =0 or I' b, B: s for some sort s).

2. A weak subject reduction Lemma 17: If I' Fr, A : B and A —pg A’ then
', A" :[Bln.

3. A weak reduction preserves types Lemma 18: If I' \r, A: B and B —»gm B’
then I' -, A: [B'11.

4. An almost unicity of Types Lemma 21 where clause 3 is restricted to B: If
I'ty, Bi:s, Bi=g By and I' b, A: By then I' -, By : s.

Ttems 1, 3 and 8 of Lemma 22 can be understood to imply that the m;-cube is
an almost trivial extension of the S-cube. If I' -, A: B then I' g A : [B]z but
whereas B can be a IT-redex, [B]; cannot. Since by item 2 of Lemma 22, I" t/,,
(II;.4.B)a : C, the new legal terms (I1,.4.B)a cannot have type s. Hence, since
also (II.4.B)a # O, we lose correctness of types and hence subject reduction:

Example 24 Let I' = z : %, : z, A = (A\y..y)z and B = (I...z)x. We have
I'tr, A: B, B#0O and by Lemma 22, I' t/r, B : s. Hence we lose correctness
of types. Also, A =g x but I' t/, v : B and we lose subject reduction.
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In addition to weak correctness of types/subject reduction (cf. Lemma 23):

Lemma 25 (Restricted Subject reduction/reduction preserves types)

1. If ', A: B, Bis not a II-redex and A —»gp A’ then I't,, A’ : B.
2. If 'y, A: B, B is not a II-redex and B —»gr B’ then ', A: B’

Proof. 1. By Lemma 22.8 c), since B is not a [I-redex, I' Fg A : B. Hence
by subject reduction for the cube, I" Fg A’ : B. Hence, by Lemma 22.8 a),
I't, A': B. For 2., use Lemma 22.8. X

Finally, we complete the results of [12] by addressing Lemma 20.

Lemma 26 (Restricted typability of subterms for \,, and —357) IfI Fr,
A : B then every subterm of A and every proper subterm of B is b, -legal.

Proof. By induction on the derivation I' -, A : B using Lemma 22.7. X

4.2 Completing the 3,- and m4;-cubes: abbreviations without/with
II-reduction and unreduced typing

In order to obtain full (rather than weak) correctness of types and subject re-

duction, [11] proposed the m,;-cube which has in addition to II-reduction and

unreduced typing, the so-called definitions or abbreviations. If k occurs in a text

f (such a text can be a single expression or a list of expressions, e.g. a book), it

is sometimes practical to introduce an abbreviation for k, for several reasons.

Of course, for ¢ € {B4, T4}, the c-cube is a non trivial extension of the f-
cube. [11] showed that Lemma 19 holds for the 8,- and m,;-cubes. Here we study
typability of subterms Lemma 20, and unicity of types Lemma 21. Before doing
S0, let us see explain how the problem of Example 24 disappears in the 7,;-cube:
— First, the example is no longer a counterexample for correctness of types:

By (weak-a) z :x,x: z,y =x: 2 bg,, 2: %

Hence by (letr) z : %, 2 : 2 bry, (Iyp.2)x @ *[y i= x] = *.

— Second, the example is no longer a counterexample for subject reduction:

Since z 1%,z : 2 by, vz, and z: %, 2 : 2 br,, (Iy.,.2)z : * and

zix,x: 2k 2 =g (Iy.,.2)x, we use (convgyr) to get:

ziw, 0 2 bay, v (Iy,.2)T.

As for typability of subterms Lemma 20, it only holds in a restricted form
in all the cubes that have abbreviations. For this we need the bachelor notion:
Let \ € {\, IT}; we say that \z.p is bachelor in B if there are no E, F such that
(\z:p.E)F is a subterm of B.

Lemma 27 (Restricted typability of subterms for - and —,) If A is -
legal and B is a subterm of A such that every bachelor Ay.p in B is also bachelor
in A, then B is F-legal.

The next example (adapted from [4]), shows why typability of subterms fails
in the 8,- and m,;-cubes when the bachelor condition is dropped.
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Example 28 Let ¢ € {Ba,Tai} and let B, = B and Tq; = BII. We have the
following derivation (we miss out obvious steps):

l.a:x,0=a:%y: Fey: B

2.a:x,B=a:*xy:p Fey:a by 1, convg
.a:x,f=a:xy:B,z=y:al.z:a by 2, start-a
4d.a:x,f=a:*xy:0 Fe Azia-2)y: by 3, lety
S.a:x,B=a:xy: Fe Azia-2)y: B by 4, convg
6. a:%,B=qa:* Fe Ayig-(Azia-2)y : Iy5.8 by 5, A

7. o % Fe (Mg Ay (Asia-2)Y)a : o0 by 6, lety

However, A\g.«.Ay:g.(Az:a-2)y is not Fc-legal. To show this, assume, it is F.-legal.
Hence, by correctness of types and Lemma 22, there is I} A such that I" .
Agix-Ay:8-(Azia.2)y © A. Then, by four applications of the generation lemma, there
s o, ssuchthat I"lFa=cd and I+’ :s where " =8 :x,y:8,z=y:a.
Now it is easy to show that I'' - o =¢ 8 and I'" ¥ oo =¢ B, contradiction.

The appendix shows the unicity of types Lemma 21 for the 8,- and m,;-cubes.

4.3 The m-cube
Lemmas 15..16 and 20 hold for the m-cube and have the same proofs as the g-

cube. As for subject reduction Lemma 17 and strong normalisation Lemma 19:

Proof (Subject Reduction fort, and — gy ). Similar to the 8-cube as by Lemma 22,
in the (app) case, it is not possible that F be of the form II,.c.D in I' Fr Fa :
B[z := a]. Or, use the isomorphism with the S-cube given in lemma 22. X

Proof (Strong Normalisation for . and — g ). By correctness of types, we only
need to show that if I' - A : B then SN, (A). By Lemma 22, I" -3 A : B
and by Lemma 19 SN_, ;(A). If there is an infinite path A =57 A1 = A2 ..
then by Lemma 22, there is an infinite path A =5 A1 =3 A2 .... Absurd. X

Finally, Unicity of types lemma 21 holds for the m-cube and can be easily
established using the isomorphism with the S-cube given in lemma 22.

4.4 The m,-cube: allowing IT-reduction and abbreviations
Since ., and F,, are the same relation and the m,- and 7,;-cubes have the

same terms, contexts and reduction relation, we have that in the m,-cube the
remaining subject reduction, reduction preserves types, strong normalisation and
typability of subterms have the same status as in the m,;-cube. They all hold
except for typability of subterms which is restricted as in Lemma 27.

4.5 The Q-cube )
DA ITE "

De Bruijn’s system AuT-QE had the rule TFA. H:chAm*O < m < n. How-

ever, in AUT-QE, IT and A are identified. This is not the case in the S-Cube
which motivated us to formulate the rule as in Qg. We will call the type systems
that result from adding Qg to A —, A2, AP, etc.: )\Q%, )‘QQ’ )‘QPa etc..
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One might worry that by this rule we can show unexpected things. E.g., if
m =n =0 and k = 1 we may think that we could show I' - A\;,.4,.4 : x and
I'F II;,.4,.A : x. This is not the case because by lemma 22, I't/ Ay.4.B : s.

Unicity of types lemma 21 fails for the Sg-cube. Take: A : %, : Iy 4. F o :
II;. o.x and hence by Qg, A : *,x : Il 4.x = x : x. We have shown that Unicity
of Types is not provable in any system with the strength of at least )\QP.

5 _Conclusion _ _ )
De Bruijn introduced the type inclusion rule to allow the well typed behaviour of

definitions. Since Automath, numerous systems have studied notions of subtyp-
ing (e.g., [9,1, 14]). However, there is still no study of modern type systems with
de Bruijn’s type inclusion. This paper bridges the gap and studies the systems
of the Barendregt cube with type inclusions showing that 4 systems turn into
two systems and that unicity of types fails.

References

1. David Aspinall and Adriana Compagnoni. Subtyping dependent types. Theoretical
Computer Science, 266: 273-309. 2001.

2. H.P. Barendregt. The Lambda Calculus: its Syntax and Semantics. Studies in Logic
and the Foundations of Mathematics 103. North-Holland. 1984.

3. H.P. Barendregt. Lambda calculi with types. In Handbook of Logic in Computer
Science, Volume 2, S. Abramsky, Dov M. Gabbay, and T.S.E. Maibaum, editors,
pages 117-309. Oxford University Press, 1992.

4. R. Bloo, F. Kamareddine, and R. P. Nederpelt. The Barendregt Cube with Def-
initions and Generalised Reduction. Information and Computation 126:123-143,
1996.

5. N.G. de Bruijn. The mathematical language AUTOMATH, its usage and some of
its extensions. In M. Laudet, D. Lacombe, and M. Schuetzenberger, editors, Sym-
posium on Automatic Demonstration, pages 29—61, IRIA, Versailles, 1968. Springer
Verlag, Berlin, 1970. Lecture Notes in Mathematics 125.

6. H. B. Curry and R. Feys. Combinatory Logic I. Studies in Logic and the Founda-
tions of Mathematics. North-Holland, Amsterdam, 1958.

7. A. Heyting. Mathematische Grundlagenforschung. Intuitionismus. Beweistheorie.
Ergebnisse der Mathematik und ihrer Grenzgebiete. Springer-Verlag, Berlin, 1934.

8. W.A. Howard. The formulas-as-types notion of construction. In Hindley and Seldin
1980, pages 479-490, 1980.

9. DeLesley Hutchins. Pure Subtype Systems. Proceedings of the 37th Annual ACM
SIGPLAN-SIGACT Symposium on Principles of Programming Languages. 2010.

10. F. Kamareddine. Typed lambda calculi with unified binders. Journal of Functional
Programming, Volume 15, no. (5), pages 771-796, September 2005, ISSN: 0956-
7968. Cambridge University Press.

11. F. Kamareddine, R. Bloo, and R. Nederpelt. On w-conversion in the A-cube and
the combination with abbreviations. Annals of Pure and Applied Logic, 97:27-45,
1999.

12. F. Kamareddine and R.P. Nederpelt. Canonical typing and Il-conversion in the
Barendregt Cube. Journal of Functional Programming, 6(2):245-267, 1996.

13. A. N. Kolmogorov. Zur Deutung der Intuitionistischen Logik. Mathematisches
Zeitschrift, 35:58-65, 1932.

14. Jan Zwanenburg. Pure Type Systems with Subtyping. TLCA 1991, LNCS 381:396.



XV

A Proofs
This appendix gives the proofs for lemmas 12, 14, 15, 22, 27, as well as the

unicity of types Lemma 21 for the §,- and m,;-cubes.

Proof (Thinning Lemma 12).

1. First show by induction on I' IF A =, B that if I" and A are F-legal then:
—Itr=n,,< n,dly=Aand I'F A=, B then Al A=, B
— It r=n,z: AL IN,r=B:AIy=Aand I A =, B then

AlFA=, B.
Then, show the statement by induction on I" C’ A.

2. First show by induction on I"+ A : B that if " and A are F-legal then:
—Ur=n,L1<C In,dIy=AandI'+A:Bthen A+ A:B.
—Ifr=oh,z:AlyC INy,xr=B:AI,=Aand I' - A: B then

AFA:B.
Then, show the statement by induction on I" C’" A. X

Proof (Lemma 14).

1. By induction on the derivation I' - A : B.

2. This is a corollary of 1. above.

3. By induction on the derivation I' - AB : O.

4. Since y:x,x =y :xFx: 0, then y: x F (A x)y @ v

5. By induction on the derivation I" - A : O using Start/Context Lemma 10
to show that the start and start-a rules do not apply, 1. above to show that
conv,. and appy do not apply, and Substitution Lemma 13.

6. By induction on the derivation I" - @l , 72, . ..Wil:Al.* : A using 1.
above. Then, use 2. to deduce A = O.

7. By induction on the derivation I" + IT ;:il:;%li'* : 0. Conv, and Qg don’t apply.

8. By induction on the derivation I' - ;. 4.B : C.

9. By induction on the derivation I' - A : O.

10. Assume I'F A :sand I',z:A+ B : x. Then:

(1) Iz A *:0O (by the Start Lemma)
(2)  I't(Hpax):0 ((s,8) on (1))
() I'F(AgaB): (pax) (A ) ( )

(4) 't (IT;.4.B) : % (Rule (Q) on (3)) KX

Proof (Generation Lemma 15). 1. By induction on the derivation I + s : C.
The Q-rule does not apply.

2. By induction on the derivation I' - x : C. We only do the Q-rule. As-
sume I' = x : % comes from I' - x : IT;';".+. By IH, there is d in I" such
that © = var(d), I' = IIZL"x : s, I' + type(d) : s for some sort s and
type(d) <p IIJ';".*. Since H;il: 4% <p x, by Lemma 1, type(d) <s . By
lemma 14, s =0 and I' F % : O.

3., 4., and 5.: By induction on the generation I"' - M : C'. We only do the new
cases: the Q-rule and the difficult case of . First the Q-rule in kg, .

Assume M = NiLm T K M7 MY is not of the form Mg, .Na, C = ITEL™
m <nand I' - M : C because I' = XNaLoF M’ : ITELn s Write U = ALoF M/
and W = II5L " x.
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i. M =1II,,.4,.B. Then m =0, k > 0, and we used Rule (Q) to derive:

[vl_)\zl k Hi:l..n*
FHY“ M

By IH, there are s, B such that I, x1:A; = A28 M’ . B, ' Il,,.4,.B : s,
and Il,.4,.B <g H;;X;.* and if I1,,.4,.B # Hz 1A" * then I' - Hz Lns: O
(note Lemma 14). By Lemma 14, I''xzy : A} F H;f: Al s O and there is
s1 such that I" = Ay : s; and (s1,0) € R, hence also, (s1,*) € R. By
Corollary 5.2, B <g IT;%;".x. Determine B’ =g B where B’ < II:2" %, say
B = H;f;ﬁ.* where | > n and I',z; : A1 F H;f;ﬁ.* : O. By conversion,
I'xi:A F )\;CQA’“M’ : H;fg{.*, and as M’ is not of the form \,.n,.Na, we
can use (Q) and obtain I'jz1:A4; H;QAkM’ : %. Since I' F Ay : s1 and
(s1,%*) € R we are done.

iil. M = Ap,.a,.b. Then k > 0 and b = A&2 107 M’ By the induction
hypothesis there are s, B such that I' - Il .,.B : s, Iz Ay B AZ2E M
B and I,,.4,.B <g H;;XZ.* and if H;:il:;;‘:?.* Z Il .4,.B then I' - H;:il:;‘:?.* :
O (note Lemma 14). Note that IT,,.a,.B <p I} <g IV ™., so by
Lemma 1, IT;,.4,.B <p H“"m . Determine B’ =g Il,,.,.B such that
B < II%! L A+ and I' F B’ : 0. We can write B’ = IT5%;¢ « for an ¢ such
that m S n § . Distinguish two cases:

o k<m. Then M = Agil:'A’i.M’, b= )\gifi.M’ and hence I z1:A1 - b: B.

e k > m. Then M = AQJ:AT.H;TA?”’“.M’. By conversion, I',z1:A; F
)\m“’i M’ : B', and as M’ is not of the form \,.n,.No, and m < n < £,
we get by (Q) that I, x1:4; I—)\Z2 m H””Jrl kM Hz2 Mk,

iii. M = AB. Then £k = m = 0, so U AB By induction there are z, P, Q
such that I' H A : II,.p.Q, I' - B : P and Q[z:=B] <g W. Notice that
W <3 C = *, so by Lemma 1, B <g C.

Next we do the case 5(b)ii. of -, . By induction on the derivation rules we first
prove that if I' + (my.p.E)a : C then one of the following holds:

—TIy=a:DFE:Hand I'lF Hly:=a] =gz C and if H[y := a] # C then
I'C : s for some s.

—I'rta:F,T'FXAp.E:I.rpG I'lFC=3pgGlz:=a] and if Gz :=a] #C
then I' F C : s for some s.

If the first case holds, then by substitution and thinning, Iy = a: D IF H[y :=
al=gg Hand I'y=a: DI Hly:=a] =37 C.Hence, [,y=a: DI+ H =37 C
and we use convgry toget Iy =a:DF E:C.

In the second case, by generation case 3. on I' = A\y.p.E : II.p.G we get I,y :
DvFE:L I'v I.p.L =g II..p.G and if IIy.p.L # II,.rp.G then I' |-
II..r.G : &' for some s’. Hence y = z and I' I D =gy F and I' IF L =317 G.
Now, using generation case 4. we prove that Iy = a : D F E : L. Since
I'FC=pp Gly:=alweget [y=a:DI-C =47 G. Since I' I+ L =377 G we
get I'y=a:DIFL =gy G. Hence, Iy =a: D IF L =gz C. We show that
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Iy=a:DHF C:s" for some sort s”. Hence using Iy =a: D+ E : L and
convgr, weget IN'y=a:DFE:C. X

Proof (Connecting cubes Lemma 22).

1.

S o w

If 'k, (II;.4.B)a : C, then by Lemma 15, 3A’, B’ such that I' b, I1,.4.B :
II. 4 .B'. Again by Lemma 15, I' I+ IT. ar.B’ =, s for sort sa, contradicting
Church Rosser.

As for the second statement, first show by induction on the derivation I, z :
C, A, A: Bthatif both A and a are free of IT-redexes, I,z : C;A+. A: B
and I' k. a : C, then A[x := a] is free of II-redexes. Then show the statement
by induction on I' . A : B.

. Take for example z : %,z : z by, (Ayz.y)x : (II.,.2)x and hence terms of

the form (II,.4.B)a can be b -legal. It is the new legal terms that led to
the loss of correctness of types of the m;-cube and hence of subject reduction
because they can not be typable.

By induction on I'F,, A: B.

zikx:zbe (Ily.2)x % and 2 @« ¢ (Ay.%)2z : O provide examples.

y:x g, Apwx)y: O

Note that =gC=gy7.

Also, note that z : «,x : z . (IIy,.2)x i and z 1 %, 2 : 2 bz 2 (I.,.2).
Note also that z : %, 2 : 2,y = (IIy,.2)x : * by @ %

By correctness (resp. restricted correctness) of types, it is enough to show
that if I' -, II;.o.B : C then I' . II,.4.B : s. We do this by induction on
the derivation I' . I1,.4.B : C.

a) By induction on the derivation I" g A : B using the substitution lemma
for the m;-cube and 7 above. b) By induction on the derivation I' ., A : B.
¢) By b) I' kg A : [B]p. Since B is free of IT-redexes, B = [B]y and
I'-g A:B.

d) Using a), it is enough to find I, A, B such that I' Fr; A : B but I' t/3
A : B. We know that z : %,z : z b, (A\yz.y)z @ (II.,.2)z but by 3 above,
zix,x: 2 bg (ANyzy)z o (Iy.,.2)x.

a) holds since the rules of -3 are a subset of the rules of g, .

b) is by induction on I' Fg, A: B.

¢) holds because the rules of -, are a subset of the rules of k. ,. As for
strict inclusion, note that a : * Fr,, (Agw-Ayg.-(Azia-2)y)r @ Iyq.00 but
a:* o (A Ayg-(Azia-2)y)a o I .0 since we don’t have y : a.

d) by induction on I" b, A : B. We only do the i-app rule. Let I" F,_,
Fa : (HIA B)a come from I' by, F : I[I,.o.B and I' F,,, a : A. By IH,

FFgF I.2.B =11 BandFFg a:AHencebyapp,th Fa :
B[x = A] Since IT B is [ sa -term, by correctness of types, ds such
that I’ Fs, 1. .B : s. Hence by generation, I’ z: A Fa. B : s. Hence
by thlnmng, F r=a:A Fﬁ B :s. By lety, I Fa, ()\I:K.EY . s. By
convpr, I Fg I}V (A4 B)a. If F was a IT-term, then by generation,
IIF I B =3 sp for some sy absurd. Hence, Fd = Fa.




XVIII

10.

11.

12.

13.

14.

15.
16.

a:xbg, (Agw-Ayg-(Azia-2)y)a : IIyq.a (see Example 28). However,

a:* g (A Ay:g-(Azia-2)y)a : I since we don’t have y : a.

Another way to prove this is to assume « : * Fg (Mg Ay:g-(Azia-2)y)
II,..c. Hence, by correctness of types, Ag..Ay:g.(Azia.2)y is (v *)Fe-term
and by 9 a) above it is (a : *)"%a-legal, contradicting Example 28.

For FgClg,, use 9.a) and 10. above. For g, Clr_ ., use 9.b) above and this
example: 2 : %, : 2z Fry, (Ayz.y)x : (IIy:,.2) but by 1 above, z : %,z : 2 I/g,
Ayezy)z (I .2).

a) By induction on the derivation I' g, A : B using 6 above.

b) By induction on the derivation I' b, A : B. we only do the (app)
case. Assume I' b, Fa : Blx := a] comes from I"' b, F : II;.4.B and
I'tx,a: A ByIH, I'br,, F: II;a.B and I' F,,, a : A and hence
I'ty,, Fa: (II.4.B)a by (i-app). By correctness of types, I' by, I;.4.B : s
for some s and hence by generation, Iz : Ab,,, B:s'. Since I' b, a: A
then by substitution lemma, I" b, , Blz := a] : s’. Now, since I' IF B[z :=
al =g (II;:4.B)a we use (convgr) to get I' b, Fa: Blz := al.

c) Note that z : %,z : 2 br, (II,...2)x : % but by 4 above, if ' g, A : B then
all of I'; A and B are free of IT-redexes.

a) By 1 above, A is free of IT-redexes.

b) By induction on A =g A’ Assume A —»j%; A” =g A'. By subject
reduction, I' -, A” : B and hence by IH, A — A" and A” —3 A’. Hence,
A —»B3 A

One direction is trivial because every Fg-rule is also a Fr-rule (for (conv,),
note that =3C=gj7). For the other direction, use induction on I -, A : B.
We only show the (conv,.) case. Let I' - A : B come from I' F, A : B,
It B": s and B =g B'. By Church-Rosser, 3B” such that B" =%
B" 4 B. By Correctness of types, B = O or 3¢’ such that I' F, B : s'.
If B =0 then B” = 0 and B’ =} O, hence by subject reduction and
I'ty B':s weget I'—; O: s contradicting 1 above. Hence I' -, B : s’ and
by 13 above, B —»3 B”. Also, by 13, B’ —»3 B”. Hence, B =g B’. Hence,
by IH and (conv,), 't A : B.

This is a corollary of item 12 above.

a. One direction holds by 12 above. The other direction is by induction on
I' Fr,. A : B. Since every b .-rule (except the (i-app) rule) is also a rule
of k., we only deal with the (i-app) case. Assume I' b, Fa : (II;.4.B)a
comes from I' b, F: Il aBand ', a: A ByIH, ', F :1l,;.4.B
and I' b, a : A and hence by (app), I' Fr, Fa : B[z := a]. Since I' I+
(IIy:a.B)a =g Blzx := al, to derive I' F», Fa : (II;.4.B)a, it is enough
to show that I' b, (II;.4.B)a : s for some s. Since I' b, F : II,.4.B, by
correctness of types, I' b, II;.4.B : s and by generation, Iz : Ab, B:s
and I' b, A:s". It is easy to show that I',x = a : A is legal. Hence, since
Iez:AC INe =a: A, we can use thinning to get e =a: A+, B: 5.
And so, by (let), I' by, (II.a.B)a: s’

b. Fr=Fg by 14 above. FgCkg, Cl,., by 9 above. I, ,=Fr, by a. above.
FgClkx, by 8 above. Fr,Clr,. by 9 above.

c.zikx:zbn Ayzy)r: (y.2)zbut 2 %,2: 2 g, Ayzy)z: (y,.2)x



XIX

by 1 above.
Also, a : % Fg, (Agie-Ay:g-(Azia-2)y)a : Iy o.c0 but
a:* o (A Ayeg-(Azia-2)y)a : Iy .0 since we don’t have y : a. X

Proof (Restricted typability of subterms Lemma 27 for b, +—pe and b, +— 311 ).
We will prove that:
1. If A is F-legal and B is a subterm of A such that every bachelor A\;.p in B
is also bachelor in A, then B is F-legal.
2. If Ais b, ,-legal and B is a subterm of A such that every bachelor 7,.p in
B is also bachelor in A, then B is F_,-legal.

Let ¢ € {Ba,Tai}. If I' . C : A, then by correctness of types, A = O (and
there is nothing to prove) or I' . A : s. Hence, it is enough to prove the lemma
for I' F. A : C. For 1, we prove this by induction on the derivation that if
I' Fg, A: C and B is a subterm of A resp. I" such that every bachelor \;.p
in B is also bachelor in A resp. I', then B is g -legal. For 2, we prove this by
induction on the derivation that if I' ., A: C and B is a subterm of A resp.
I' such that every bachelor m,.p in B is also bachelor in A resp. I', then B is
Fr,.-legal. X

Proof (Unicity of Types for bp, +—p and for br,. +—am).
1. By induction on the structure of A using the generation lemma.
2. First, show by Church-Rosser and subject reduction using 1 that:
Itfr |_c A1 : Bl and I’ l_c A2 : 32 and A1 = AQ, then I' I Bl =z BQ. (*)
Then, define
- [A]<> = A, [A]F,I:C = [A]p and [A]F,m:B:C = [A[:L' = B]]p
—[z:Alpasz:[Alr and [z = B: Alpr as x = [B]r : [4]r.
— I’ as I" and I'™ as I" where n elements d1, . .., d, of I' have been replaced
by [dl]p, ceey [dn]p
Note that [A]pﬂp/ = [[A]p/]p, 'k A=; [A]F, and if I' IF A; =z A then
[A1]r =2 [A2]r.
Now prove by induction on I' . A : B that:
If I't. A: Bthen I'™ . [A]lr : [B]r and I'™ . A : B for n < the number
of elements in I
Finally, assume I" -, Ay : By and I' b, Ay : By and I' IF Ay =z As. Then,
I FC [Al]p : [Bl]p, I FC [AQ]F : [BQ]F and [Al]p =c [AQ]F. Hence, by (*),
I+ [Bl]p =¢ [BQ]F. But, I+ Bl =¢ [Bl]p and I' I+ BQ =¢ [BQ]F. Hence,
I' k. By =¢ Bs.
3. As I' . A : By, by correctness of types Bo = O or I' b, By : s’ for some s’
— If I' b, By : s’ then by 2 above, I' IF s =¢ s’. By the proof of 2 above,
s=1[slr =¢[¢'lr ='. Hence, s = s’ and so, I' k. By : s.
— If B, =0, we prove that if I'lF A=z0then 't/ A: B.If I'lF A=z0O
and I' k. A : B then by the proof of 2 above, [A]r =z [O]; and I'™ .
[A]r : [B]r for n < the number of elements in I". Hence [A]r —»z O and
by SR, I'™ . O : [B]r contradicting Lemma 22. X



