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Kamareddine, Laan and NederpeltThe Low Level approa
h of fun
tions

� Histori
ally, fun
tions have long been treated as a kind of meta-obje
ts.� Fun
tion values have always been important, but abstra
t fun
tions have notbeen re
ognised in their own right until the third of the 20th 
entury.� In the low level approa
h or operational view on fun
tions, there are nofun
tions as su
h, but only fun
tion values.� E.g., the sine-fun
tion, is always expressed together with a value: sin(�),sin(x) and properties like: sin(2x) = 2 sin(x) 
os(x).� It has long been usual to 
all f(x)|and not f|the fun
tion and this is stillthe 
ase in many introdu
tory mathemati
s 
ourses.FLOPS'01, 7{9 Mar
h 2001,Waseda, Japan 1



Kamareddine, Laan and NederpeltThe revolution of treating fun
tions as �rst 
lass 
itizens

� In the nowadays a

epted view on fun
tions, they are `�rst 
lass 
itizens'.� Abstra
tion and appli
ation form the basis of the �-
al
ulus and type theory.� This is rigid and does not represent the development of logi
 in 20th 
entury.� Frege and Russell's 
on
eptions of fun
tional abstra
tion, instantiation andappli
ation do not �t well with the �-
al
ulus approa
h.� In Prin
ipia Mathemati
a [Whitehead and Russell, 19101, 19272℄: If, for somea, there is a proposition �a, then there is a fun
tion �^x, and vi
e versa.� The fun
tion � is not a separate entity but always has an argument.
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Kamareddine, Laan and Nederpelt�-
al
ulus does not fully represent fun
tionalisation1. Abstra
tion from a subexpression 2 + 3 7! x+ 32. Fun
tion 
onstru
tion x+ 3 7! �:x+ 33. Appli
ation 
onstru
tion (�x:(x+ 3))24. Con
retisation to a subexpression (�x:(x+ 3))2 ! 2 + 3� Cannot identify the original term from whi
h a fun
tion has been abstra
ted.let add2 = (�x:x+ 2) in add2(x) + add2(y)� 
annot abstra
t only half way: x+ 3 is not a fun
tion, �x:x+ 3 is.� 
annot apply x+ 3 to an argument: (x+ 3)2 does not evaluate to 2+3.FLOPS'01, 7{9 Mar
h 2001,Waseda, Japan 3



Kamareddine, Laan and Nederpelt Parameters: What and Why� we speak about fun
tions with parameters when referring to fun
tions withvariable values in the low-level approa
h. The x in f(x) is a parameter.� Parameters enable the same expressive power as the high-level 
ase, whileallowing us to stay at a lower order. E.g. �rst-order with parameters versusse
ond-order without [Laan and Franssen, 2001℄.� Desirable properties of the lower order theory (de
idability, easiness of
al
ulations, typability) 
an be maintained, without losing the 
exibility ofthe higher-order aspe
ts.� This low-level approa
h is still worthwile for many exa
t dis
iplines. In fa
t,both in logi
 and in 
omputer s
ien
e it has 
ertainly not been wiped out, andfor good reasons.FLOPS'01, 7{9 Mar
h 2001,Waseda, Japan 4



Kamareddine,LaanandNederpeltAutomath
�The�rsttoolforme
hani
alrepresentationand
veri�
ationofmathemati
alproofs,Automath,
hasaparameterme
hanism.

�Therepresentationofamathemati
altextin
Automath
onsistsofa �nitelistoflineswhere
everylinehasthefollowingformat:
x1 :A1 ;:::;xn :An `g(x1 ;:::;xn )=t:T:

Heregisanewname,anabbreviationforthe
expressiontoftypeTandx1 ;:::;xn arethe
parametersofg,withrespe
tivetypesA1 ;:::;An .

�Ea
hlineintrodu
esanewde�nitionwhi
his
inherentlyparametrisedbythevariableso

urring
inthe
ontextneededforit.

�Developmentsofordinarymathemati
altheory
inAutomath[BenthemJutting,1977℄revealed
thatthis
ombinedde�nitionandparameter
me
hanismisvitalforkeepingproofsmanageable
andsuÆ
ientlyreadableforhumans .
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Kamareddine,LaanandNederpelt
TheBarendregtCube

�TP ::=VjSjTP TP j�V:TP :TP j�V:TP :TP
�VisasetofvariablesandS=f�;2g.
(axiom)

hi`�:2
(start)

�`A:s
�;x:A`x:A x62dom(�)

(weak)
�`A:B�`C:s

�;x:C`A:B x62dom(�)
(�)

�`A:s1 �;x:A`B:s2
�`(�x:A:B):s2

(s1 ;s2 )2R
(�)

�;x:A`b:B�`(�x:A:B):s
�`(�x:A:b):(�x:A:B)

(appl)
�`F:(�x:A:B)�`a:A

�`Fa:B[x:=a℄
(
onv)

�`A:B�`B 0:sB=� B 0
�`A:B 0
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Kamareddine,LaanandNederpelt
Di�erenttypeformation
onditions

�(�) �`A:s1 �;x:A`B:s2
�`(�x:A:B):s2

(s1 ;s2 )2R
�(2;�)takes
areofpolymorphism.�2isweakest
on
ubesatisfyingthis.

�(2;2)takes
areoftype
onstru
tors.�!is
weakeston
ubesatisfyingthis.

� (�;2)takes
areoftermdependenttypes.�Pis
weakeston
ubesatisfyingthis.

�!(�;�)
�2(�;�)(2;�)
�P(�;�)

(�;2)
�!(�;�)

(2;2)
�P2(�;�)(2;�)(�;2)
�!(�;�)(2;�)

(2;2)
�P!(�;�)

(�;2)(2;2)
�C(�;�)(2;�)(�;2)(2;2)
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Kamareddine,LaanandNederpelt
SystemsoftheBarendregtCube

SystemRel.systemNames,referen
es
�!

� �
simplytyped�-
al
ulus;
[Chur
h,1940℄,[Barendregt,
1984℄(AppendixA),[Hindley
andSeldin,1986℄(Chapter
14)

�2
F

se
ondordertyped�-

al
ulus;[Girard,1972℄,
[Reynolds,1974℄

�P
aut-QE

[Bruijn,1968℄
LF

[Harperetal.,1987℄
�P2

[LongoandMoggi,1988℄
�!

POLYREC[RenardeldeLavalette,1991℄
�!

F!
[Girard,1972℄

�C
CC

Cal
ulusofConstru
tions;
[CoquandandHuet,1988℄
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Kamareddine, Laan and Nederpelt The Barendregt Cube
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Kamareddine, Laan and Nederpelt LF

� LF (see [Harper et al., 1987℄) is often des
ribed as �P of the Barendregt Cube.� [Geuvers, 1993℄ shows that the use of the �-formation rule (�;2) is veryrestri
ted in the pra
ti
al use of LF.� This use is in fa
t based on a parametri
 
onstru
t rather than on �-formation.� We will �nd a more pre
ise position of LF on the Cube (between �! and �P ).
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Kamareddine, Laan and Nederpelt ML

� We only 
onsider an expli
it version of a subset of ML.� In ML, One 
an de�ne the polymorphi
 identity by:Id(�:�) = (�x:�:x) : (�! �) (1)� But in ML, it is not possible to make an expli
it �-abstra
tion over � : � by:Id = (��: � :�x:�:x) : (��: � :�! �) (2)� The type ��: � :�! � does not belong to the language of ML and hen
e the�-abstra
tion of equation (2) is not possible in ML.
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Kamareddine, Laan and Nederpelt ML

� Therefore, we 
an state that ML does not have a �-formation rule (2; �).� Nevertheless, ML has some parameter me
hanism (� parameter of Id)� ML has limited a

ess to the rule (2; �) enabling equation (1) to be de�ned.� ML's type system is none of those of the eight systems of the Cube.� We pla
e the type system of ML on our re�ned Cube (between �2 and �!).
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Kamareddine, Laan and NederpeltExtending the Cube with parametri
 
onstru
ts� Parametri
 
onstru
ts are 
(b1; : : : ; bn) with b1; : : : ; bn terms of 
ertain types.� TP ::= V j S j C(TP1; : : :TPn| {z }n�0 ) j TPTP j �V:TP :TP j �V:TP :TPC is a set of 
onstants, b1; : : : ; bn are 
alled the parameters of 
(b1; : : : ; bn).� R allows several kinds of �-
onstru
ts. We also use a set P of (s1; s2) wheres1; s2 2 f�;2g to allow several kinds of parametri
 
onstru
ts.� (s1; s2) 2 P means that we allow parametri
 
onstru
ts 
(b1; : : : ; bn) : A whereb1; : : : ; bn have types B1; : : : ; Bn of sort s1, and A is of type s2.� If both (�; s2) 2 P and (2; s2) 2 P then 
ombinations of parameters allowed.For example, it is allowed that B1 has type �, whilst B2 has type 2.FLOPS'01, 7{9 Mar
h 2001,Waseda, Japan 13



Kamareddine, Laan and NederpeltThe Cube with parametri
 
onstants� Let R, P � f(�; �); (�;2); (2; �); (2;2)g 
ontaining (�; �).� �RP = �R and the two rules (!C-weak) and (!C-app):� ` b : B �;�i ` Bi : si �;� ` A : s�; 
(�) : A ` b : B (si; s) 2 P; 
 is �-fresh

�1; 
(�):A;�2 ` bi:Bi[xj:=bj℄i�1j=1 (i = 1; : : : ; n)�1; 
(�):A;�2 ` A : s (if n = 0)�1; 
(�):A;�2 ` 
(b1; : : : ; bn) : A[xj:=bj℄nj=1� � x1:B1; : : : ; xn:Bn.�i � x1:B1; : : : ; xi�1:Bi�1FLOPS'01, 7{9 Mar
h 2001,Waseda, Japan 14



Kamareddine, Laan and NederpeltProperties of the Re�ned Cube� Corre
tness of types) If � ` A : B then (B � 2 or � ` B : S for some sort S).� (Subje
t Redu
tion SR) If � ` A : B and A!!� A0 then � ` A0 : B� (Strong Normalisation) For all `-legal terms M , we have SN!!�(M). I.e. Mis strongly normalising with respe
t to !!�.� Other properties su
h as Uniqueness of types and typability of subterms hold.� �RP is the system whi
h has �-formation rules R and parameter rules P .� Let �RP parametri
ally 
onservative (i.e., (s1; s2) 2 P implies (s1; s2) 2 R).{ The parameter-free system �R is at least as powerful as �RP.{ If � `RP a : A then f�g `R fag : fAg :FLOPS'01, 7{9 Mar
h 2001,Waseda, Japan 15



Kamareddine, Laan and Nederpelt Example� R = f(�; �)gP 1 = ; P 2 = f(�; �)g P 3 = f(�;2)g P 4 = f(�; �); (�;2)gAll �RP i for 1 � i � 4 with the above spe
i�
ations are all equal in power.� R5 = f(�; �)g P 5 = f(�; �); (�;2)g:�! < �R5P 5 < �P: we 
an to talk about predi
ates:� : �;eq(x:�; y:�) : �;refl(x:�) : eq(x; x);symm(x:�; y:�; p:eq(x; y)) : eq(y; x);trans(x:�; y:�; z:�; p:eq(x; y); q:eq(y; z)) : eq(x; z) :

eq not possible in �!.

FLOPS'01, 7{9 Mar
h 2001,Waseda, Japan 16



Kamareddine, Laan and Nederpelt The re�ned Barendregt Cube
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Kamareddine, Laan and NederpeltLF, ML, Aut-68, and Aut-QE in the re�ned Cube
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Kamareddine, Laan and Nederpelt LF� [Geuvers, 1993℄ initially des
ribed LF as the system �P of the Cube.However, the �-formation rule (�;2) is restri
ted in most appli
ations of LF.� [Geuvers, 1993℄ splits �-formation in two (LF { (�P ) is 
alled LF�):(�0)�; x:A `M : B � ` �x:A:B : �� ` �0x:A:M : �x:A:B (�0x:A:M)N !�0 M [x:=N ℄(�P )�; x:A `M : B � ` �x:A:B : 2� ` �Px:A:M : �x:A:B (�Px:A:M)N !�P M [x:=N ℄� If M : � or M : A : � in LF, then the �P -normal form of M 
ontains no �P ;� If � ` LF M : A, and �;M;A do not 
ontain a �P , then � ` LF� M : A;� If � ` LF M : A(: �), all in �P -normal form, then � ` LF� M : A(: �).FLOPS'01, 7{9 Mar
h 2001,Waseda, Japan 19



Kamareddine, Laan and Nederpelt LF� Hen
e: the only need for a type �x:A:B : 2 is to de
lare a variable in it.� This is only done when the Propositions-As-Types prin
iple pat is appliedduring the 
onstru
tion of the type of the operator Prf as follows:prop:� ` prop: � prop:�; �:prop ` �:2prop:� ` (��:prop:�) : 2 :� In LF, this is the only point where the �-formation rule (�;2) is used.� No �P -abstra
tions are used. Prf is only used when applied to term p:prop.� Hen
e, the pra
ti
al use of LF would not be restri
ted if we present Prf in aparametri
 form, and use (�;2) as a parameter instead of a �-formation rule.� This puts LF in between �! and �P in the Re�ned Cube.FLOPS'01, 7{9 Mar
h 2001,Waseda, Japan 20



Kamareddine, Laan and NederpeltLogi
ians versus mathemati
ians and indu
tion over numbers� Logi
ian uses ind: Ind as proof term for an appli
ation of the indu
tion axiom.The type Ind 
an only be des
ribed in �R where R = f(�; �); (�;2); (2; �)g:Ind = �p:(N!�):p0!(�n:N :�m:N :pn!Snm!pm)!�n:N :pn (3)� Mathemati
ian uses ind only with P : N!�, Q : P0 and R :(�n:N :�m:N :Pn!Snm!Pm) to form a term (indPQR):(�n:N :Pn).� The use of the indu
tion axiom by the mathemati
ian is better des
ribed bythe parametri
 s
heme (p, q and r are the parameters of the s
heme):ind(p:N!�; q:p0; r:(�n:N :�m:N :pn!Snm!pm)) : �n:N :pn (4)� The logi
ian's type Ind is not needed by the mathemati
ian and the typesthat o

ur in 4 
an all be 
onstru
ted in �R with R = f(�; �)(�;2)g.FLOPS'01, 7{9 Mar
h 2001,Waseda, Japan 21



Kamareddine, Laan and NederpeltLogi
ians versus mathemati
ians and indu
tion over numbers� Mathemati
ian: only applies the indu
tion axiom and doesn't need to knowthe proof-theoreti
al ba
kgrounds.� A logi
ian develops the indu
tion axiom (or studies its properties).� (2; �) is not needed by the mathemati
ian. It is needed in logi
ian's approa
hin order to form the �-abstra
tion �p:(N ! �): � � � ).� Consequently, the type system that is used to des
ribe the mathemati
ian'suse of the indu
tion axiom 
an be weaker than the one for the logi
ian.� Nevertheless, the parameter me
hanism gives the mathemati
ian limited (butfor his purposes suÆ
ient) a

ess to the indu
tion s
heme.
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Kamareddine, Laan and Nederpelt Con
lusions

� Parameters enable the same expressive power as the high-level 
ase, whileallowing us to stay at a lower order. E.g. �rst-order with parameters versusse
ond-order without [Laan and Franssen, 2001℄.� Desirable properties of the lower order theory (de
idability, easiness of
al
ulations, typability) 
an be maintained, without losing the 
exibility ofthe higher-order aspe
ts.� Parameters enable us to �nd an exa
t position of type systems in the generalisedframework of type systems.� Parameters des
ribe the di�eren
e between developers and users of systems.FLOPS'01, 7{9 Mar
h 2001,Waseda, Japan 23



Kamareddine, Laan and Nederpelt Future Work

� The above only explained the extension of the Cube with parametri
 
onstants.� A larger extension 
an be made to the more generalised Pure Type Systems.� We 
an add de�nitions and parametri
 de�nitions to the Cube and Pure Typesystems. This 
an be found in [Laan, 1997℄.
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