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ABSTRACT
Indu tive proofs are ommonly used in automated dedu tion systems or fun tional
programming, su h as for instan e the ProPre system, for establishing the termination of
re ursively de ned fun tions. Su h proofs deal with the stru tural orderings of the term
algebras that de ne the domain of the fun tions. However there exists other interesting
fun tions whose termination requires di erent underlying orderings. To treat a lass of
su h fun tions that are not taken into a ount by systems su h as ProPre, we develop
termination properties that an be shown automati ally. In ontrast with the ProPre
system that builds formal trees based on indu tive proofs, we generate measures that
satisfy an extended termination property and well-founded orderings whi h ensure the
termination of the fun tions.

1. Introdu tion

Termination of fun tions de ned on re ursive data stru tures is an important
property in the development of orre t software su h as fun tional programming and
automated dedu tion. The standard approa h to show the termination of re ursively
de ned fun tions is to prove that the arguments in ea h re ursive all are smaller
than the initially given input with respe t to a well-founded ordering.
Usually, most termination methods use prede ned orders, or lexi ographi ombinations of it (see e.g. [30, 24, 26℄), or orderings given by the users (see e.g. [3, 6℄).
However, in the standard approa h, nding suitable orderings is essential for the
automation of the termination. In [8℄ a method was developed to automati ally syn Supported
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thesise suitable measures based on polynomial orderings and in [22℄ a termination
pro edure was proposed to generate orderings with the use of ordinal measures.
The latter method omes from the analysis of another approa h, the formal
approa h, that relies on formal termination proofs [21℄ built in a natural dedu tion
style. The formal approa h is essentially used to allow the extra tion of -terms that
ompute the fun tions as odes of programs (see e.g. [16℄). Based on this paradigm
of proofs as programs, the ProPre system, designed in [20℄, shows the automated
termination of a re ursive fun tion by building a (partial) formal tree, asso iated
with the spe i ation of the fun tion, whi h satis es the so- alled right terminal
state property. Due to this property, ProPre is then able to derive, from the partial
tree, a omplete formal proof tree ensuring the termination of the fun tion.
It has been shown in [22, 10℄ that it is possible to extra t well-founded orderings, namely ordinal measures, from the above formal proofs devised in the fully
automated system ProPre [21, 20℄, su h that the arguments in ea h re ursive all
of the given fun tion are smaller than the initially given input (i.e., the alls derease wrt the well-founded ordering). The extra tion of a spe ial lass of measures,
alled rami ed measures, appears as a useful way to nd out new orderings as these
measures are in parti ular not limited to lexi ographi orderings.
In this paper we propose to extend both the termination pro edure of ProPre
and the extra tion of new orderings. In ontrast to earlier work where the synthesis
of suitable measures espe ially relied on ProPre's pro edure, we do not work in
the ontext of formal proofs but in a setting released from the parti ular logi al
framework of ProPre. The new ontext allows us to onstru t trees asso iated with
the spe i ations of fun tions whi h must satisfy a property, alled the hierar hi al
property. Instead of nding a formal proof, we an now dire tly infer measures,
from the trees, whose de reasing property is ensured by the hierar hi al property.
Work already arried out on the on ept of trees developed from spe i ations
in ludes: ompleteness of de nition (see e.g. [9℄), test sets and indu tive redu ibility
(see e.g. [23, 13, 2℄) and ProPre itself. But su h trees have mainly been used for
proving indu tive properties for equational or onditional theories, or in the ase
of ProPre, trees appear in a formal ontext where they takes advantage of the
stru ture of the fun tion de nition. However, the main property that allows the
system to nd termination proofs of re ursive fun tions is not simply the de nition
of trees but the right terminal state property that they must satisfy. This one gives
the soundness of the method and also hara terises in some sense the lass of the
re ursively de ned fun tions that an be proven terminating in the system.
Like the above approa hes, we make use of some kind of trees as in [22℄ with some
re nements, in parti ular to deal spe i ations of in ompletely de ned fun tions.
However, the novelty of our termination method relies on the hierar hi al property
developed in this paper and on the introdu tion of new measures.
Fun tional programs an also be regarded as term rewriting systems. However,
due to the spe ial forms of fun tions, it seems more onvenient to onsider in the ase
of fun tional programming, well-founded orderings for whi h only the arguments of
the fun tion and the re ursive sub alls are taken into a ount. Compare this with
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rewriting systems where the usual orderings are onsidered for all the left-hand
sides and right-hand sides of the terms, as it is for instan e with the re ursive path
ordering [5℄. In parti ular, the rewrite terms that are proven terminating by su h
orderings are hara terised by the simple termination property [28℄, namely the
monotoni ity and the subterm property. Our results imply that this ondition is
not ne essary and we are able to deal with a larger set of fun tions even those whose
termination does not require these notions of simple termination, monotoni ity and
subterm property.
The above mentioned standard approa h is often used by theorem provers su h as
the well-known Nqthm prover [3℄, whi h aim at establishing the de reasing property
of measures on the re ursive alls of the algorithms. But usually the measures are a
lexi ographi ombination of a xed ordering or are given by the user. The present
method aims at providing suitable measures in an automated way and therefore
ould be used by other theorem provers by providing the measures obtained from
the formal proofs in ProPre [22, 12℄.
Hen e, our work has the advantage that now we an automati ally establish:
 the termination of all those fun tions that ould be shown terminating by
ProPre (and hen e whose spe i ations are omplete and whose termination
methods require stru tural indu tion),
 the termination of fun tions whose spe i ations are not ne essarily omplete
and whose termination requires other orderings than those used in stru tural
indu tion, simple termination, monotoni ity and the subterm property,
 suitable measures that ould be passed to other theorem provers to be used
in establishing the de reasing number of re ursive alls.
The paper is divided as follows:
 In Se tion 2, we introdu e the ProPre system where the formal framework has
been fully abstra ted while keeping the termination part. This gives the term
distributing trees for spe i ations of re ursive fun tions, and the abstra ted
terminal state property satis ed by term distributing trees.
 In Se tion 3, we extend the notion of a term distributing tree into the re ursive
term distributing tree in order to onsider re ursive fun tions that may be
in omplete in the sense of [29℄. We also introdu e the split spe i ations that
enable us to enlarge the set of term distributing trees.
 In Se tion 4, we introdu e a termination property alled the hierar hi al property. We show that our notion stri tly in ludes the ProPre notion of the right
terminal state property by establishing in Theorem 1 that if a distributing
tree A has the terminal state property in the system ProPre, then A has the
hierar hi al property and that the opposite does not hold.
 In Se tion 5, in order to make sense of the on ept of the hierar hi al property
satis ed by the re ursive term distributing trees, we explain how it is possible
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from spe i ations, to de ne ordinal measures against trees. Our main theorem of this se tion, Theorem 2, establishes that our new notion of hierar hi al
property implies that the measures de rease in the re ursive all of the fun tions, and as a onsequen e enable us to establish the termination of fun tions.
We also explain why the rami ed measures that ome from the analysis of the
ProPre system are not suited in the extended ontext. The inadequa y of the
earlier measures and the ne essity to build new ordinal measures hara terise
in some sense the new lass of fun tions that extend those fun tions whose
termination an be established in ProPre.
2. The ProPre system in an abstra t ontext

The ProPre system is a program synthesis system presented in [20, 21, 19℄ based
on the paradigm of Programming by Proofs. In this approa h programs are oded
by -terms extra ted from proofs of termination of fun tions de ned by a set of
equations. The extra tion is obtained by synta ti al termination proofs in a formal
dedu tion style exploiting the Curry-Howard orresponden e. The theory an be
found for instan e in [16, 18, 17, 25℄. In this system, the user an spe ify data types
and fun tions in an ML like syntax, but when ompiling, a fully automated proof
sear h strategy is used. The input of that sear h strategy is a spe i ation of a
fun tion and the output is either a termination proof providing a -term that ompute the fun tion or an error message in ase of failure. Noti e that the termination
method of a rst version of ProPre was also implemented in a former version of Coq
in [19℄ to deal with rst order de nitions of fun tions.
The analysis of the formal proof trees obtained in the system made it possible to
relate measures [22, 10, 11℄ that have the de reasing property in the re ursive alls of
the spe i ations of the fun tions. These measures an be de ned from distributing
trees, devised in [20℄, whi h are partial trees; and their de reasing property relies
on the notion of a right terminal state property that must satisfy the distributing
trees in ProPre in order to be extended into a omplete formal proof trees.
Though the spe i ations are rst order equations, the logi al framework of
the programming language designed in ProPre is a se ond order language whi h is
mandatory by the theory [16, 25℄. That is, in order to asso iate -terms to fun tions,
the system builds proof trees with se ond order formulas whi h are hara terised,
as earlier mentioned, by the right terminal state property. An analysis in [12℄ shows
that it was possible to abstra t all proposition informations from ea h proof tree
so that one an look at the skeleton form of the proof tree, alled term distributing
tree, where now only rst order is involved giving rise the notion of abstra ted
terminal state property instead of the right terminal state property. Noti e that
the study of [12℄ has shown that one an also go ba k to the former proof trees
from the skeleton tree and the abstra ted terminal state property. Therefore things
be ome learer sin e in some sense the termination part an be further investigated
independently of the extra tion part of -terms. The onne tion between formal
proofs and abstra ted property with measures an be illustrated by Figure 1.
Be ause in this paper we onsider the termination part and not the extra tion
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Figure 1: A onne tion between the two approa hes.
part of -terms, we will des ribe in this se tion the right part of the above pi ture.
We refer to [25, 20℄ for details on the extra tion of formal proofs in ProPre and
of the asso iated -terms from fun tion spe i ations We refer to [12℄ for detail on
how one an establish the orresponden e of the two parts in the above pi ture.
Note that the de nitions presented in the se tion below, that are basi de nitions, do not only on ern ProPre but our work too.
2.1. Spe i ations

Before presenting the term distributing trees and the abstra ted terminal state
property in the next se tion, we introdu e the spe i ations of fun tions that an
be de ned in the system ProPre. Although they play an important role in the
fun tional programming language of the system ProPre, we do not mention the
de nition of data types of ProPre for the sake of simpli ity, but we will assume
for our purpose a set of sorts for the de nition of the types of the fun tions. We
will also use here, the terminology of rewrite systems. Though the rst de nitions
below apply to higher order as well, these are useful in the presentation of the
spe i ations that are rst order de nitions of the fun tions onsidered in ProPre.
De nition 2.1. (fun tions) We assume a set F of fun tion symbols, alled signature, and a set S of sorts. To ea h fun tion f 2 F we asso iate a natural number
n that denotes its arity and a type s1 ; : : : ; sn ! s with s; s1 ; : : : ; sn 2 S . We may
write f : s1 ; : : : ; sn ! s to introdu e both the fun tion f and its type. A fun tion
is alled onstant if its arity is 0. We assume that the set of fun tions F is divided
into two disjoint sets F and Fd . Fun tions in F (whi h in ludes the onstants)
are alled onstru tor symbols or onstru tors and those in Fd are alled de ned
fun tion symbols or de ned fun tions.
De nition 2.2. (terms) Let X be a ountable set of variables disjoint from F .
We assume that only one sort is asso iated to ea h variable of X and that for ea h
sort s there is a ountable number of variables in X of sort s. If s is a sort and if
F and X are respe tively subsets of F [ Fd and X , then the set T (F; X )s of the
terms of sort s is the smallest set su h that:
1. every element x of X of sort s is a term of sort s,
2. if f is a fun tion in F of type s1 ; : : : ; sn ! s and if t1 ; : : : ; tn are terms
respe tively of sorts s1 ; : : : ; sn , then f (t1 ; : : : ; tn ) is a term of sort s.
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If X is empty, T (F; X )s is also denoted by G (F )s . The set T (F; X ) is s2[ST (F; X )s
for every subset F of F and every subset X of X . An element of G (F )s is alled
a ground term (of sort s); i.e., no variable o urs in a ground term. An element of
T (F ; X )s is alled a onstru tor term (of sort s); i.e., every fun tion symbol whi h
o urs in a ground term is a onstru tor symbol. An element of T (F ; X )s \G (F )s =
G (F )s is alled a ground onstru tor term (of sort s). If : s denotes a onstant
(of sort s), i.e. its arity is 0, the onstant term () (of sort s) is also denoted . For
ea h term t, V ar(t) denotes the set of variables that o ur in t.
De nition 2.3. (substitutions) A sorted ground substitution  is a substitution,
i.e. a mapping from the set X of variables to the set of terms T (F ; X ), su h that
for every sort s and every variable x of sort s, (x) is a ground term of sort s. A
sorted onstru tor substitution  is a substitution su h that for every sort s and
every variable x of sort s, (x) is a onstru tor term of sort s.
Any substitution  from De nition 2.3 an be extended, as usual, into a mapping
from T (F ; X ) to T (F ; X ), su h that (T (F ; X )s )  T (F ; X )s for ea h sort s.
De nition 2.4. (rewrite system) A rewrite system R is a subset of T (F ; X ) 
T (F ; X ) with V ar(r)  V ar(l) for ea h element (l; r) of R. An element (l; r) of
R is alled a rewrite rule and is denoted by l ! r. A rewrite rule l ! r is alled
left-linear i ea h variable o urs only on e in the left-hand side l of the rewrite rule
l ! r. A rewrite system is non overlapping i no left-hand sides unify ea h other.
In fun tional programming languages lose to ML that use data types, fun tions
are des ribed by sets of equations whose terms have the same type, and the arguments of the fun tions are onstru tor terms. The spe i ations of the fun tions
an be des ribed in term of rewrite systems that orrespond to rst order equations:
De nition 2.5. (spe i ation) A spe i ation or a (sorted) onstru tor system
E of a fun tion f : s1 ; : : : ; sn ! s in Fd is a non overlapping rewriting system of
left-linear rules fe1 ! e01 ; : : : ; ep ! e0p g su h that for all 1  i  p, ei is of the form
f (t1 ; : : : ; tn ) with tj 2 T (F ; X )sj , j = 1; : : : ; n; and e0i 2 T (F [ Fd ; X )s .
The expression sorted in the above de nitions may be omitted, and we will say
onstru tor substitution instead of sorted onstru tor substitution for short.
De nition 2.6. (re ursive alls)

Let E be a spe i ation of a fun tion f : s1 ; : : : ; sn ! s. A re ursive all of f is a
pair (f (t1 ; : : : ; tn ); f (u1 ; : : : ; un )) where f (t1 ; : : : ; tn ) is a left-hand side of a rewrite
rule of E and f (u1 ; : : : ; un ) is a subterm of the orresponding right hand side.
To illustrate the above de nitions with examples, let nat 2 S be the sort of
natural numbers, with the onstant 0 in F of type nat and the onstru tor su essor
s : nat ! nat in F . Let bool be the boolean sort in S , the onstants true and
f alse in F be of type bool, and the fun tion not : bool ! bool be in Fd with the
spe i ation given by the usual rules: not(true) ! f alse, not(f alse) ! true.
Example 2.7. Let A k : nat; nat ! nat be the A kermann fun tion in Fd . A
spe i ation EA k of the fun tion A k is given by the rewrite rules: A k(0; y) ! s(y);
A k (s(x); 0) ! A k (x; s(0)); and A k (s(x); s(y )) ! A k (x; A k (s(x); y )):
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The three re ursive alls of the above spe i ation are (A k(s(x); 0); A k(x; s(0)));
(A k(s(x); s(y)); A k(s(x); y)); and (A k(s(x); s(y)); A k(x; A k(s(x); y))).
Note that the fun tion A k is ompletely de ned in the following sense: for ea h
(w1 ; w2 ) in G (F )nat  G (F )nat there is a left-hand side A k(t1 ; t2 ) of a rewrite rule
of the spe i ation EA k and a substitution ' with ('(t1 ); '(t2 )) = (w1 ; w2 ). This
orresponds to the ompleteness of de nition in [9℄ (see also e.g. [29℄). We give now
another example of a spe i ation, oming from [1℄, whose de nition is in omplete.
Example 2.8. Let Eeo be the spe i ation of the fun tion evenodd : nat; nat !
bool in Fd with the rewrite rules: evenodd(x; 0) ! not(evenodd(x; s(0))),
evenodd(0; s(0)) ! f alse; and evenodd(s(x); s(0)) ! evenodd(x; 0).
The spe i ation Eeo is in omplete as no left-hand side of the rules of the spe i ation mat hes the term evenodd(u; s(s(v))) for (u; v) in G (F )nat  G (F )nat .
A ording to the se ond argument, the evenodd fun tion omputes either the even
fun tion or the odd fun tion. The two re ursive alls of the above spe i ation are
(evenodd(x; 0); evenodd(x; s(0))) and (evenodd(s(x); s(0)); evenodd(x; 0)).
2.2. Term distributing trees and the terminal state property

We present the term distributing trees of [22℄ whi h an be viewed as a skeleton
form of partial trees built in ProPre [20℄ where all proposition informations have
been abstra ted. A lot of information is lost from the proof trees by this abstra ting operation and di erent formal trees may redu e to the same term distributing
tree [12℄. But all the termination information from the formal proof trees is fortunately re overed by our new notion of terminal state property in De nition 2.18.
De nition 2.9. (term distributing trees) Let E be a spe i ation of a fun tion
f : s1 ; : : : ; sn ! s. A term distributing tree A for E is de ned as follows:
1. The root of A is a tuple of the form (x1 ; : : : ; xn ) where xi is a variable of sort
si for ea h i  n;
2. ea h node of A is of the form (t1 ; : : : ; tn ) and there is a variable x0 of a sort s0 in
the term f (t1 ; : : : ; tn ) su h that the set of hildren of the node, for x01 ; : : : ; x0r
not in t1 ; : : : tn , is f(t1 ; : : : tn )[C (x01 ; : : : x0r )=x0 ℄; C : s01 ; : : : ; s0r ! s0 2 F g.
3. ea h leaf (t1 ; : : : ; tn ) of A is exa tly one left-hand side f (t1 ; : : : ; tn ) of an
equation of E (up to the root fun tion symbol f and the renaming of variables
of the equations).
For instan e if (s(x); y) is a node in a term distributing tree where s is the
su essor fun tion, then its two hildren an be either of the form (s(0); y) and
(s(s(x0 )); y), or of the form (s(x); 0) and (s(x); s(y0 )). An example of a distributing
tree is given with Example 2.11 below using also Notation 2.10. The following
notation will be parti ularly useful for the next Se tion and for the de nition of
ordinal measures in Se tion 5.
Notation 2.10. Let E be a spe i ation of a fun tion f : s1 ; : : : ; sn ! s, and take
a term distributing tree A of the spe i ation E . If b is a bran h in A from the root
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, i.e. of the form (x1 ; : : : ; xn ), to a leaf 0 , we then will use the following notation
(1 ; x01 ); : : : ; (k 1 ; x0k 1 ); k to denote the bran h b with 1 = , k = 0 , where x0i
denotes the variable x0 for the node i in lause 2 of De nition 2.9 for every i < k.

Example 2.11. (example of term distributing trees) A distributing tree A of

the A kermann fun tion is des ribed in Figure 2.
1;1 : ((x; y ); x)
2;1

?

: (0; y)

2;2

?

: ((s(x0 ); y); y)

?

3;1 : (s(x0 ); 0)

?

3;2 : (s(x0 ); s(y 0 ))

Figure 2: Term distributing tree of EA k .
The de nition of term distributing trees leads to the following:

Remark 2.12. (ProPre deals with ompletely de ned fun tions) Let f :
s1 ; : : : ; sn ! s be a fun tion with spe i ation E . Let A be a term distributing tree
of E . For ea h (w1 ; : : : ; wn ) of G (F )s1  : : :  G (F )sn there is one and only one leaf
 of A and a ground onstru tor substitution ' su h that '() = (w1 ; : : : ; wn ).

This means in parti ular that if one wants to asso iate a term distributing tree
to a spe i ation E , then E must be ompletely de ned.
Fa t 2.13. The A kermann fun tion of Example 2.7 is ompletely de ned and has
a term distributing tree.
Fa t 2.14. The evenodd fun tion of Example 2.8 is not ompletely de ned and
hen e there is no term distributing tree asso iated to its spe i ation Eeo .
In ProPre, the termination method deals with indu tive proofs that require the
ompleteness of the fun tions for the extra tion of -terms. However this restri tion
an be removed in the new setting where Clause 3 of De nition 2.9 will be modi ed
in the next se tion so that the termination method will be ome insensible to the fa t
that the fun tion is ompletely or in ompletely de ned. Note that the algorithm
devised in [29℄ was probably the rst eÆ ient algorithm to test whether a de nition
of a fun tion is ambiguous and/or omplete. However, the termination method here
is insensible of the ompleteness of a de nition of a fun tion.
Remark-Notation 2.15. Let A be a term distributing tree for a spe i ation
and b = (1 ; x1 ); : : : ; (l 1 ; xl 1 ); l be a bran h from the root 1 of A to a leaf l .
 Then for ea h node i ; j with 1  i  j  l, there exists a onstru tor substitution j ;i su h that j ;i (i ) = j . Furthermore we have the following
equality k ;j Æ j ;i = k ;i for all i  j  k  l.
 If a node i in the bran h b mat hes a term u of a re ursive all (t; u), then
the substitution will be denoted by i ;u .
Notation 2.16. For a term distributing tree A of a spe i ation and a left-hand
side t of an equation of the spe i ation, we will use the notation b(t) to denote
8

the bran h in A that leads to the leaf t0 (whi h is a tuple) su h that t = f (t0 ).
Conversely if b is a bran h of A, Lb will denote the leaf of the bran h b.
The rest of this se tion is devoted to the new terminal state property that hara terises the formal proofs in ProPre abstra ted in the present setting (part B of
Figure 1). We do not re all ProPre's notion of right terminal state property (part
A) be ause it involves sophisti ated se ond order formulas whi h are not ne essary
for our purpose. This notion however an be found in [20℄.
An e e tive measure m on the terms ranging over natural numbers, losed under
substitutions (i.e. m(u) > m(v) implies m((u)) > m((v))) is used in ProPre.
This is made expli it by the following size measure j : j# that onsists, for ea h
term t, in ounting the number of its subterms in luding t itself:



jtj# = 11 + jt1 j# + : : : + jtn j# ifif tt 2= Xg(,t1 ; : : : ; tn ); g 2 F .
Su h a measure or variants are often used as for instan e in Nqthm [3℄ with
the fun tion ount or in [30℄ although the ordering is a xed one. In ontrast with
mentioned works where the ordering is a xed one, it turns out that it is not the
ase in ProPre as other more omplex orderings, alled rami ed measures in [22℄,
an be extra ted from the formal proofs obtained in the system.
An auxiliary ordering v on terms is introdu ed to deal with the above measure.
De nition 2.17. (the ordering relation ) Let u; v 2 T (F ; X )s for a given
sort s. We say that u  v i : (a) juj# < jvj# , and (b) V ar(u)  V ar(v), and ( )
u is linear.
The relation  is only used as a part of the terminal state property but does
not orrespond to the general ordering ensuring the termination of the fun tions
obtained in ProPre in part B. As mentioned, this one has to be obtained in relation
to the full statement of the abstra ted terminal state property de ned below. We
re all that we will use Remark-Notation 2.15 and 2.16: i ;j ; i ;u ; : : : .
De nition 2.18. (abstra ted terminal state property) Let A be a term distributing tree for a spe i ation. We say that A has the abstra ted terminal state
property if there is an appli ation  : A ! f0; 1g de ned on the nodes of A su h that
(L) = 0 for ea h leaf L, and for all re ursive alls (t; u), there is a node (; x) in
the bran h b(t) with () = 1 su h that  mat hes u with ;u(x)  Lb t ; (x) and
for all an estors (0 ; x0 ) of  in b(t) with (0 ) = 1, we have 0 ;u (x0 ) v Lb t ;0 (x0 ).
Example 2.19. Take the term distributing tree of the A kermann fun tion of
Example 2.11 given in Figure 2. Let (1;1 ) = (2;2 ) = 1. Using De nition 2.17,
De nition 2.18 applies to the term distributing tree of the A kermann fun tion.
For simpli ity, we will use the same terminology in both part of Figure 1, and drop
the term abstra ted as no onfusion will be possible. In the same way that the right
terminal state property in part A makes sense in the formal ontext, the above
de nition makes sense with ordinal measures. That is, it is possible to asso iate
measures to distributing trees that satisfy the above property, de reasing in the
re ursive all of the fun tions. The onne tion between terminal state property and
( )

( )
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the de reasing measures is postponed until Se tion 5 where it will be done in the
ontext of the new measures and the hierar hi al property de ned further.
3. Re ursive distributing trees

This se tion modi es the on epts of distributing tree while the main ore of the
termination method will be given in the next se tions. We take advantage of the
onne tion shown in Figure 1. As earlier mentioned, ProPre deals with omplete
de nitions in the sense of [29℄ using formal proof trees based on indu tive methods
and hara terised by the right terminal state property (part A of Figure 1). Instead
of formal proofs we will still onsider trees but in the abstra t ontext where ordinal
measures will be asso iated and for whi h the de reasing property in the re ursive
alls will ensure the termination of the algorithms. In the latter ase the de nitions
of fun tion do not need to be omplete. This will allow us to introdu e re ursive
distributing trees. The se ond re nement onsists in enlarging the set of andidate
trees for the same spe i ation by introdu ing split spe i ations as follows:
De nition 3.1. (split spe i ations) Let E be a spe i ation of a fun tion f :
s1 ; : : : ; sn ! s. A split spe i ation E 0 of E is a spe i ation of the same fun tion
f : s1 ; : : : ; sn ! s su h that for every equation (t0 ; u0 ) of E 0 there is an equation
(t; u) of E and a substitution  su h that ((t); (u)) = (t0 ; u0 ).
A term distributing an be asso iated indi erently to a spe i ation or to one
of its split spe i ations due to the following lemma:
Lemma 3.2. (relating spe i ations and split spe i ations) Let E be a
spe i ation of a fun tion f : s1 ; : : : ; sn ! s and let E 0 be a split spe i ation of E
whi h is omplete. f is terminating for the spe i ation E 0 i f is terminating for
the spe i ation E .
Proof: () is lear. For )), we assume that f is non terminating for E . So there
is an in nite sequel t1 ! t2 ! : : : ! tm ! : : : oming from the rules with the
spe i ations of de ned fun tions and E . Consider ea h i su h that ti = C [(l)℄
and ti+1 = C [(r)℄ where  is a substitution, a ontext C and an equation l ! r
of E with l of the form f (u1 ; : : : ; un ). But E 0 is omplete, so there is an equation
of l0 ! r0 of E 0 and a substitution  su h that  (l0 ) = (l). A ording to the
de nition of the split spe i ation, there is an equation (t00 ; u00 ) of E and a substitution  with ((l00 ); (r00 )) = (l0 ; r0 ). As E is non-overlapping we have  Æ  = 
with (l00 ; r00 ) = (l; r) and so (r) =  (r0 ). Therefore we an write ti = C [ (l0 )℄ and
ti+1 = C [ (r0 )℄, and we dedu e that f is non terminating for E 0 .
2
Note that a spe i ation is a split spe i ation of itself. In the rest of the paper
we may use the expression spe i ation to denote both a spe i ation or a split
spe i ation. Now, we introdu e the re ursive distributing trees that orrespond to
the term distributing trees but where a ondition of the de nition is weakened, and
we give two examples after the de nition.
De nition 3.3. (re ursive distributing trees) Let E be a spe i ation of a
fun tion f : s1 ; : : : ; sn ! s. A re ursive distributing tree A for E is de ned by:
10

1. The root of A is tuple of the form (x1 ; : : : ; xn ) where xi is a variable of sort
si for ea h i  n,
2. ea h node of A is of the form (t1 ; : : : ; tn ) and there is a variable x0 of a sort s0 in
f (t1 ; : : : ; tn ) su h that the set of hildren of the node, for variables x01 ; : : : ; x0r
not in t1 ; : : : tn , is f(t1 ; : : : tn )[C (x01 ; : : : x0r )=x0 ℄; C : s01 ; : : : ; s0r ! s0 2 F g,
3. There is an inje tive mapping I between the set of the left-hand sides of the
equations and the set of leaves of A, with I (f (t1 ; : : : ; tn )) = (t1 ; : : : ; tn ), for
ea h left-hand side f (t1 ; : : : ; tn ) of an equation (up to a renaming of variables).
Note that a term distributing tree is also a re ursive distributing tree and that
the same notations in the earlier se tion apply for re ursive distributing trees. For
a re ursive distributing tree A, we will note A0 the asso iated tree for whi h the
leaves of A that have no ante edent by the appli ation I are removed.
Example 3.4. (a re ursive distributing tree for a spe i ation) A re ursive
distributing tree for the spe i ation of the fun tion evenodd is des ribed in Figure 3
with an asso iated tree (where the symbol denotes the removed leaves).
1

: ((x; y); y)

?

1;1

?

: (x; 0)

: ((x; s(y0 )); y0 )

1;2

b1

?

2;1

?

(x; s(s(y00 )))

: ((x; s(0)); x)

?

3;1



?

: (0; s(0))

3;2

: (s(x); s(0))
b3

b2

Figure 3: Re ursive distributing tree of Eeo and the asso iated tree.
Example 3.5. (a re ursive distributing tree for a (split) spe i ation) In

Figure 4, we give a re ursive distributing tree for a split spe i ation of the fun tion
with its asso iated tree.

evenodd

1

: ((x; y); x)

?

1;1
?

 2; 1

3;1

1;2
?

: (0; 0)
b1

?

: ((0; y); y)
2;2
?

: (0; s(0))
b2

:

(0; s(y0 ); y0 )

: ((s(x0 ); y); y)

?

2;3
?

?

(s(x0 ); 0)

:

b3

(0; s(s(y00 )))



2;4

:

((s(x0 ); s(y0 )); y0 )

?

3;2

: (s(x0 ); s(0))
b4

?

(s(x0 ); s(s(y00 )))



Figure 4: Re ursive distributing tree of a split spe i ation of Eeo and its asso iated
tree.
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Work has been done around the on ept of re ursive distributing tree with the
on ept of ompleteness of de nition (e.g. [9, 29℄) or test sets (e.g. [23, 13, 2℄).
However the main extension here relies on the establishment of the termination
property and the asso iated ordinal fun tions that an also be de ned on term
distributing trees (part B of Figure 1). Therefore we will show that the termination
method extends the method of the earlier se tion.
4. Extending the ProPre terminal state property

We want take advantage of the method of ProPre but given in the new setting
(part B of Figure 1) instead of the former ontext (part A). We believe that it is
easier to investigate ordinal measures as they are more exible, at least in the present
ontext, than the formal proofs whi h arry information that is not ne essarily
related to the termination part. We use the stru ture of the trees and introdu e
a termination property, alled hierar hi al property. This property allows us to
show the de reasing property of measures in the re ursive all of the fun tions and
therefore the termination of these fun tions.
Let us onsider an indu tive data type D de ned in ProPre. This gives rise to
natural stru tural orderings a ording to its buidling (see [25, 20℄). Let us denote
 su h an ordering. Based on an usual indu tion s hema, it allows a property P (x)
to be proven for every x by rst showing P ( ) for ea h onstant of type D and
then proving P ( f (u1 ; : : : ; um )) for ea h onstru tor f assuming P (v) with v 
f (u1 ; : : : ; um ). This an for instan e be applied when P expresses the termination
property of the A kermann fun tion of Example 2.7.
Well-founded orderings are parti ularly suited for termination using indu tive
proofs and as it is laimed in [25℄ any other well-founded orderings are a tually
diÆ ult to nd automati ally. As a simple illustration, the fun tion equal to 0
whose dummy spe i ation E0 an be des ribed as follows:
f (0) ! f (s(0)); f (s(0)) ! f (s(s(0)); f (s(s(x)) ! 0:
Although a well-founded ordering an of ourse be easily found by a human in this
ase, it is diÆ ult to obtain one in an automated way. In parti ular it appears that
automati ally proving the following orre tness of the spe i ation: f (x) = 0 with
the termination statement is not so adequate as it is usually done with a stru tural
ordering. In fa t, simplifying the rules in this ase by merely applying the rules
to ea h ground term provides a solution. But this annot always be easily done
as the example of the quot fun tion, oming from [15, 1℄, shows while the above
dis ussion on the stru tural ordering remains the same. A spe i ation Equot of the
quot : nat; nat; nat ! nat fun tion is: quot(0; s(y ); s(z )) ! 0;
quot(s(x); s(y ); z ) ! quot(x; y; z ); and quot(x; 0; s(z )) ! s(quot(x; s(z ); s(z )):
As mentioned in [1℄, the value of quot(x; y; z ) orresponds to 1 + b x z y when z 6= 0
and y  x, that is to say quot(x; y; y) omputes b xy .
Be ause of the last equation in the above spe i ation, we would like to have a
well-founded ordering on natnatnat for whi h at least (x; 0; s(z ))  (x; s(z ); s(z ))
holds. But a lexi ographi ombinations of the usual ordering on natural numbers
is not suitable there, nor are the rami ed measures that ome from the indu tive
12

method of ProPre [12℄. The ProPre system also fails for the evenodd fun tion for
similar reasons to those of the quot fun tion.
Note that a dire t appli ation of the re ursive path orderings [5℄ or polynomial
interpretations [4, 7, 27℄, or the Knuth-Bendix orderings [14℄ fails as well. These
have been designed to be applied in a large ontext (rewrite system or algebrai
systems for the Knuth-Bendix algorithm). However, it turns out that a similar
argument on the indu tive methods on erning the earlier examples also holds for
the simpli ation orderings. That is, they fail be ause of the two rst rules of the
spe i ation E0 , the rst rule of Eeo and the third rule of Equot .
The usual indu tive methods do not deal with the termination of su h fun tions and of the evenodd fun tion. The spe i ations of these fun tions and of
the evenodd fun tions are not omplete. But even adding dummy equations that
preserve the termination property of the fun tions, the new spe i ations annot
still be treated by usual indu tive methods (su h as those used by ProPre) be ause
of the mentioned rules in the spe i ation. In parti ular it an be easily he ked
that the re ursive distributing trees of Figure 3 and Figure 4 whi h orrespond to
a re nement of term distributing trees do not have the terminal state property.
The approa h we follow in the next se tion is to rst introdu e a notion of a
re ursive distributing tree whi h, like in indu tive methods, takes advantage of the
stru ture of the left-hand side of the equations. But in ontrast to usual indu tive
termination methods, the onstru tion of re ursive distributing trees allows us to
state a new terminal state property in the sear h of termination that also takes
a ount of orderings that may now be di erent from usual stru tural orderings.
We introdu e here some de nitions that will allow us to state a new terminal
state property. This new terminal state will be ru ial in the study of termination
of re ursive fun tions whose proofs of termination require non stru tural orderings.
We show in Theorem 1 that the new terminal state property stri tly extends the
terminal state property whi h orresponds to that of the ProPre system.
4.1. The hierar hi al property

We rst need to introdu e fresh variables as follows. For ea h position q and
sort s, we will assume a new variable of sort s indexed by q and distin t from those
of X . This allows us to introdu e the following de nition.
De nition 4.1. Let t be a term and q be a position. The term [[t℄℄q is de ned as
follows: [[x℄℄q = x if x is a variable, [[C (t1 ; : : : ; tn )℄℄q = C ([[t1 ℄℄q1 ; : : : ; [[tn ℄℄qn ) if
C 2 F , and [[g (t1 ; : : : ; tn )℄℄q = xq if g 2 Fd .
For a term u = g(u1 ; : : : ; un ) and a substitution ', g('[[u℄℄) will denote the term
g ('([[u℄℄1 ); : : : ; '([[u℄℄n )).
Along with the ordering  de ned in Se tion 2, we introdu e the following
relations: for u; v in T (F ; X )s , we say that u D v if u 6 v with :(b) or :( ) or
jvj# < juj# in De nition 2.17; and we say that u 4 v if u 6 v with (b) and ( ) and
juj# = jvj# .
In the following de nitions, we onsider a fun tion f : s1 ; : : : ; sn ! s, a (split)
13

spe i ation E , and the asso iated tree A0 of a re ursive distributing tree A of E .
De nition 4.2. For ea h node , C will denote fb 2 A0 ;  2 bg and R the
set of re ursive alls (t; u) su h that b(t) 2 C . If (t; u) is a re ursive all, then
MA0 (u) = fb 2 A0 ; 9'; '0 su h that f ('[[u℄℄) = '0 (f (Lb ))g and QA (t; u) = f 2
b(t); 9;  (f ()) = ug.
Note that the set QA (t; u) is not empty sin e the root node belongs to QA (t; u).
Let b be a bran h and two nodes ; 0 2 b, we say that  < 0 if  is loser than 0
to the root (i.e. if  is an an estor of 0 ). So we an write NA (t; u) = maxQA (t; u).
For ea h node  of A0 we assume an asso iated subset G of R whi h will be
made expli it in De nition 4.5. The meaning of the two following de nitions is to
give de reasing riteria that extends those of De nitions 2.17 and 2.18 and relies
in parti ular on the hierar hi al stru ture of the trees. Noti e that the de nitions
below should be given simultaneously (De nitions 4.3, 4.4, 4.5, 4.6), but these,
de ned on the height of the tree A, are introdu ed separately to ease the readability.
De nition 4.3. Let (; x) be a node of A0 and G be a subset of R . For ea h
re ursive all (t; u) of G su h that  2 QA (t; u), we assume that one of the two
following ases below holds and we de ne (t;u) , as follows:
1. If ;u(x)  Lb t ; (x) or ;u (x) D Lb t ; (x), then (t;u) = 1,
2. If ;u(x) 4 Lb t ; (x), then (t;u) = 0.
The above de nition is intended to deal with orderings that may be di erent from
the usual stru tural orderings. This leads to also introdu e the following:
De nition 4.4. Let (; x) be a node of A0 and G be a subset of R . For ea h
re ursive all (t; u) of G su h that  2 QA (t; u) and for ea h bran h b 2 C , we will
de ne (t;u);b in the following way:
1. We rst onsider all (t; u) su h that ;u(x) D Lb t ; (x) and take for b 2 C :

0 if b 2 MA0 (u),

(t;u);b =
1 otherwise
2. Next, we onsider ea h (t; u) in G su h that there is a (t0 ; u0) with (t0 ;u0 );b(t) =
0, and for whi h no (t;u);b0 is de ned for any b0 2 C . We then take

0 if b 2 MA0 (u),

(t;u);b =
1 otherwise
3. Finally if item 2 annot be applied, we put (t;u);b = 1 for ea h b 2 C .
Note that ases 1 and 2 in De nition 4.4 are distin t be ause (t;u) is algorithmi ally
de ned; namely ase 1 is the initial ase and ase 2 is a ( nite) loop ase.
Now we an de ne, for ea h node  of A0 and ea h left-hand side t of an equation
su h that  with b(t)Q2 C , the value:
(t0 ;u0 );b(t) if G 6= ; and 0 otherwise.
t =
( )

( )

( )

( )



(t0 ;u0 )2G
2QA (t0 ;u0 )

We now expli it the subset G of R for ea h node . The following de nition states
whether from ea h node, a re ursive all an be eliminated from a set of re ursive
alls a ording to some onditions.
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De nition 4.5. Let 1 be the root of the re ursive distributing tree A. We rst
put G1 = R1 . Now assume that G is de ned for a node  of A0 and let 0 be
a hild of  with 0 in A0 . The set G0 is then de ned as follows: (t; u) 2 G0 i

(t; u) 2 R0 \ G and ((t;u) ; t ) 6= (1; 1).
We also de ne an appli ation F on ea h node  distin t from a leaf. The appli ation
F an be seen as a ne essary ondition for the termination statement. That is,
roughly, if a re ursive all (t; u) has to still be onsidered for a node  while  >
NA (t; u), then the re ursive distributing tree will not have the hierar hi al property.
Note that an analogous ondition also holds for the terminal state property.
De nition 4.6. (F : a ne essary ondition for termination) Let  be a node
of asso iated tree A0 of the re ursive distributing tree A whi h is distin t from a leaf.
We put F () = 0 if there is a hild 0 of  and (t; u) in G0 su h that  > NA (t; u);
and we put F () = 1 otherwise.
Now the hierar hi al property an be de ned below.
De nition 4.7. (hierar hi al property) The re ursive distributing tree A is said
to have the new terminal state property if for ea h node  of A0 distin t from a leaf
we have F () = 1 and for ea h bran h b there is node 0 in b su h that G0 = ;.
Let us now present again the two examples of re ursive distributing tree of
the spe i ation of Eeo and a split spe i ation of Eeo introdu ed respe tively in
Figure 3 and Figure 4. The rst one does not have the new terminal state property
(Example 4.8), while the se ond does (Example 4.9).
1

: ((x; y); y)

?

1;1

?

: (x; 0)

1;2

b1

: ((x; s(y0 )); y0 )

?

2;1

?

(x; s(s(y00 )))

: ((x; s(0)); x)

?

3;1



?

: (0; s(0))

3;2

: (s(x); s(0))
b3

b2

Figure 5: The asso iated tree of a re ursive distributing tree of Eeo .
Example 4.8. (re ursive distributing tree without the new terminal state
property) We show that the re ursive distributing tree A given in Figure 5 of the

spe i ation of the evenodd fun tion does not have the new terminal state property.
Let t1 = (x; 0), t2 = (0; s(0)), t3 = (s(x); s(0)). The set G is R = fr1 ; r2 g
with r1 = ((x; 0); (x; s(0))), r2 = ((s(x); s(0)); (x; 0)). We have r = 1, r = 1,
r ;b = 1, r ;b = 0 and r ;b = 0. Then we have r ;b = 0, r ;b = 0 and
r ;b = 1. Therefore t = 0, t = 0 and t = 0. Thus G ; = fr1 g; that is
enough to on lude that A does not satisfy the new terminal state property.
1

1

1
1
1
2

1

3

1
1

1
1

2

1
1

1
2

3

1
2

1
3

1
1

1

1
2

1
2

2

1 1

Example 4.9. (re ursive distributing tree with the new terminal state
property) Let us onsider the re ursive distributing tree A given in Figure 6 of
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1

: ((x; y); x)

?

1;1

?

: ((0; y); y)

1;2

?

 2; 1

?

: (0; 0)

2;2

b1
3;1

?

: (0; s(y0 ); y0 )

?

2;3

2;4

b3

(0; s(s(y00 )))

: ((s(x0 ); s(y0 )); y0 )

?

3;2



b2

?

: (s(x0 ); 0)

?

: (0; s(0))

: ((s(x0 ); y); y)

: (s(x0 ); s(0))

?

(s(x0 ); s(s(y00 )))



b4

Figure 6: Asso iated tree of a re ursive distributing tree of a split spe i ation of
Eeo .
the (split) spe i ation of the evenodd fun tion. A satis es the new terminal state
property:
Let t1 = (0; 0), t2 = (0; s(0)), t3 = (s(x); 0)), t4 = (s(x); s(0)). The set G is
R = fr1 ; r2 ; r3 g with r1 = ((0; 0); (0; s(0))), r2 = ((s(x); 0); (s(x); s(0))), and
r3 = ((s(x); s(0)); (x; 0)).
It is easy to see that r = 0, r = 0, r = 1, and r ;b = 1, r ;b = 1, r ;b = 1
for ea h bran h b. We have, therefore, t = 1 for ea h term t. We then obtain
G ; = fr1 g, G ; = fr2 g and F (1 ) = 1.
We now get r ; = 1, r ;;b = 0, r ;b = 1 and therefore t ; = 1, t ; = 0.
So G ; = ;, G ; = R ; = ;, and F (1;1 ) = 1. Furthermore r ; = 1, and
 ;

= 1. We then get t ; = 1, t ; = 0. Thus G ; = ;, and we also
r ;;b = 0, r ;b
have G ; = ;; hen e F (1;2 ) = 1. Now G ; = G ; = ; and F (2;4 ) = 1.
Therefore we an on lude that A satis es the new terminal state property.
1

1

1
1

1
2

1
1

1
3

1
2

1
3

1

1 2
1 1
1

1 1

2 2

2 1

2

2

4

1
1

1

1 1

1 1

1

2

1 2
2

2 2

1 2

1 2

2

1 1

1

3

2 4

1 2
4

1 2
3

3 2

2 3

2 4

4.2. The theorem of generalisation

The new terminal state property an be viewed as a faithful extension of the
terminal state property devised in the ProPre system in the following way:

Theorem 1 Let A be a term distributing tree of a spe i ation E of a fun tion. If

A has the terminal state property in the system ProPre, then
terminal state property. The opposite does not hold.

A satis

es the new

Proof: See Appendix.

Noti e that the extension does not only rely on the fa t that a re ursive distributing tree may not be a term distributing tree but on the new state property.
For instan e, the spe i ation E0 and any split spe i ation of E0 does not have any
term distributing tree that has the terminal state property. This is also the ase for
the evenodd fun tion and the quot fun tion. That is to say, one an add to the spe i ation of the fun tion evenodd, an equation whi h is harmless for the termination
of the fun tion but whi h ompletes the domain of the de nition of the fun tion.
For example, one an add the dummy equation evenodd(x; s(s(y))) = true. One
an also use any split spe i ation of the new ompleted spe i ation, nevertheless
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the evenodd fun tion annot be handled by the ProPre system whi h implies there
is no term distributing tree for this fun tion that has the terminal state property.
The terminal state property de ned in the ProPre system ensures the termination of the on erned fun tions be ause a omplete formal proof tree an be
built from any distributing tree that enjoys the terminal state property (see [20℄).
In [22, 10℄ it was shown that ordinal fun tions an also be asso iated to distributing
trees. These fun tions were proven to have the de reasing property in the re ursive
alls of the spe i ations if the trees satisfy the terminal state property too. As this
also implies the termination of the on erned fun tions, this therefore an be seen,
but with a di erent approa h, as a new proof of the soundness of the mentioned
property. In this paper, as we work on re ursive term trees with a new terminal
state property, it appears that formal proofs annot be built, as it an be done with
ProPre, in order to state the soundness of the new terminal state property. However
we will establish the soundness by asso iating ordinal measures that will enjoy the
de reasing property. In the next se tion, we explain why the measures asso iated
to the formal proofs found by ProPre do not t in our new ontext and why we will
need to extend the de nition of the measures of [22℄ to obtain new ordinal measures
suited to the new terminal state property.
5. Soundness of the method with de reasing measures

In this se tion we explain how it is possible to de ne ordinal measures against
trees of fun tions where if the ordinal measure de reases in the re ursive all of
the fun tion, then this fun tion terminates. We re all the rami ed measures that
ome from the analysis of the ProPre system and we give new measures whi h will
help in establishing terminations of fun tions where the proofs of terminations are
non-indu tive. Our main theorem of this se tion (Theorem 2) establishes that our
new notion of right terminal state and our extended notion of measures, enable us
to establish the termination of fun tions (indu tive and non indu tive).
We rst re all the ordinal measures of [22, 10℄. We need the following de nition:
De nition 5.1. (height of a node in a tree) Let A be a tree and  be a node
of A. The height of  in A, denoted by H(; A), is the height of the subtree of A,
whose root is , minus one.
Let A be a term distributing tree of a spe i ation. We assume that for ea h node
i distin t from a leaf, there is an asso iated appli ation mi to i from the set of
ground terms to the set of natural numbers.
De nition 5.2. (rami ed measures) Let E be a spe i ation of a fun tion f :
s1 ; : : : ; sn ! s and A a term distributing tree of E . We de ne the rami ed measure
A : G (F )s  : : :  G (F )sn ! !! , where ! is the least in nite ordinal, as follows:
Let v be an element of the domain G (F )s  : : :  G (F )sn and  be the leaf of A
su h that there is a substitution ' with '() = v ( f. Remark 2.12). Let b be
the bran h (1 ; x1 ); : : : ; (k 1 ; xk 1 );  of A from the root 1 to , let j ;i be the
substitutions related to b ( f. Remark-Notation 2.15) and for ea h l the asso iated
1

1
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appli ation ml , l  k 1. Then
A (v) =

X1 H(i ;A)
!
 mi ('(k ;i (xi ))) :

k
i

=1

The rami ed measures an be illustrated with Figure 7.
i ; xi
mi




mi

Q
Q

mi

m0

mi




Q
Q

0
Q

L1

Node of term distributing tree.

m0

Q

1

m1

Q
m

Q

Q

2

m2

Q

2

Q m

Q

Q

L2

1

L4

L3

Figure 7: Term distributing tree and rami ed measure.
Amongst the lass of the rami ed measures de ned above, two sub lasses of measures were related to the formal proofs obtained in ProPre. A rst lass of measures,
alled R-measures, was related to formal proofs oming from an earlier version of
ProPre (see [22℄) by substituting a mapping lg for the mi measures in A (see
Figure 8). The fun tion lg, sometimes alled size measure like j : j# , is de ned by:
8
if t 2 X ,
<1 X
lg (t) =
: 1 + lg(tj ) if t = g(t1 ; : : : ; tn ); g : s1 ; : : : ; sn ! s 2 F .
=

sj s

It was shown that any formal termination proof found by ProPre implies the orresponding ordinal measures to have the de reasing property in the re ursive alls
of the spe i ations (see [22℄).
i ; xi
lg

Q
  Q lg


Q
Q
lg



Figure 8: Node of term distributing tree and rami ed measure.
Example 5.3. (rami ed measure of the term distributing tree of

A k)

The rami ed measure of the term distributing tree of the A kermann A k fun tion
de ned in Se tion 2 is: A (0; y) = !,
A (s(x); 0) = !  (1 + lg(x)) + 1
and A (s(x); s(y)) = !  (1 + lg(x)) + (1 + lg(y)):
Another lass of measures ould also be de ned from new formal proofs using an
extended version of ProPre (see [10℄) in whi h new indu tive rules were introdu ed.
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These measures, alled I-measures, an be de ned using both the skeleton form
of distributing trees (i.e., term distributing trees) and the terminal state property
given in Se tion 2.2. The mi fun tions are obtained with mi = (i )  j : j# in the
de nition of A illustrated with Figure 9.
(i )  j :
(i )  j

j#

i ; xi

(i )  j : j#

Q
  Q 


Q
Q

: 

j#

Figure 9: Node of term distributing tree and rami ed measure.
[20℄ showed that ea h fun tion proven to terminate in the rst version of ProPre
an also be proven terminating in the new version. Note that, unlike the ase of
R-measures, the mi fun tions depend on the nodes i in the de nition of I-measures.
A natural question is to know whether there is also a suitable sub lass of the
rami ed measures that an be related to the re ursive distributing trees that have
the new terminal state property. This is important as it would enable the termination of fun tions to be established in our ontext.
As already mentioned there is no term distributing tree for E0 that has the
terminal state property. This does not a priori imply that an R-measure or an Imeasure asso iated to a term distributing tree does not have the de reasing property.
However, it an be easily he ked that the de reasing property a tually does not
hold for these measures. This is also the ase for instan e with the evenodd fun tion
or the quot fun tion (even with ompleted spe i ations). However the ordinal
fun tion:
1 (u; 0) = !  juj# + 1
1 (u; s(v)) = !  juj#
satis es the de reasing property in the re ursive alls of the spe i ation E0 .
Also, the following ordinal fun tion satis es the de reasing property for the spe i ation of the quot fun tion: 2 (u; s(v); w) = ! juj#
2 (u; 0; w) = ! juj# +1.
It would be possible to nd, amongst the lass of the rami ed measures, de reasing measures for the mentioned fun tions. But the hoi e of the mi fun tions that
o ur in A is diÆ ult to obtain in an automated way dealing with the termination
of su h fun tions. In parti ular we would like to have mi fun tions as simple as
possible, as is the ase for those obtained for the R-measures or the I-measures.
We will therefore need to enlarge the de nition of the rami ed measures in order
to obtain a new lass whi h will be related to the re ursive distributing tree. We
will then show that the new terminal state property implies the de reasing of the
asso iated measures. We rst need to introdu e the following de nition:
De nition 5.4. (node measures) Let A be a re ursive distributing tree of a
spe i ation of a fun tion. For ea h node i of A, and ea h subran h starting
from the i , we will assume that there is an asso iated appli ation mi , alled node
measure, from the set of ground terms to the set of natural numbers. The appli ation
mi will be also noted mi ; where  is the leaf of the on erned subran h.
Example 5.5. (an illustration of node measures) The node measures an be
illustrated with Figure 10.
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i ; xi
mi ;Li;1

Q mi ;Li;j
Q

Q


Q
mi ;Li;2 


Figure 10: Nodes measure.
For a fun tion f : s1 ; : : : ; sn ! s with a spe i ation E , we will note Tsf ;::: ;sn
the set of the elements (v1 ; : : : ; vn ) in G (F )s  : : :  G (F )sn su h that there is
substitution  and a left-hand side (t1 ; : : : ; tn ) of an equation of E with (ti ) = vi
for every 1  i  n.
We now de ne the extended rami ed measures as follows:
De nition 5.6. (extended rami ed measures) Let E be a spe i ation of a
fun tion f : s1 ; : : : ; sn ! s and A0 be the asso iated tree of a re ursive distributing
tree A of E . The extended rami ed measure A : Tsf ;::: ;sn ! !! is de ned by:
Let v be an element of the domain Tsf ;::: ;sn and  be the leaf of A0 su h that
there is a substitution ' with '() = v ( f. Remark 2.12). Let b be the bran h
(1 ; x1 ); : : : ; (k 1 ; xk 1 );  of A0 from the root 1 to , let j ;i be the substitutions
related to b ( f. Remark-Notation 2.15) and let mi ; be the asso iated node measure
for ea h l . Then
k
X1 H(i ;A0 )
!
 mi ; ('(k ;i (xi ))) :
A (v) =
1

1

1

1

=1
Example 5.7. (an illustration of an extended rami ed measure) Considering
i

the earlier term distributing tree (whi h is also a re ursive tree) of Figure 7, an
extended rami ed measures an be illustrated with Figure 11.
0

m0 ;L1
L1

hhh
X
hhh m0 ;L4
ZXX
X
XXhhh
Z
h
XX hhhh
m0 ;L2Z m0 ;LX
3

m1 ;L2
m2 ;L2

1

2

m1 ;L3
m2 ;L3

L2

1

2

m1 ;L4

1
L4

L3

Figure 11: Extended rami ed measure.
Amongst the lass of rami ed measures, the R- and I-measures turned out to
be suitable for the termination of a lass of fun tions as they ould be asso iated to
formal proofs obtained in ProPre. We show here that there also exists a sub lass of
the extended rami ed measures that t with the re ursive term distributing trees
that satisfy the new terminal state property. These are de ned as follows:
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De nition 5.8. (hole measures) Let E be a spe i ation of a fun tion f :
s1 ; : : : ; sn ! s and let A0 be the asso iated tree of a re ursive distributing tree
A of E . The hole measure A : Tsf1 ;::: ;sn ! !! is de ned as follows:
Let v be an element of the domain Tsf1 ;::: ;sn and  be the leaf of A0 su h that there
is a substitution ' with '() = v. Let b be the bran h (1 ; x1 ); : : : ; (k 1 ; xk 1 ); 
of A0 from the root 1 to . Then
k
X1 H(i;A0 ) i
!
 (t  j((k ;i (xi )))j# ) :
A (t) =
i=1

That is to say mi ; = ti  j : j# .
Note that, due to the relation between the leaf  and the term t, ti j : j# depends
both on i and  in the above de nition. This an be illustrated with Figure 12.
tii1

 j : j#

tii2

i ; xi

i
Q
  Q tij


Q
Q

: 

 j : j#

 j j#

Figure 12: Node measure of hole measures.
Example 5.9. (asso iated ordinal measure of a re ursive distributing tree)

By De nition 5.8 and the values obtained in Example 4.9, the asso iated ordinal
measure of the re ursive distributing tree in Figure 3 of the evenodd fun tion is:
A (x; 0) = !2  jxj# + !;
A (x; s(0)) = !2  jxj# :
eo
Note that the above ordinal 1 an also be derived from the shape of A on Tna;nat
.
It is lear that A has the de reasing property in ea h re ursive all on the domain
of the fun tion evenodd. This result an be generalised with Theorem 2 below.
The following theorem allows us to state the soundness of the new terminal state
property. That is, if there a re ursive distributing tree for a spe i ation of a fun tion that enjoys the new terminal state property, then the fun tion is terminating.

Theorem 2 (soundness of the new terminal state property) Let E be a
spe i ation of a fun tion f : s1 ; : : : ; sn ! s and A be a re ursive distributing
tree for E that has the new terminal state property. Then the extended rami ed
measure A satis es the de reasing property. That is to say, for ea h re ursive
all (f (t1 ; : : : ; tn ); f (u1 ; : : : ; un )) of E and every ground onstru tor substitution ',
su h that '([[u1 ℄℄1 ); : : : ; '([[un ℄℄n ) is in Tsf1 ;::: ;sn , we have:
A ('(t1 ); : : : ; '(tn )) > A ('([[u1 ℄℄1 ); : : : ; '([[un ℄℄n )).

Proof: Take a ground onstru tor substitution ' with '([[u1 ℄℄1 ); : : : ; '([[un ℄℄n ) 2
Tsf ;::: ;sn . We show that A ('(t1 ); : : : ; '(tn )) > A ('([[u1 ℄℄1 ); : : : ; '([[un ℄℄n )). Let
t and u respe tively denote the terms f (t1 ; : : : ; tn ) and f (u1 ; : : : ; un ). By definition of the asso iated tree A0 of A, there is a bran h b of A0 of the form
(1 ; x1 ); : : : ; (k 1 ; xk 1 ); k where 1 is the root of A0 and the leaf k orresponds
to t, i.e. f (k ) = t and b(t) = b. As '([[u1 ℄℄1 ); : : : ; '([[un ℄℄n ) 2 Tsf ;::: ;sn , there is
an equation (v; v0 ) 2 E and a substitution  su h that  (v) = f ('[[u℄℄) where [[u℄℄
1

1
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denotes the uplet (([[u1 ℄℄1 ); : : : ; ([[un ℄℄n )).
Let b(v) be the bran h (10 ; x01 ); : : : ; (r0 1 ; x0r 1 ); r0 of A0 with f (r0 ) = v.
As A has the new terminal state property, there is a node  in b su h that G = ;.
But G = R ontains all the re ursive alls of E , and so (t; u) 2 G . Hen e, there
is a value J , su h that (t; u) 2 GJ but (t; u) 2= GJ .
A ording to De nition 4.5, we have (t; u) 2 GJ  GJ  : : :  G and for all
i
i
1  i < J , ((t;u
) ; t ) 6= (1; 1). Furthermore, be ause A has the new terminal
terminal state property, F (J ) = 1. But (t; u) 2 GJ , thus J < NA (t; u) by De nition 4.6, that is to say J 2 QA (t; u). So f (J ) mat hes u and therefore mat hes
'(u). Sin e f (J ) is linear and ' is a ground onstru tor substitution, we dedu e
that f (J ) also mat hes f ('[[u℄℄). But f (r0 ) mat hes f ('[[u℄℄) as well with the
substitution  . As f (J ) and f (r0 ) mat h a ommon term, by onstru tion of the
re ursive distributing trees, this implies that J and r0 are in the same bran h; and
so J  r0 be ause r0 is a leaf. Thus we have x0i = xi and i0 = i for 1  i  J .
This gives us the relation ' Æ i ;u (xi ) =  Æ r0 ;i0 (xi ) for 1  i  J a ording to
the substitutions  Æ r0 ;i0 and ', and to the fa t i ;u (xi ) is a onstru tor term by
De nition 4.3. So we an write:
PJ 1
0
A ('([[u10℄℄1 ); : : : ; '([[un ℄℄n )) = i=1P!H(i;A )  mi0;r0 (' Æ i ;u (xi ))
+!H(J ;A )  mJ ;r0 (' Æ J ;u (xJ )) + ri=J1+1 !H(i;A )  mi0 ;r0 ( Æ r0 ;i0 (x0i ))
(1)
We are going now to show that
1

1

1

+1

1

1

mi ;r0 (' Æ i ;u (xi ))  mi ;k (' Æ k ;i (xi )); i < J

and

mJ ;r0 (' Æ J ;u (xJ )) < mJ ;k (' Æ k ;J (xJ ))
i
i
 Let 1  i < J . We know that i 2 QA (t; u), and ((t;u
) ; t ) 6= (1; 1).

(2)
(3)

- Let us onsider the ase ti = 0. By de nition of i; , this implies there is a
re ursive all (t0 ; u0 ) su h that (ti0 ;u0 );b(t) = 0. But  (v) = f ('[ u℄ ) and b(v) is in
i
MA0 (u). Hen e, due to (ti0 ;u0 );b(t) = 0 and b(v) 2 MA0 (u), we get (t;u
);b(v) = 0

i
0
with De nition 4.4, and thus v = 0. The later equality implies mi ;r = 0 and
Inequality (2) then holds.
i
- We now onsider the ase ti = 1 with (t;u
) = 0. This gives us mi;k = j : j# and
i ;u (xi ) 4 k ;i (xi ). We dedu e, from the de nition of 4, that j' Æ i ;u (xi ))j# 
j' Æ k ;i (xJ )j# . Hen e, Inequality (2) holds again whatever the value vi in mi ;r0 .
J
J
 We now show Inequality (3). By de nition of J , we have (t;u
) = 1 and t = 1,
and Inequality (3) boils down to mJ ;r0 (' Æ J ;u (xJ )) < j' Æ k ;J (xJ )j# . As
J
(t;u
) = 1, two ases are then possible:
- i) J ;u (xJ )  k ;J (xJ ). But  is losed under substitutions, so (3) holds whatever the value vJ in mJ ;r0 .
J
- ii) J ;u (xJ ) D k ;J (xJ ). This implies (t;u
);b(v) = 0 sin e b(v) 2 MA0 (u). Hen e

J
0
v = 0 and thus mJ ;r = 0. As jwj# > 0 for every w, we get Inequality (3).
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We know that
PJ 1
0)
 mi ;k (' Æ 0k ;i (xi ))
A ('(t1 );0 : : : ; '(tn )) = i=1 !H(i;A P
H
(

;
A
)
J
+!
 mJ ;k (' Æ k ;J (xJ )) + ik=J1+1 !H(i ;A )  mi ;k (' Æ k ;i (xi ))
(4)
Due to the expression of (1) and (4) and the inequalities (2) and (3), we an now
on lude that A ('(t1 ); : : : ; '(tn )) > A ('([[u1 ℄℄1 ); : : : ; '([[un ℄℄n )).
2
6. Con lusion

The system ProPre treats a lass of term rewriting systems spe ifying a re ursive fun tion and deals with the automation of the proofs of termination of these
re ursive fun tions. Be ause the termination proofs of the ProPre system depend
on stru tural orderings, e.g. by the size of terms, the system is diÆ ult to prove
spe i ations in whi h a re ursive all in the right-hand side of a rule is not smaller
than the left-hand side of the rule.
In this paper we proposed a method that extends the automation of the proofs
of termination of re ursive fun tions used in ProPre. Whereas ProPre ould only
deal with the automation of indu tive proofs, our method allows the automation of
a larger lass of re ursive fun tions be ause it an handle non stru tural orderings.
The extension of the ProPre system proposed by this paper onsists of mainly three
parts.
1. If any term whose root symbol is a fun tion de ned by a spe i ation an
mat h the left-hand side of a rule, the spe i ation is alled omplete. The
original ProPre system an deal with omplete spe i ations only. Indeed, the
term distributing tree of a spe i ation, whi h is de ned for proving termination in the ProPre system, must satisfy the following ondition: ea h leaf of
the term distributing tree orresponds exa tly one left-hand side of a rule of
the spe i ation. In this paper we de ned the new distributing tree, alled the
re ursive distributing tree, whi h has the weaker ondition than the original.
The re ursive distributing tree an treat non- omplete spe i ations.
2. For a spe i ation that is hard to deal with dire tly, we propose the split spe i ation. The split spe i ation an be obtained by repla ing a rule with rules
that are instan es of it. It is easier to prove the termination of a split spe i ation than that of the sour e spe i ation. We prove that a spe i ation
terminates if and only if the split one does.
3. Finally, we ome to the main part of our extension: A termination proof in
the ProPre system works as follows:
(a) De ne a term distributing tree of a given spe i ation.
(b) Verify that the tree has the terminal state property. If so, the spe iation is terminating. Roughly speaking, the terminal state property
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means that ea h re ursive all is stru turally smaller than the left-hand
side.
In this paper, we proposed the new terminal state property. Be ause we use
the ordering by whi h a re ursive all ompared to the left-hand side does
not depend the stru ture of terms, our method an apply to spe i ations in
whi h simpli ation orderings fail, su h as the re ursive path ordering and so
on.
Be ause onstru ting a re ursive distributing tree and verifying whether the
distributing tree has the terminal state property an be omputed in a nite time,
our paper ontributes to the area of establishing automati ally termination proofs
of re ursive fun tions. Indeed, we also prove that our method is stronger than the
termination method of the original ProPre system. Moreover, we show that there
are examples of spe i ations that annot be proved terminating using ProPre, but
an using our proposed extension. Our results may help in handling more realisiti
examples that annot be proved terminating (automati ally) by stru tural methods.
Appendix

We give the proof of Theorem 1 stated again here below.

Theorem 3 Let A be a term distributing tree of a spe i ation E of a fun tion. If

A has the terminal state property in the system ProPre, then
terminal state property. The opposite does not hold.

A satis

es the new

Proof: Let us onsider a term distributing tree A of a spe i ation. Re all that a
term distributing tree A is a re ursive distributing tree.
We are going to show that the appli ation F of De nition 4.6 has the value 1 on
ea h node distin t from a leaf. In order to get a ontradi tion we assume there
is a node  in A, distin t from a leaf, su h that F (a ) = 0. So, as F (a ) = 0,
there is a hild a0 of a and a re ursive all (t; u) in Ga0  Ra0 with a > NA (t; u).
Be ause A has the terminal state property, there is a node (? ; y) in the bran h b(t),
with (? ) = 1, that mat hes u with ?;u (y)  Lb t ;? (y) and for every an estor
(0 ? ; y0 ) of ? in b(t), su h that (0 ? ) = 1, we have 0 ? ;u (y0 ) v Lb t ;0 ? (y0 ). So
?
? is in QA (t; u) and we also have (t;u) = 1. As ? < a sin e ?  NA (t; u), let
0 be the hild of ? in the bran h b(t) where is also a . We have in parti ular
Ga0  Ga ? G0 and thus (t; u) 2 G0 . ?Hen e, a ording to De nition 4.5 and the
fa t that (t;u) = 1, we dedu e that t = 0. This means that there is a re ursive
all (t00 ; u00 ) 2 G? with (t?00 ;u00 );b(t) = 0. Therefore, by onstru tion of ?; , this
implies that there is also a re ursive all (t0 ; u0 ) 2 G? , with ?;u0 (y) D Lb t0 ;? (y),
and a bran h b0 2 C? with (t?0 ;u0 );b0 = 0.
As A has the terminal state property, there is a node (p? ; xp ), with (p? ) = 1, in
the bran h b(t0 ) su h that p?;u0 (xp )  Lb t0 ;p? (xp ) and for every an estor (0 ?p ; x0p )
of p? su h that (0 ?p ) = 1, we have 0 ?p ;u0 (x0p ) v Lb t0 ;0 ?p (x0p ). Be ause (t0 ; u0 )
is in G?  R? , this implies that ? is also in b(t0 ). Therefore we an ompare
? and p? in the bran h b(t0 ). The ase ?  p? is not possible otherwise, due
( )

( )

(

(

)

(
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)

)

the above property of p? , we would have ?;u0 (y) v Lb t0 ;? (y) that ontradi ts
? ;u0 (y ) D Lb t0 ;? (y ). So p? < ? , that in parti ular implies G?  Gp? .
(

(

)

0



a a
(t; u) 2 Ga0  Ga 

:::
:::

0

)

?

 
 G0  G? 3 (t0 ; u0)

We an now repeat the same reasoning for < ? ; (t0 ; u0 ); (p? ; xp )? > as we did
with < a ; (t; u); (? ; y) > be ause (t0 ; u0) 2 Gp? and we also have (tp0 ;u0 ) = 1 sin e
p? ;u0 (xp )  Lb t0 ;p? (xp ). This shows that we an onstru t an in nite sequen e
of nodes starting from a with a > ? > p? > q? > r? > : : : . But this is obviously
impossible and we get our ontradi tion; hen e F (a ) = 1 and the appli ation F
has only the value 1 on ea h node distin t from a leaf.
Likewise, using a similar reasoning as in the rst part of the proof, we annot have
G () 6= ; for every node  of some bran h b in A without getting a ontradi tion.
Hen e, we dedu e that A has the new terminal state property. Finally, the ounterexample 4.9 shows that the opposite does not hold.
2
(

)
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