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Abstract

Explicit substitution calculi propose solutions to the main drawback of the A-calculus: substitution
defined as a meta-operation in the system. By making explicit the process of substitution, the
theoretical system gets closer to an eventual implementation. Furthermore, for implementation
purposes, many explicit substitution systems are written with de Bruijn indices. The A-calculus
with de Bruijn indices, called A\yp, assembles each a-class of A\-terms in a unique term, which is
more “machine-friendly” than the classical version with variables. Intersection types (IT) provide
finitary type polymorphism satisfying important properties like principal typing (PT), which allows
the type system to include features such as data abstraction (modularity) and separate compilation.
Although some explicit substitution calculi with simple type systems are well investigated, providing
nice applications such as specialised implementations of higher order unification, more elaborated
type systems such as IT have not been proposed/studied for these calculi. In an earlier work,
we introduced IT systems for two explicit substitution calculi, Ao and Ase, conjecturing them to
satisfy the basic property of subject reduction, which guarantees the preservation of types during
computations. In this paper, we take a deeper look at these systems, providing an insight into
their development which helps us construct for the first time the proofs of subject reduction omitted
before. This new result also 1) enables us to prove another new result: subject reduction for an IT
system for A\gp, and 2) allows us to introduce for the first time an IT system for the Av-calculus.
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1 Introduction

In the A-calculus [8], B-contraction is defined with an implicit notion of substitution.
Explicit substitution calculi are extensions of the A-calculus which include the speci-
fication of how the substitution process is to be performed, breaking down the whole
process in minor steps. The A-calculus & la de Bruijn [12], Ayp for short, was invented
by the Dutch mathematician N.G. de Bruijn in the context of the project Automath
[45] and de Bruijn presented in [13] the first explicit substitution calculus, called
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2 Explicit substitutions calculi with de Bruijn indices and intersection type systems

C X, based on A\gp. Term variables are represented by indices instead of names in
AaB, assembling each a-class of terms in the A-calculus into a unique term with de
Bruijn indices, thus turning it into more “machine-friendly” than its counterparts.
De Bruijn indices have been adopted for several calculi of explicit substitutions ever
since, e.g. [1, 10, 31]. The Ao- [1] and the As.-calculus [31] have different approaches
for dealing with substitutions and both have applications of the respective simply
typed versions in higher order unification, HOU for short [24, 3]. Although simply
typed versions of Ao and As, have been studied in detail, neither calculus has been ex-
tended with an intersection type system before our work. This paper studies the type
systems introduced in [58], which to the best of our knowledge are the first systems
with intersection types proposed for both Ao and As.. Proofs of subject reduction
for both intersection type systems are given here for the first time. We also establish
subject reduction for an intersection type system for A\yp and introduce for the first
time such a system for the Av-calculus [10].

Intersection types, IT for short, were introduced as an extension to simple types,
in order to provide a characterisation of strongly normalising A-terms [16, 17, 46].
In programming, the IT discipline is of interest because A-terms corresponding to
correct programs not typeable in the standard Curry type assignment system [20],
or in some polymorphic extensions as the Hindley/Milner type system! [43], HM for
short, are typeable with I'T. For instance, a strongly normalising A-term not typeable
in system F,, [55] and typeable with IT is presented in [14]. Moreover, some IT
systems satisfy the principal typing property, PT for short, meaning that for any
typeable term M there is a type judgement I' = M : 7 representing all possible
typings (I F 7/) of M in the corresponding type system. T. Jim discussed in [28]
the importance of this property in computational type systems, in providing support
to features such as separate compilation, including smartest recompilation [53, 2], and
recursive definitions [27]. In [59] J. Wells proved that HM does not have the PT
property. Principal typings have been studied for some IT systems [18, 48, 49, 5, 35]
and it was shown in [18, 48] that for a term M, the principal typing of M’s S-normal
form, S-nf for short, is principal for M itself.

IT in the typing systems presented here are non-idempotent, i.e. ¢ Ao # 0. D.
de Carvalho established in [15] a relation between the size of a typing derivation in a
non-idempotent I'T system for the A-calculus and the head /weak-normalisation execu-
tion time of head /weak-normalising A-terms, respectively, through abstract machines.
Resource-aware semantics rising from such systems have been explored [11, 22], in or-
der to prove normalisation properties about typeable terms by such a combinatorial
argument, i.e. counting things, instead of the usual reducibility argument [38, 29, 6]%.
Non-idempotent IT are represented by multiset of types in [15] as the idempotent ones
are represented by set of types in [17] and, in [41, 42], is pointed out that multisets
are the proper abstraction regarding the relevant implication. In fact, in [23] a tight
relation is showed between the minimal positive relevant logic By and the intersection
types discipline, even though an idempotent IT is presented. For this reason the rel-

1Hindley/Milner is the typing system present in the SML [44].

2The reducibility argument in order to prove termination of typed terms in [54], then called convertibility, was ex-
tended by Girard to the notion of reducible candidates to prove strong normalisation for the System F [25]. Krivine
presented in [37] (the original French version is from 1990) a more general argument, sometimes referenced as realis-
ability, to prove a variety of termination properties, such as head-/weak-normalisation, beside strong normalisation.
The technique in [37] is also called stable sets (cf. [9]).
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evance in the sense of [21], a property allowing to obtain a non-trivial typing system
“as restricted as possible”, should be considered while developing a non-idempotent
IT system. Contexts in relevant type systems have only types that are needed while
inferring a typing for some term thus no weakening rule is admissible?. For instance,
in a non-relevant IT system both z: aF Ay.z: § = aand O F Az.x: (a A )=« are
derivable while in relevant systems only z : a - A\y.x : w — aand ) - Az.z : «— « can
be derived, where w is the universal type of [19] (¢f. [6]). Relevance is also explored
in the study of PT for IT systems [18] and in a functional characterisation of terms
in the A-calculus [19].

Previous work

In [56] we introduced an IT system for gz, based on the type system given in [29]
which characterises termination in the A-calculus, and proved it to satisfy the subject
reduction property, SR for short. SR states preservation of typings under S-reduction:
whenever I' - M : o and M S-reduces into N, then I' - N : 0. However, the system
in [56] is not relevant in the sense of [21], a property of the system in [29], due to the
interaction between sequential type contexts and the subtyping relation*. Hence, to
avoid this drawback, in [57] we introduced a relevant IT system \j} for Agp. The
system in [57] is a de Bruijn version of the system originally introduced in [50] to char-
acterise the syntactic structure of PT for S-nfs in the A-calculus. We also established
a characterisation of PT for S-nfs in A\yp. In [58] we introduced the IT systems for
Ao and As., based on the IT system A} thus called Ao” and As.”, respectively. The
system A5 is a de Bruijn version of the system in [52] and was presented as a varia-
tion of A}, in a discussion about the SR property. We focused on SR and relevance
properties, in order to obtain a proper non-idempotent I'T system. Furthermore, an
IT system As®*™ was proposed for As, based on A5}, as an intermediate step towards
the IT system for As..

Present results

In this paper, IT systems for As and As. are presented with proof-sketches of SR,
omitted in [58]. Besides, different from [58], the IT systems for \yp are presented
here as restrictions of those systems to pure terms, i.e. terms without pending sub-
stitutions, thus deriving their properties from the systems for As and As.. Although
g was already introduced in [58], the SR property is proved here for the first time,
derived from the system As.”. The build up to how the IT system for Ao was ob-
tained is also given and the proof for its SR, omitted in [58], is included here for the
first time. Furthermore, Av” is introduced, an IT system for Av [10] that is proved
to satisfy SR. Below, we describe the work done in each section:

e In Section 2 the untyped versions of the Agp, As, As., Ao and Av calculi are
presented. The notion of available indices for As is presented and proved to be
an extension of the free indices concept introduced in [32]® for A\gp. Those are
the counterparts of available [38] and free variables notions for the A-calculus with
names. They play an essential role in the discussion of relevance for the systems

3 An admissible rule in a formal system is a rule that can be derived from the inference rules in the system.
4The subtyping relation in [29] is crucial in obtaining a complete IT system with respect to realisability semantics
but also guarantees SR on both systems (see Remark 4.14 for further discussion about the issue).

5Under the name of free variables.
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presented here and the definition of an appropriate notion of SR for relevant type
systems.

e In Section 3, the set of intersection types used by all IT systems in the present
work, and the sequential contexts required in those systems, are presented.

e The following two sections have basically the same structure, consisting of two
subsections, in each of which an IT system and its properties are presented. Hence:
— In Section 4, the IT system As® is presented in Subsection 4.1 while in Sub-

section 4.2 the IT system As.” is presented.
— In Section 5, the system AjY is presented in Subsection 5.1 and in Subsection

5.2 the system \)j.

e In Section 6, the process of obtaining the IT system Ao” is presented in Subsection
6.1 while in Subsection 6.2 its properties, and respective proofs, are given.

e Finally, Section 7 gives the system Av” and its properties.

e Conclusion and future work are presented in Section 8.

Related work

In [38] an IT system is presented for Ax, an ES calculus without composition, and in
[33] an IT system is presented for Aex, the ES calculus with safe composition which
preserves strong normalisation, PSN for short. Each IT system proposed characterises
strong normalisation in the corresponding calculus. However, both calculi are defined
with named variables while in the present work calculi with de Bruijn indices and
explicit substitutions with compositions not satisfying PSN are investigated.

About non-idempotent IT, in [15] a relevant IT system characterising head/weak-
normalisation was used to prove the relation between the size of typing derivations and
execution time in the respective normalisation process as mentioned before, while in
[11, 22] IT systems were used to prove the relation between typing derivations and the
number of steps for the normalisation of strong-normalising terms in the A-calculus.
Since the system in [11] is non-relevant, the notions of optimality and principality for
typing derivations are introduced, which are in fact relevant derivations, to present
the quantitative aspects of typeable terms. There are also some results about explicit
substitution/resource calculi [11, 34]. However, only calculi with names were inves-
tigated with such an IT system and, in the explicit versions, only composition free
substitutions were considered.

2 Type free calculi

Calculi in the present section are defined as term rewriting systems, TRS for short,
and standard rewriting notions and notations are used [4]. For instance, given a TRS
R, %3; denotes its transitive closure while —§, denotes its reflexive transitive closure.

2.1  A-calculus with de Bruijn indices

DEFINITION 2.1 (Set Ayp)
The set of \jp-term, denoted by Ayp, is inductively defined for n € N*=N~{0} by:

M,N € Ay := n| (M N)|X.M.
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Terms like ((...((My Ma) M3)...) M,,) are written (M; My --- M,), as usual. An
index 7 is bound if it occurs inside the scope of at least ¢ A’s and it is free otherwise.
The following subsets are introduced in order to formally define the set of free indices
of a term.

DEFINITION 2.2
Let N C N* and k > 0. Define:

I.N\k={n—-k|jne N} SN+k={n+k|ineN}
2.N>k:{n€]\7\n>k} 4.N§k:{n€N|n§k},N<k:{n€N|n<k}

DEFINITION 2.3
FI(M), the set of free indices of M € A4p, is defined by:

FI(n)={n} FI(M, M) =FI(M)UFI(M,) FI\M)=FI(M)J\1

Free indices correspond to the notion of free variables in the A-calculus with names
and M is thus called closed whenever FI(M) = ). The greatest index value of F1(M)
is denoted by sup(M).

In this notation, a S-contraction definition needs a mechanism which detects and
updates free indices of terms. Intuitively, the i-lift of M, denoted by M %, corresponds
to an increment by 1 of all free indices greater than i occurring in M. A more general
mechanism is introduced in [30, 31], presented below.

DEFINITION 2.4
Updating functions U,i : Agp — Agp for i € N* and k € N are inductively defined
as follows:

n+i—1, ifn>k
n, ifn <k.

LU N) = GO0 V) 3. 03w =
2. ULAM) = AU, (M)

Therefore, Uf (M) represents i—1 applications of the k-lift on term M. Now, it is
possible to present the substitution definition used by S-contractions as introduced
in [30, 31].

DEFINITION 2.5

Let m,n € N*. The B-substitution for free occurrences of n in M € Ayp by term
N, denoted as {n /N}M, is defined inductively by

m—1, ifm>n
1. {n/N}(Mi Mz) = ({n/N}M1 {n/N}M2) 3. {n/N}m= { UR(N),if m=n
2. {n/N}AM)=A{n+l/N}M m, fm<n

[B-contraction can then be defined.

DEFINITION 2.6
B-contraction in \yp is defined by:

(AM N) =5 {L/N}M
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Item 3 in Definition 2.5 is the mechanism which does the substitution and updates free
indices in M as a consequence of the elimination of the lead abstractor. The updating
function is used to avoid the capture of free indices in N. The formal definition of
B-reduction is given below.

DEFINITION 2.7
B-reduction in A\dB is defined by:

M—)ﬂN
(AMN)=z{L/N}M AM =5 AN
Ml —>BN1 Mg—)ﬂNQ

(Ml MQ)*)[—} (Nl MQ) (M1 M2)4)13 (Ml NQ)

In other words, the B-reduction is defined to be the A-compatible closure of (-
contraction. A term is in B-normal form, §-nf for short, if there is no S-reduction
to be done.

If i ¢ FI(M) then one has {i /N}M = M~* where M~* is the term M in which
indices greater than 7 are decreased by one. We call this an empty substitution
because no index is replaced by an instance of term N. A [-contraction (A.M N)
when 1 ¢ FI(M) is thus called an empty application.

2.2  The A\s.-calculus

The As-calculus is a proper extension of A\yp. Two operators ¢ and ¢ are intro-
duced for substitution and updating, respectively, to control the atomisation of (-
substitutions by arithmetic constraints.

DEFINITION 2.8 (Set As)
The set of As-terms, denoted by As, is inductively defined for n,i,j € N* and k € N
by:

M,N€As == n| (M N)|\M|Mc'N |l M

A term of the form Mo N represents the procedure to obtain the term {i /N}M; i.e.,
the substitution of the free occurrences of i in M by N, updating the free indices on
both terms. Similarly, the term ¢) M represents the procedure for Uj(M). Table 1
contains the rewriting rules of As, as given in [31]. The bottom six rules of Table 1 are
those which extend As [30] to As. [31]. They ensure the confluence of the As.-calculus
on open terms thus its application to the HOU problem [3]. In this paper we work
with the same set As of terms for both calculi.

An associated substitution calculus, denoted by s, is induced by all the rules except
(o-generation). The rewriting system obtained by removing from s, the bottom six
rules presented in Table 1 is called the s-calculus, which is the substitution calculus
associated with As. For any M € As, by confluence and strong normalisation of s [30]
there exists a unique s-normal form, denoted by s(M). The set of s-nfs is exactly the
set Agp [30] then called pure terms. The following lemma states significant relations
between s and both the term structure and the S-substitution.

LEMMA 2.9 ([30])
Let M, N € As:
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TABLE 1. The rewriting system of the As.-calculus

(A.M N) — MolN (o-generation)
(A.M)oiN —  A(Mo*IN) (o-A-transition)
(M1 M2)o*N —  ((M10*N) (M20?N)) (o-app-trans.)
n— 1 ifn>1q
notN — ifn=1 (o-destruction)
1f n <1
<p}€()\M) — A <pk 1 (¢-A-trans.)
@) (M1 M2) — (g sokMz (¢-app-trans.)
i n + i—1 ifn>k
P — { ifn <k (¢-destruction)
(M1oiMa)od N  —  (Myodt N)o? (Maod =i +IN) ifi<j (o-o-trans.)
(pi M)oI N — @y 'M ifk<j<k+i (o-p-trans. 1)
(@iM)qjN — <p};_(Maj’iJf1N) if k+ i.S ] (o-¢-trans. 2)
pk(Ma]N) — (‘R}c+_1M)U](‘p}c+l—jN) ifj<k+1 (¢-o-trans.)
@t (o] M) — <Pf_(<€}2+1ij) ifl+j<k (p-p-trans. 1)
@i (9] M) — @M i l<k <+ (@-p-trans. 2)
1. s(M N) = (s(M) s(N)).
2. s(AM) = \.s(M).
3. s(pi M) = Ui(s(M)).
4. s(MJ’N) ={i/s(N)}s(M).

In order to have a syntactic characterisation related to empty applications and
substitutions, as with free indices for A\yp, we present the definition of available indices,
a notion analogous to that of available variables introduced in [38].

DEFINITION 2.10
AI(M), the set of available indices of M € As is defined by:

Al(n)={n} AIAM)=AI(M)\1 AI(My My)= AI(My)U AI(M>)
and

AI(@k )=

AI(MoN) = {

AI(M) < U (AI(M)> g + (i — 1))
(M~ U AI(giN), ifie AI(M)
AI(M~), if i ¢ AI(M)

where AI(M~*) denotes AI(M); U

The greatest value of AI(M
and F'I is presented.

(AL(M)=i)\L.

) is denoted by sav(M). Below, the relation between AT

LEMMA 2.11
If M € As then AI(M) = FI(s(M)).
PROOF. By induction on the structure of M € As. [ |

COROLLARY 2.12

If M € Agp, then AI(M)=FI(M).
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Below, lemmas stating the relation between set A, its greatest value sav and the
structure of terms are presented.

LEMMA 2.13

1. n € AI(\M) iff n+1 e AI(M).

2. sav(My My) = max(sav(My), sav(Ms)).

3. If sav(M) =0, then sav(A\.M)=0. Otherwise, sav(A.M)=sav(M) — 1.

4. 1If sav(N) >k then sav(pi N) = sav(N) + (i—1). If sav(N) <k then sav(p}N) =
sav(N).

5. Let sav(M~")=maz(AI(M~%))=maz(AI(M)<; U (AI(M)s;)\1). If sav(M)<i,
then sav(M~%)=sav(M). If sav(M)>i, then sav(M~*)=sav(M) — 1.

6. If i€ sav(M) then sav(Mo'N)=max(sav(M~?),sav(p{N)) and sav(Mo'N) =
sav(M~") otherwise.

PROOF. 1. By Definition 2.10. 2,3,4,5,6. Analysing the AI definition and its relation
with the maz function. [ |

REMARK 2.14
By Corollary 2.12 the statements 1, 2, 3 and 5 above are valid for FI(M) and sup(M)
when M € Ayp.

Properties relating free indices and (-reduction in A\gp can then be derived from
Lemmas 2.9 and 2.11.
LEMMA 2.15
Let M, N € AgB:
1.If i¢ FI(M) then FI({i/N}M)= FI(M~?).
2.If ie FI(M) then FI({i/N}M)= FI(M~%) U FI(U§(N)).

PROOF. By Lemma 2.9.4 and Lemma 2.11 one has AI(Mo'N)=FI({i/N}M) and
by Corollary 2.12 one has FI(M)=AI(M) and FI(N)=AI(N).

1. Suppose i ¢ FI(M). Therefore, FI({i/N}M) = AI(Mo'N) = AI(M~%) =
FI(M).
2. Suppose i€ FI(M). Therefore, FI({i /N}M)=AI(Mo'N)=AI(M~JAI(piN) =]}
FI(M~)UFI(s(gyN))=FI(M~*)UFI(UL(N)).
[

COROLLARY 2.16
If 1€ FIIM), then FI({1/N}M) = FI(A.M N). Otherwise, FI({1/N}M) =
FI(A\M).

Therefore, we can state that the S-reduction in A\yg does not create new indices.

LEMMA 2.17
If M —5 N then FI(N) C FI(M).

Proor. By induction on the derivation of M —3 N and Corollary 2.16. [ |
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2.8 The Ao-calculus

The Ao-calculus is given by a first-order rewriting system, which makes substitutions
explicit by extending the language with two sorts of objects: terms and substitu-
tions which are called Ao-expressions.

DEFINITION 2.18 (Set Ao)
The set of Ao-expressions, denoted by Ac, is formed by the set Aot of terms and the
set Ao® of substitutions, inductively defined by:

M,N e Ao :=1|(M N)|ANM|M[S] Se€Ao®u:=id| T |M.S|SoS

Substitutions can intuitively be thought of as lists of the form N/i indicating that
index i ought to be replaced by term N. The expression id represents a substitution
of the form {1/1,2/2,...} whereas the shift, denoted by 1, is the substitution
{i+1/i|ieN*}. The expression S o S represents the composition of substitutions.
Moreover, 1 [1"], where n € N*, codifies the de Bruijn index n+1 and i [S] represents
the value of ¢ through the substitution S, which can be seen as a function S(¢). The
substitution M.S has the form {M/1,5(i)/i+ 1} and is called the cons of M in
S. M[N.id] starts the S-reduction simulation of (A.} N) in Ao. Thus, in addition
to the substitution of free occurrences of index 1 by the corresponding term, free
occurrences of any other index should be decremented because of the elimination of
the abstractor. Table 2 lists the rewriting system of the Ao-calculus, as presented in
[24], without the (Eta) rule.

TABLE 2. The rewriting system for the Ao-calculus

(A.M N) —  M]IN.id] (Beta)

(M N)[S] —  (M[S] N[S)) (App)
1[M.S] — M (VarCons)
AM)[S]  — A(M[L(So1))) (Abs)
Mlid] M (Id)
(M[S))[T) — M]I[SoT] (Clos)

ido S S (IdL)
To(M.S) — S (ShiftCons)
(Sl o SQ) ] Sg — Sl o (SQ o Sg) (ASSETM})
(M.S)oT — M[T).(SoT) (MapEnv)
Soid S (IdR)

1.1 — id (VarShift)
1[S].(109) — S (Scons)

This system is equivalent to that of [1]. An associated substitution calculus, denoted
by o, is induced by all the rules except (Beta).

2.4  The \v-calculus

P. Lescanne introduced in [39] the Av-calculus. The calculus was originally presented
as a rewriting system with three sort of objects where, besides terms and substitutions,



10 Explicit substitutions calculi with de Bruijn indices and intersection type systems

an inductively defined set AV represents the natural numbers. However, \v is presented
here as a two sorted calculus similar to Ao.

DEFINITION 2.19 (Set Av)

The set of Av-expressions, denoted by Awv, is formed by the set Av? of terms and the
set Av® of substitutions inductively defined for n € N* by:

M,N € Avt := n| (M N)| XM |M[S] SeAvsa:=M/|NS)| T

The Av-calculus is intended to describe the minimal substitution mechanism, where
features such as composition of substitutions and the representation of compound
substitution as lists are considered to be implementation choices. Hence, the cons (.)
and the composition (o), essential to satisfy the confluence property for open terms,
i.e. terms with meta-variables, are removed and new constructors for substitutions are
introduced, in order to have as few forms of substitutions as possible. Therefore, M/
can be seen as the substitution M.id and the lift, denoted by {}(.S), as the substitution
1.(So7). The rewriting rules of Av are in Table 3.

TABLE 3. The rewriting system for the Av-calculus

AMN)  — MV (B)

(M N)S]  — (M[S]N[S]) (App)
AM)[S]  — AMNS)]) (Lambda)
1[M/) — M (FVar)
ntl[M/] — n (RVar)
)] — 1 (FVarLift)
nti[i(9)] — S (RVerLift)
n[1] — n+l (VarShift)

An associated substitution calculus, denoted by v, is induced by all the rules of
Table 3 but (B). Lescanne et al. proved in [10] the properties of Av such as the
simulation of the S-reduction, confluence for terms without meta-variable and the
preservation of strong normalisation, PSN for short. The PSN property means that
any strongly normalising term, SN for short, in the A-calculus is SN in the Av-calculus.
Although it seems to be a property any calculus intended to simulate S-reduction
should satisfy, after some years of the introduction of the Ao-calculus P.-A. Mellies
presented in [40] a counter-example where some term, corresponding to a simply typed
term in the A-calculus, has an infinity reduction strategy. B. Guillaume presented in
[26] an analogous counter-example for the As.-calculus.

The proof of PSN in [10] relies on the fact that only the rule (B) creates new closures
thus any closure occurring in a term can have the corresponding (B) rule traced
back. Interesting enough, Mellies pointed out the rule (MapEnv) as the responsible
for the failure of PSN by the Ao-calculus. In [47], E. Ritter proved that the kind
of composition of substitutions allowed in Ao, and in As., was the characteristic
determining the failure w.r.t. PSN.

Analogous to the s-calculus, for any M € Avt and by confluence and termination
of v [10] there is a unique v-nf, denoted by v(M). Note that v(M) is a pure term,
i.e. a term without closures [10].
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3 The non-idempotent intersection types

All intersection type systems presented in this paper have the same set of types
T, of the so called restricted intersection types, in which intersections do not occur
immediately on the right of an —. Moreover, the intersection is non-idempotent, i.e.
o Ao # o. In addition, type contexts in type systems with de Bruijn indices are
sequences of types instead of sets of type assignments. Below, all these concepts are
defined.

DEFINITION 3.1
1. Let A be a denumerably infinite set of type variables and let a, 5 range over

A.
2. The set T of non-idempotent intersection types is defined by:

T,o0 € Tu=AlU—-T uelUs=w|lUNU|T

Types are quotiented by taking A to be commutative, associative and to have w
as the neutral element.

3. Sequential contexts are ordered lists of u € U, defined by:
I=ni|ul

I'; denotes the i-th element of T' and |T'| denotes the length of T', where |nil|=0.
I'; denotes the first i—1 types in the sequence. I's;, I'<; and I's; are similarly
defined. If i=0, then 'cg.I'=T<o.I'=T".
An omega context w™ denotes the context w.w.--- .w.nil of length n. If neN
and m € N*| then I' £ A.w™ denotes that I' does not end with an omega context
different than nil and I'#£A.w? stands for I'#nil and I'#A.w™.
An extension of A to contexts is obtained by taking nil as the neutral element and
(u1.T) A (u2.A) = (u1 Aug).(I' A A). Hence, A is commutative and associative on
contexts.

4. Let v’ C u if there exists v such that u=u' Av and v’ C u if v # w. Let IV E T if
there exists A such that I' = IV A A, where neither I'” nor A are omega contexts
different than nil and IV C T if A # nil.

The set 7 defined here is equivalent to the one originally defined in [50] and also
used in [15]. Type judgements will be of the form M :(I' ¢ 7), instead of the usual
I' F¢ M : T notation, meaning M has type T with context I' in system &. Briefly, M
has type 7 with ' in & or (' 7) is a typing of M in &. The subscript & is omitted
whenever it is clear to which system the typing belongs.

Below, some properties about the extension of A to contexts, straightforward from
its definition, are presented.

LEMMA 3.2
Let T'', ..., T"™ be contexts different than nil:

LITYA - AT =T{ A ATP)(TL A ATTY).
2.1f i < min(|T,...,|T"™]), then (T* A---AT™); = T} A---ATJ". Else, (T' A
<o AT™); =T A+ AT where k < m and V1<I<Ek, T7 € U.
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3TN AT™); =TL, A AT, If 4 > |T9| then (T' A -+ AT™); = TL, A
AT A ATZ,. (A A)<; has similar properties.
4 TV A AT™)s; =T A ATT, T4 > [T7] then (TF A - AT™)5; = TL; A
- ATLPATIEN A ATZ,. (T A A)s; has similar properties.
5. (TYA - AT™) i A AT™)s; = (PL,TL) A AT TT).
6. [TLA - AT™| = max(|TY,...,[T™)).
NOTATION 3.3
- A list of typings denoted by either M :(I'' - oq) ... M : (I F o) or V1<i<m, M :
(TP o).
- A list of typing derivations Dj - - - D,, is denoted by D;,V1<i<m

4 Intersection type systems for \s and s,

In order to have an IT system for As., we introduce a system for As as an intermediate
step. In both cases, we focus in two properties while developing the typing rules:
relevance [21, 23], where the available indices play an essential role, and subject
reduction. The latter is a basic property which any type assignment system should
satisfy while the former was the way to obtain such a system as restricted as possible.

The alternative for relevance would be an IT system isomorphic modulo idempo-
tency to an extension of a simple type assignment system as in [46, 17, 7]. While
the As-calculus has the preservation of strong normalisation property [30], PSN for
short, the rules allowing the composition of substitutions in As. invalidate the prop-
erty for the calculus. B. Guillaume presents in [26] a counter-example of some simply
typed term in As. with an infinite reduction strategy. Therefore, any typing sys-
tem extending the simple type system for As. (c.f. [3]) would automatically inherits
the Guillaume’s counter-example. We then consider whether the relevant systems
presented in this paper are able to characterise SN for As..

Moreover, we introduced the system Aj} in [58], proving its properties and then
proposing the IT system for As based on those results. Here, we first present the IT
system As®", deriving the very same properties of the system A5} from it. We take
the same approach with the system proposed for As., denoted by As.”, to prove for
the first time the SR property for system A}, which is a variation of system A3} .
See Section 5 for more details on the IT systems for Ayp.

Proofs of SR in the present section follows a standard procedure, where generation
lemmas are stated beforehand. The SR property is then verified for each rule in the
respective calculus. Since the system for As is relevant, we introduce an appropriate
notion of SR.

4.1 The system As*M

DEFINITION 4.1 (The system As®™)
The typing rules of system As*™ are given in Figure 1.

Compared with the simple type system for As and As., which introduces one type
inference rule for each operator (cf. [3]), there are multiple rules introduced in Figure
1 for the o and ¢ operators. Below an example is presented to illustrate the necessity
of more rules than just (A-o) in our typing system.
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n: (1) M:(ul'FT)
——— var varn —
1:(tnil b 7) n+l:(wI'F7) AM:(PFu—T)
My:(TFw—T) My: (A F o) s M:(nil - 1) _
(M1 M2):(TAAFT) € AM:(nilkw—T)

My:(TE A o5 —T) Ma: (A F o) ... Ma:(A™ & 0p)
(My M2):(TAAYA---ANAPFT) c

M:(T'F 1) N:(AF p) M:(TF 1)
- — T >k (w-0) -
oL M:(T<p.w™=—=Tsp F7) Mo*'N:(T«;.T'si b 1)

(w-p)

M:(FI—T) <k (nil-o) N:(A)—p.) M:(TF 1)
@M (T FT) Mo*N: (k1)

(nil-) <
N:(nilko1)...N:(nilt om) M:(wi*—l./\;”:l oj.nil - T)

(A-nil-o) e
Mo N:(nil - T)

N:(nilko1)...N:(nilF om) M:(TFT)

(A-w-0) .
Mo'N (T ¢ (j_p)y-nil = 1)

» L= Af05 (%)

N:(A'Fo1)...N:(A™Fop)  M:A('F7T)

(n-0) . ———
Mo N+ (TeiTog) AL (AL A~ AA™Y F 1)

o Di = Ajlyog (%)

13

(T = F<(i,k).wﬁ. ALy ojmil and T g1y #w (*%) AF £ nil, for some 1<k<m,

or I's; # nil

Fic. 1. Typing rules of the system As®™

EXAMPLE 4.2

Let 3:(w2.a—aF a—a) and \.1:(nil - a—«a). Applying the rule (A-o), ignoring

its side condition, one has 303(\.1): (w2 F a—a).

Hence, we need the rules (A-w-0) and (A-nil-o) to satisfy the relevance property.
In fact, this multiplicity corresponds to the cases for the updating and substitution

lemmas for Ay (see Section 5 for further details).

Another important thing to note is that the typing information related to empty
substitutions, handled by the rules (w-o) and (nil-0), is discharged. In other words,
the typing information related to an empty application is forgotten as soon as the
substitution procedure is started. In a non-idempotent intersection type system this

is necessary in order to have SR, as seen in the following example.
EXAMPLE 4.3
Suppose that the rule (w-o) is defined as
N:(AF p) M:TkFT)
Mo'N:{(T;Tsi) A\w=LAFT)

uFi:w

Let M = (\.(23) 3) and M’ = ((20'3) (30'3)) thus M —}, M. If M :
(1 — ag.aq.8.mil B ag) then M’ : (a1 —ag.aq.(B A B)nil - as). Let T' and TV be
the contexts in the typings of M and M’, respectively. Note that I" = I' A (w2.8.nil).
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Hence, although the typing information related to the empty substitution disappears
in the s-nf, it is duplicated after each reduction with the (o-app-transition) rewriting
rule.

SM

The system As®* is relevant w.r.t. available indices, as stated below.

LEMMA 4.4 (Relevance for As®™)
If M:(TkF, sm 7), then |T'|=sav(M) and V1<i<|T|, T; #wiff ic AI(M).

PROOF. By induction on the derivation of M :(I' -, sm 7). We present the case for
the application of the rule (nil-¢). Then, o} M:(T' I 7) where M :(I' - 7) and |I'| < k.
By the induction hypothesis (IH) one has that |T'| = sav(M) and V1 < j < [T, T'; #w
iff j € AI(M). Observe that AI(piM) = AI(M)<; U(AI(M)sy+ (i—1)) = AI(M)
thus sav(pi M) = sav(M). [

The relevance of As® does not allow the system to satisfy SR in the usual sense.
The following example in the Ayp-calculus illustrates the issue.

EXAMPLE 4.5
For SR, we need to prove the statement: If (\.M N):(T'F 7) then {1 /N}M:(T'F 7).
Let M = A1 and N = 3, hence {1/3}A.1 = A1. We have that (A.\.1 3) :
(ww.B.nil F a—a). Hence, AA.1: (nil F w—a—a) and 3: (ww.B.nil - B) thus
Al:(nil - a—a).
In other words, one has a restriction on the original context after the S-reduction,
since the typing information regarding N = 3 vanishes.

Notions of expansion and restriction of contexts are an interesting way to talk
about subject expansion and reduction in relevant typing systems. These concepts
were presented in [29] for environments. We introduce the notion of restriction for
sequential contexts related to available indices to prove SR for one step of the (-
simulation in the As-calculus. This approach of restriction/expansion for contexts
is not sufficient to have the subject expansion property because the rule —/ has
the typeability of the argument as a premiss. Hence, for any non-typeable term N,
{1/N} 2 is typeable while (\.2 N) is not typeable in system As**.

Although the relevant type system, SR holds for the full s-calculus. Some generation
lemmas are stated in order to proof the SR property in As*™.

LEMMA 4.6 (Generation for As5*)

1.If n: (T, ,sm 7) then T, =7.

2.1 AM:(nil by sm 7), then T=w — 0 and M : (nil F,,sm o) or T=A,0;, =0,
n >0, and M : (A 0;.nil -, sm o) for o,01,...,0,€T.

3. ANM: Tk, ,sm 7) and |T'| > 0, then T=u— 0 for some u €l and o €T, where
M:(u.l' b, sm o).

4.1f (M N): (T F,.sm 7) then T =T AT?2 st. M : (T F,.sm w—7) and N :
(T2 bk, .sm p) or M : (Tt +, sm (AT 0;)—7) where T? = AL A .- AA™ and
Vi<i<m, N:(A'F, su ;).

PrOOF. 1. By induction on the derivation n: (T, sm 7) (note that (w.I')pp = I'y).
2, 3, 4. By case analysis on the respective derivation.

Below, we present the generation lemmas for typings related to substitution and
update operators in As.
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LEMMA 4.7 (Generation for operators in As®™)
1. Let @i N : (T F,sm 7). If |T| <k, then N: (I b, sm 7). If | >k then N :
<F§k'1—‘2k+i |_>\SSM T>, where F:FSk.WE.FZkJFi.

2. If Mo®N : (nil F,,sm 7), then M : (nil -, .sm 7) and N : (A F,.sm p) or M :
(=L AT 0j.nil i sm ) where V1< j<m, N:(nil -\ sm o).

3.If Mo*N : (T Fysm 1) and 0<|T'| <4, then M :(T' b, sm 7) and N: (A, sm p)
or M : (T.w™ ATy ojnil by sm 7) where [D.w™ AT, oj.nil| =4, n > 0 and
V1 §j§m7 N: (ml }—MSM 0‘j>.

4. If MO’iN: <F }_)\SSM T> and |F| >1 then M : <I‘<i.w.I‘2i }_ASSM T> and N: <A l_)\ssl\l
p) or M:(Tci. NJLy 0. 1" b sm 7) where, for [T >0, Toi=T" AA Ao AA™
and V1<j<m, N:(AJ b, su ;).

Proor. 1, 2, 3, 4. By case analysis on the respective derivation. [ |

REMARK 4.8

Possibilities considered in each item on Lemma 4.7 above are mutually exclusive by
syntactic characteristics. For instance, let Mo?N : (I' - 7). The item to be applied
is uniquely determined by the relation between i and |T'|. Suppose that 0 < |I'| <.
Hence, by the item 3 above one has two possibilities. The proper one in system As®"
is determined by the value of sav(M). Therefore, if sav(M)<i, then M:(I' - 7) and
N:(AF p). Otherwise, the alternative described in item 3 is the one to be applied.

THEOREM 4.9 (SR for s in As*M)
Let M: (Tt sm 7). If M —¢ M', then M':(T' b, sm 7).

PrROOF. By the verification of SR for each rewriting rule of the s-calculus.

We present the proof-sketch for the rewriting rule (o-app-transition). Hence, if
(My M3)o?N : (T - 7) we might prove that ((My0'N) (My0'N)):(I' - 7). Therefore
we need to consider the three possibilities for I': T' = nil, 0 < |T'| <4 or |T'| > i.
Each one of them is related to one generation lemma, Lemmas 4.7.2, 4.7.3 and 4.7.4
respectively. We present the case where I' = nil while the proofs for 0 < |T'| <i and
IT'| > i are analogous. Hence, by Lemma 4.7.2 the last rule applied is either (1) the
(nil-o) or (2) the (A-nil-o) rule.

N:(AF p) (M1 Ma):(nil - 7)

(M1 M2)o®N:(nil - 1)
For (M7 Ms):(nil - 7), one has by Lemma 4.6.4 that the last rule applied is either
(a) the rule —/, or (b) the rule —.. Hence:

(a)

(1) If the last rule applied is (nil-o) then:

Mi:(nilFw—T) My :{nil - o)
N:{AF p) (M1 Ma):(nil b 7)
(My M2)o*N:{nil F )

thus
N: (At p) M :(nilFw—T) N:(A+ p) My : (nil - o)
Mo N : (nil - w—T) Mao N : (nil o)
((M10*N) (Mao®N)): (nil - 7)
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(b)

My (nil b NJLjo5—T) V1<j<m, Ma: (nil - o;)
N:(AF p) (M1 Ma):(nil b T)
(My M2)oN:(nil - 1)

thus
N:(AF p) Mi:(nil = AJLjoj—T)  N:(AFp) Ma:(nil - oj)
Mo N:(nil = NJ 05 —7) Mao®N: (nil - o)
((M10°N) (M26®N)): (nil - )

V1<ji<m

(2) If the last rule applied is (A-nil-o) then:

V1<j<n, N:(nil - 75) (M1 Ma): (w™=L ATy 7j.mil b 7)
(My M3)a*N: (nil F 7)

For (My M) : (w'=L. AJ_, 7;.nil - T), one has by Lemma 4.6.4 that the last rule
applied is either (a) the rule — or (b) the rule —.. Hence:
(a) For some ' AT? = w1 AT_, 7;.nil one has:

M1:<F1|—w—>7> Mzz(FQ)—p>
V1<j<n, N:(nil - 7;) (My Ma): (wi=t Njzy Tjmil = 7)
(M; M2)o®N:(nil - 1)

Note that I'! and I'? can be either a partition both with length i or one of them
is nil. Suppose w.l.o.g. that T'* = nil thus T'" = w*=L A_, 7;.nil and

V1<j<n, N:(nil - 7;) My (T Fw—T) N:{(nil - 1) My : (nil & p)
Mo N : (nil - w—T) Maa® N : (nil + p)
((M16*N) (M2o®N)): (nil - 7)

(b) For some TV A AY A - AA™ = w=L AT_) 7;.nil one has:

My (T F AP o —7)  V1<h<m, Ma: (A" op)
V1<j<n, N:(nil F 7;) (M1 Ma): (wi=L. Njzy Tjmil = 7)
(M; M2)o®N:(nil - 1)

Suppose that I'=nzl, Alzwﬂ./\gilTj.m'l, A2:wﬂ./\?:(m+1) 7;.n4l and that

AV = nil,Yn<j<m. Any other possibility is handled similarly. Hence, one has

_ V1<j<nq, N:(nil - 1) My : (Al F o1)
B Moo N : (nil - o1)

1

Vni<j<n, N:(nil b 7;)  Ma:(A% F o3)
- Mso'N: (nil - o2)
N:(nil - 1) My : (nil F o;)
Mso'N: (nil - o)

Do

and for each n<j<m one has D; = thus

N:(nil - 1) My :(nil = AJ_jop —T)
Mio'N:(nil = Ny op, —T) Dy, V1<h<m
((M10*N) (Mao®N)): (nil - 7)
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[ |

Type information associated with the empty application disappears when becomes
an empty substitution, since the rules (nil-o) and (w-o) discard the corresponding
contexts. Therefore, we need a restriction notion, related to available indices, to have
an SR statement for the simulation of S-contraction.

DEFINITION 4.10 (AI restriction)
Let I'fps be a IV C T s.t. [IY| = sav(M) and that V1 <i<|IV|, IV # w iff 1€ AI(M).

REMARK 4.11

Since the manner in which intersection types are partitioned may vary, the restric-
tion in Definition 4.10 above is not uniquely defined. For instance, (a A S.nil)[1=
a.nil, B.nil or the context itself.

Below, some properties of the Al restriction are presented.

LEMMA 4.12
Let M, M’ € As:

1. If AI(M) = 0 then I'|3r= nil, for any context T.
2. M: (T, sm 7) and AI(M) = AI(M’) then (I' A A) =T, for any context A.

PROOF. Straightforward from Definition 4.10 in both cases. [ |

THEOREM 4.13 (SR for simulation of S-contraction in As**)
If ()\.M M/):<F |_>\SSJW T> then {l/M/}M <FF{1/M’}M l_)\SSIVI T>, for any ()\.M M/) €
Aap.

PRrROOF. The proof consists in the verification of SR with context restriction for
(AM M) : (T k,,sm 7) when the rule (o-generation) is applied and then of SR
for the s-calculus. Let (A.M M’):(I' + 7). By Lemma 4.6.4 one has two cases.

On the first case one has A.M :(I'' - w—7) and M’: (T2 I p), where T=T1 AT2.

If T'' = nil, then by Lemma 4.6.2 one has that M : (nil + 7) thus, by the rule
(nil-o), Mo'M' : (nil = 7). By Theorem 4.9 one has that N : (nil I 7) for any
N s.t. Mo'M' —, N. Hence, by induction on the number of reduction steps in s
one has that s(Mo'M’): (nil - 7), where s(Mo*M') = {1/M’'} M. Note that, by
Lemma 4.4, AI(M)=0 thus AI({1/M'}M)=AI(Mo*M')= AI(M~')=0. Hence,
(Fl N FQ)[{;/M’}JV[ = nil.

If |T!| > 0, then by Lemma 4.6.3 one has that M : (w.I'' I 7) hence, by the rule
(w-0), Mo*M':(I'' t 7). Hence, by Theorem 4.9, s(Mc*M'):(T'' - 7). Note that, by
Lemma 4.4, 1¢ AI(M) thus AI({1/M'}M)=AI(Mo*M')=AI(M~')=AI(\.M).
Hence, (I AT?) (1 /mym = (TVAT?)[a =T

On the second case one has \.M : (I'! - ALyoj—T) and V1 <j<m, M': (AT oj),
where T=TY AT? for T2=AlA-.- A A™,

If I'' =nil, then by Lemma 4.6.2 one has that M : (AL 0;.n4l 7). If sav(M')=0
then by Lemma 4.4 one has that V1 < j < m, A7 = nil. Hence, by the rule (A-
nil-o) one has that Mo'M’ : (nil - 7) thus, by Theorem 4.9, s(Ma'M') : (nil +
7). Note that T'' A T2 = nil. If sav(M’) > 0, then by the rule (A-o) one has that
Mo*M'":(A* A--- AA™ |- 7). Hence, by Theorem 4.9, s(Mo'M'): (ALY A--- AA™ |
7). Note that AI({1/M'}M)=AI(Mo'M') = AI(p}M’') = AI(M'). Hence, (T! A
) ¢ymym= (TP AT?) = T2
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If [T'] > 0, then by Lemma 4.6.3 one has that M : (AL 0;.T" = 7) thus, by
the rule (A-0), Mo*M': (T* A(AYA--- AA™) I 7). Hence, by Theorem 4.9 one
has that s(Mo'M’) : (TV AT? = 7). Note that AI({1/M'}M) = AI(Mo*M') =
AT(M~Y) U AI(p3M') = AT(A.M) U AI(M") = AI(A\.M M"). i

REMARK 4.14

Note that, w.r.t. S-reduction, the type information lost after S-contractions can affect
the type as well. For instance, A.(A\.2 1):(nil - (a A B)—a), A (A2 1) =, A.1 and
A.l:(nil F a— «). Therefore, one would need a subtyping relation, and an associated
inference rule, in order to obtain SR for S-reduction In the example above, a A S < «
thus @ =+ a < (aAB) = ab and (nil F a—a) < (nil = (a A B)—a). Therefore
AL:(nil F (e A B)—a) (cf. [11]).

4.2 The system As,”

When applying As®™ to the Asc-calculus, the system does not satisfy SR due to the
composition of operators. We present an example below, giving an intuition to how
we changed the system As®*, and why, to obtain an IT system for As. with the SR

property.

EXAMPLE 4.15

Let A=(11), M =(30'A)o'\A, M' = (30*N\.A) o' (Aot A). One has M —,,
M’', where M is typeable in As*™ and M’ is not typeable. One cannot obtain M’
from M in As while M is obtained from term My = (A.(A.3 A) A\.A) in both calculi.

REMARK 4.16
Non-typeability of the term M, above in As®*™ is due to the inclusion, by the rule
—7 of type information from the context of an argument to an empty application.

SM

Typeability of both My and A o' \. A in As5™ reduces to typeability of Q2 = (A\.A \.A)
which has no type in systems like the Barendregt et al. [7] other than the universal
w type. Hence, we drop the typeability requirement on rules —/,, (nil-o) and (w-0) ,
obtaining the system As.” below.

DEFINITION 4.17 (The system As.")
The inference rules for As,” are given by the rules of the system As™ in Figure 1,
where the inference rules —/, (nil-o) and (w-o) are replaced by the rules below:

SM

M:(T'Fw—T)
_ Y —, |[I'| £
(M N):(T'F7) Mo'N: (T F7)
M:(TF 1)
Mo'N:(T¢;.Tsi b 1)’

(w-0)

A

The system As.” is presented in the Figure 2.

The consequence of those changes is that the system As.” does not have a tight
correspondence relating some syntactic characterisation and relevance. However, the
system has a property related to relevance, stated below.

6 counter-variant in the argument of functional types
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n: (k1) M:(ul'FT)
——————— var varn —
1:(rnil - 7) n+l:(wI'F7) AM:(DFu—T)
M :TFw—T) w M:{nil - 1)
it A AN e Vel I
(My Mg):(T+7) € AM:(nil Fw—T)

My:(TE A os—T) Ma: (A F o) ... Ma:(A™ & 0p)
(M1 Mg):(F/\Al/\-~~/\A”|—T>

e

M:(T'kFT) . M:(T'F 1)
— | <% (w-0) . ,
Mo'N:(T'F 1) Mo*'N:(T«;.Tsi b 1)

(nil-o)

i =w

N:(niltk o1)...N:(nil - om)  M:(w=L AT, ojnil 1)
Mo*N:(nil - )

(A-nil-o)

N:(nilko1)...N:(nilF om) M:(T'+T)
Mo N : (U (;_py.mil - 7)

(A-w-0) » Ti = AjLyo5 (%)

N:{(A'tFo1)...N:(A™ Fop)  M:(TF7)

A-o . - , Dy =A™ o, (F*
(o) Mo'N:{(Tei Do) Aw=L (A A AA™Y 7)) 0 T IFHY ")
M:(T'F7) . M:(TFT)
(w-0) A sk (itg) S TET
oL M:(P<p.w™=Tsp ) PR M (T F7)

(T = I‘<(i,k).wﬁ. ALy ojmil and T g1y #w (%) AF £ nil, for some 1<k<m,
or I's; # nil

F1G. 2. Typing rules of the system As.”

LEMMA 4.18
If M: (T k..~ 7) for [T| = m > 0, then m < sav(M), I';, # w and V1 < i < m,
I'; # w implies that i € AT(M).

PROOF. By induction on the derivation of M :(I' -, » 7) when I # nil. We present
the case for the application of the rule (w-o). Then, one has Mo'N : (I';.T's; - 7)
where M : (' 7) and T'; =w. Let m=|T"| and I =T'.;.I's;. By IH one has that m <
sav(M), I'yy #w and V1<j<m, I'; #w implies that j€ AI(M). Hence, m € AI(M)
and m > i thus m € AI(M);. One has that [T'|=m—1 and that T, ; =T, #w.
By Definition 2.10 one has that AI(Mc*N)2D AI(M~%) = AI(M)<; U (AI(M)<;\1)
thus sav(Mo'N) > sav(M~*) >m—1. For any 1<j<i one has I'; =T’ #w implies
that j € AI(M)<; € AI(Mo'N) and for any i <j < (m—1) one has I, =T # w
implies that j+1€ AI(M)~; thus j€AI(Mao'N). [

Since in the case of empty applications, handled by the rule =%, no type information
about the argument is added to the context, the system satisfies the usual notion of
the SR property. We prove the property in a standard way, proving some generation
lemmas first, where only the I',, # w piece of the Lemma 4.18 above is needed.

LEMMA 4.19 (Generation for As.")
1.If n:(T F,, .~ 7) then I =w2=L 7.nil.
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2.1f AM : (nil by, 7), then T=w — 0 and M : (nil b5, .~ o) or T=A" 0, = 0,
n >0, and M : (AP o,.nil b, ~ o) for o,01,...,0,€T.

B UANM: (T F,,.~ 7)and |T'| > 0, then T=u— o for some uel and o € T, where
M:(ul' k.~ o).

4.1f (M N): (T Fy,.n 7) then M : (T by, n w—T)or T=T"AALA - AA™ st
M: T Fyn AN oi—7) and VI<i<m, N: (A%, » 0;).

PROOF. 1. By induction on n. If n = 1, nothing to prove. Let n+1:(I' - 7). By
the rule varn one has that I'=|w.I"”|, where n:(I" I 7). Hence, by IH one has that
I =w?t7rnil thus T =w®rnil. 2,3, 4. By case analysis in the respective
derivation. [ |

REMARK 4.20
- Observe that the item 1 on Lemma 4.19 above is equivalent to Lemma 4.6.1
combined with Lemma 4.4 in system As®™.

- Even though items 2 and 3 are similar to Lemmas 4.6.2 and 4.6.3 for system As®*,

the proper alternative in each case is linked to the sets AI(A.M) and AI(M) on
the latter ones, while we do not have this correspondence in the items above. The
loss of this relation is a consequence of the rule =¥, described by the property in
item 4 above.

LEMMA 4.21 (Generation for operators in As.”)

1. Let @i N : (' by.on 7). If T| <k, then N : (T ks~ 7). If ['| >k then N :
<F§k~F2k+i |_)\SCA T>, where F:FSk.UJE.FZkJﬂ'.

2.If Mo*N : (nil F,,.~ 7), then M : (wi=1L. NLy og.nil Fyn 7) where V1 <j <m,
N:(nil by, n o) or M :(nil by, » 7).

3.If Mo*N: (T by, » 7) and 0<|[|<i, then M:(I" F,, » 7) where I = T.w2. AV
ojnil forn > 0s.t. |I"|=iand V1<j<m, N:(nil b\, . 0;) or M: (It » 7).

4.1f Mo'N : (T k..~ 7) and |I'| > then M : T, w.I's; Fyn 7) or sy =TV A
Al A -;~/\ A™ for |I's;| >0 s.t. M: (T Ay 0;I" Fy.on 7) and V1 < j <m,
N (A =y n ).

PRrROOF. 1, 2, 3, 4. By case analysis on the respective derivation. [ |

Below, we present the subject reduction theorem for system As.”.

THEOREM 4.22 (SR for As.")
If M:(T by, A7) and M —y, M’, then M': (T F,,.» 7).

PrROOF. By the verification of SR for each As. rewriting rule.

We present the proof for the rule (o-generation), to allow a comparison with the

proof in Theorem 4.13 and for the rule (c-app-transition), to compare with the proof
for the same rule for system As® presented in Theorem 4.9.
e (o-generation): If (\.M N):(I' - 7) we might prove that Mo'N : (I' - 7). By
Lemma 4.19.4 the last rule applied for (A\\M N): (T' - 1) is either —, or —»%. We
present the latter, which represents the key to obtain SR for the simulation of (-
reduction. Therefore, A.M : (I' b w—7) thus we need to consider the cases (1)
I' = nil and (2) |T'| > 0, related with Lemmas 4.19.2 and 4.19.3 respectively.
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(1) If I'=nail then, by Lemma 4.19.2, the last rule applied is —/ then

M:(nil - 1)
AM:(nilkw—T)
(AM N):(nil b 1)
thus
M:{(nil - 1)
MolN:(nil - 7)

(2) If |T'| >0 then, by Lemma 4.19.3, the last rule applied is —; then

M:(w.I'FT)
AM:(TFw—T)
(AM N):(TF 7)
thus
M:{(wI'FT)
MolN:(T'+7)

e (o-app-transition): We might prove that ((M;o’N) (Mao®N)): (I' - 7) whenever
(M; M) 0N : (T 7). Hence, we need to consider the three possibilities for I'; each
one of them related with one generation lemma, the Lemmas 4.21.2, 4.21.3 and 4.21.4.
Similarly to the proof in Theorem 4.9, we present here the case for I' = nil. Then, by
Lemma 4.21.2 the last rule applied is either (1) the (nil-o) or (2) the (A-nil-o) rule.

(M1 Ma):(nil - 7)
(M1 M2)o®N:(nil 1)
For (My Ms) : (nil + 7), one has by Lemma 4.19.4 that the last rule applied is
either (a) the rule =% or (b) the rule —.. Hence:

(a)

(1) If the last rule applied is (nil-o) then:

Mi:(nilkw—T)
(M1 Ma):(nil b T)
(My M2)oN:(nil - 1)

thus
Mi:(nilkw—T)

Myo*N: (nil - w—T)
((M10°N) (M2o®N)): (nil - )

My (nil b AJLqyo5—T) V1<j<m, M2 :(nil - o;)
(M1 Ma):(nil b T)
(My M2)o*N:(nil - 1)

thus
My:(nil = ATL 05— T) Ms:(nil - oj)

Myo®N: (nil - NiLi0j—=T) M0 N : (nil o)
((M10°N) (M2o®N)): (nil - )
(2) If the last rule applied is (A-nil-o) then:

,V1<j<m

V1<j<n, N:(nil - 75) (My Ma): (w™=L ATy 7j.mil b 7)
(My M2)a’N: (nil - 7)
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For (M Ma): (w™=t. A, 7j.nil - 7), one has by Lemma 4.19.4 that the last rule
applied is either (a) the rule =% or (b) the rule —.. Hence:

(a)

My {(wi=L Nizy Tjnil Fw—T)
V1<j<n, N:(nil - 7;) (M1 Ma): (wi=L. Njzy Tjmil = 7)
(M; M2)o®N:(nil - 1)

thus

V1<j<n, N:(nil - 7;) My {wi=L Nizy Tjmil - w—T)
Mio*N:(nil b w—T)
((M10°N) (M2o®N)): (nil - )

(b) For some T A AY A - AA™ = w=L AT_ 75.nil one has:

My (I AP o —7)  V1<h<m, Ma: (A" op)
V1<j<n, N:(nil F 7;) (M1 Ma): (wi=L. Njzy Tjmil = 7)
(My M2)o®N:(nil - 1)

As for the similar case in Theorem 4.9, suppose that IV = nil, Al = wi=L A"

. . ’ ‘7:1
7i.mil, A? = wi=L, /\?:(mﬂ) 7;.nil and that Vn<j<m, A’ = nil. Then, one has
> V1<j<ni, N:({nil - 7;) Mo : (Al o1)
e M3o'N: (nil F o1)

> Vni<j<n, N:{(nil - 1;)  Ma2: (A% F o2)
2T M2 N : (nil F o)
. Ms:(nil F o;

and for each n<j<m one has D; = M thus
Moo N: (nil - ;)
My :(nil = A} jop —T)
MlaiN:<nil F AN jop—T) Dy, V1<h<m
((M10*N) (Mao®N)): (nil - 7)
[ |

Since the proof of SR is stated inspecting each rule of the As.-calculus, this property
holds when restricted to the As-calculus. Therefore, we can state the SR for the system
As” defined below as a corollary from the Theorem 4.22 above.

DEFINITION 4.23 (The system As")
Let the system As” be the system As.”, introduced in Definition 4.17, restricted to
the As-calculus.

COROLLARY 4.24
The system As” has the SR property.

Moreover, all generation lemmas stated in Lemmas 4.19 and 4.21 are satisfied by
the system As”. In Subsection 5.2 we derive the properties for system A5 from the
properties of system As”.
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REMARK 4.25
Differently from As5™, As,” (and consequently As”) owns the contextual closure for
SR. Intuitively, for any reduction in a typeable term one needs to replace the subterm
and its typing information by its reduct. Hence, either the corresponding typing tree,
holding exactly the same conclusion as the original one since SR holds in the usual
sense, or the term in the rules —¥, (nil-o) or (w-o) is replaced.

For instance, (nil - (o A B)—«) is not a typing of A\.(A.2 1) in As" but (nil -
a—a) is a typing for both A.(A.2 1) and A.1 in the system.

As a result, SR holds for the simulation of -reduction in \)5. See Subsection 5.2
for further discussion.

5 Intersection type systems for the \;z-calculus

In [57] we introduced an IT system for \;p called SM, based on the system of Sayag
and Mauny [50], to characterise principal typings for S-nfs in the \jp-calculus. In
[58] this system, then called Aj}, is the base for the system proposed for As, called
As®M . As presented in the previous section, when applying the system As®* to Ase,
the SR property is not satisfied. Hence, the system obtained satisfying SR is called
As.” and its base is the system \)p.

The system A5 was proved to be relevant w.r.t. free indices thus a special notion
of SR was proposed. Then, updating and substitution lemmas were proved in order to
establish SR for the S-contraction in the Ayp-calculus. Typing rules for operators in
As%M were then based on the statements from those lemmas for Aj};. In the present
work, we derive the properties of system A5y from the system As®*. Although not
necessary to prove SR here, we present both updating and substitution lemmas to
show the correspondence with the typing rules of As*™.

The system A} was introduced in [58] in a discussion regarding recovering the SR
property in the usual sense. However, the property was not proved for A5 due to
the missing of a strong relation between some syntactic characteristic and relevance.
Hence, for the first time we prove SR for both S-contraction and g-reduction in the
system. The proof is derived from system \s”, the restriction of system \s.” to the
As-calculus. The system A5 is a de Bruijn version of the IT system in [52] and
although is claimed it owns SR, the proof presented in [51] has a mistake (cf. [57]).

5.1 The system Ay

In contrast to the work in [58], the system A3}, is here presented as a restriction of

system As°™ to the \;jp-calculus.

DEFINITION 5.1 (The system AjY)
The system \j}; is formed by the rules var, varn, —., —., —; and —/, introduced in
Figure 1.

SM

Hence, any typing of M in AjY is a typing in As
the inverse is also true whenever M € Ayp.
LEMMA 5.2
If M € Aygp, then M: (', sm 7) iff M:(T |—A§§1 7).

SM - The lemma below states that

PROOF. By induction on the derivation M: (I' b, sm 7) for M € Ayp. [ |
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Therefore, one can obtain the properties of system A\jx, regarding the 3-contraction
as in Definition 2.6, from the properties of system As®*. Relevance [21, 23] w.r.t. free
indices is the first one to be presented.

LEMMA 5.3 (Relevance for Ay [57])
If M:(T s 7), then [T[=sup(M) and V1<i<|T|, I'; # wiff ie FI(M).

PROOF. If M:(T" ks 7), then (I' = 7) is a typing of M in As**. Hence, by Lemma
4.4 one has that |F\ —sav(M) and V1<i<|I'|, I, #w iff i€ AI(M). Since M € Agp
one has by Corollary 2.12 that AI(M)= FI(M) thus sav(M)=sup(M). Therefore,
we have the relevance property for system Aj} regarding F'I. [ |

LEMMA 5.4 (Updating)
Let M: (T +, su T), kEN and i€ N*. If k> |T'| then U}, (M): (T Fasy 7). HO0<k<|T|
then U,z( ): <F<k wi== F>k l_)\SM T).

PROOF. If M : (I' ks 7) then M : (I' by .sm 7). By Lemma 2.9.3 one has that
s(pt M) =Uj(s(M)) and since M € Aqp one has s(M)= M. If k> |T| then by the
rule (nil-¢) one has that @i M:(I' b, sm 7) thus by SR of the s-calculus one has that
Ui(M): (T F,,sm 7). Observe that Ui (M) € Agp thus (I' - 7) is a typing of U} (M)
in A5%. The case when 0<k <|T'| is analogous, where the rule (nil-¢) is applied. W

The substitutions lemmas stated below are similar to the ones presented in [58].

LEMMA 5.5 (Substitution for A5%)
Let M:(T |—A§§1 7).

L. If i > [I'| then, for any N € Agp typeable in gy, {4 /N}M (L' Fysar 7).

2. IfT'; = w where 0 < ¢ < |T'| then, for any N € Agp typeable in A5}, {i/N}M :
(T<iTsibasu 7).

3. Let Ty = AT 05, where 0 < i < IT|, and V1 < j S , Nt (nil l_ASJW o). If
sup(M) =i then {i /N}M :(T'<g.nil -ysu 7) for k = ({ /N}M). Otherw1se
{ /N}M<].—‘<l F>i |_ SM T>

4. Let T'; = ATV 05, Where 0<i<|T], and N € AdB st sup(N) > 0. If V1<
j<m, N: (AJ Fasar 0j) then for A" = AL Ao A A™ one has that {i /N}M :
<(F<Z'F>’L) A wdA/ I_Agévl T>.

Proor. If M (T l_kgé/l 7) then M: (T F, sm 7).

LIf N: (A Fysp p) and i > |T| then by the rule (nil-0) one has Mo'N : (T k-, su
7). Then, by SR for s one has that s(Mco'N):([' i, ,sm 7) where s(Mo'N) =
{i/s(N)}s(M)={i/N}M € Aqp. Hence, {i /N}M:(I' - su 7)

2. Analogous to lemma 5.5.1, with the applications of the rule (w-o).

3. Note that FI({i/N}M)= AI(Mo'N) and by the relevance lemma 5.3 one has
that i€ FI(M) and that sup(N)=0.

If sup(M) = ¢ then by relevance one has |I'| =i. If FI( ) = {i} then also
by the relevance of system Ajy one has that T' = w1 AL, 0;. Hence, by the
rule (A-nil-o) one has that Mo®N : (nil -, sm 7). Note that FI{i/N}M) =
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07 thus k = sup({i /N}M) =0. If FI(M) # {i} then let k = sup({i/N}M).
Observe that FI({i/N}M)= FI(M).;. Hence, by relevance one has that T =
[epwizk=l, NjLyoj.nil where I'y #w. Hence, by the rule (A-w-0) one has that
MO’iN: <I‘§k.m'l l_ASSJVI T>.

If sup(M)+#1i then sup(M)>i thus by relevance I's; #nil. Therefore, by the rule
(A-0) one has that Mo'N : ((T<;.T's;) Aw=L. A’ I, sm 7) where A’=AL A~ A
A™. Observe that A’ = nil thus Mo'N:(T'«;.T's; by sm 7).

In each case, if Mo*N : (I F,.sm 7) then by SR for s, from the fact that
s(Mo'N) = {i/N}M and from Lemma 5.2 one has that {i /N}M:(I" Fasa 7).

4. Tf sup(N) > 0 then by the relevance lemma 5.3 one has V1 < j < m, AF & nil.
Therefore, by the rule (A-c) one has for A’ = A A --- A A™ that Mo'N :
(T Tsi) AN w=L A" +, s 7). Be Lemma 2.9.4 one has that s(Mc'N) =
{i /N}M thus by SR for the s-calculus {i /N}M:((T<;.T's;) Aw=L. A", sm 7).
Therefore, by Lemma 5.2 this typing is in system A5} .

Among the differences from the substitution lemmas in [58], we have the ones
related with empty substitutions in items 1 and 2 above. In [58] the property was
stated for any N € Ayzp while we only state them for some typeable N on items 1
and 2 above. This is due to the correspondence of each item to the rules (nil-o) and
(w-0), respectively. In fact, as in the case for lemma 5.4 above and the ¢ operator,
each item in the substitution lemma 5.5 corresponds to some typing rule of As®
for the o operator. Besides that, we have the S-contraction defined differently, using
the updating function in Definition 2.4 instead of the ¢-lift as in [58]. The change is
reflected on the statement of item 4 above.

Since N is typeable, items 1 and 2 represent the loss of its type information. There-
fore, as for As®*, we need the restriction notion introduced below to establish SR.

DEFINITION 5.6 (FT restriction)
Let I' and M be a context and a term. The FI restriction of I to M, denoted by T'| 5y,
is a context IV C ' s.t. |[IV| = sup(M) and that V1 <i<|IV|, T, # w iff i€ FI(M).

Although one has by Corollary 2.12 that Al and F'I define the same set for terms
in Agp, we use a different notation to remark when the restriction is based on Al and
on F'I. The properties stated in Lemma 4.12 for I'[; are inherited by I'|; defined
above. Now, one can state SR for S-contraction.

THEOREM 5.7 (SR for S-contraction in AjY)
If (A\M N):(T }—Aggf T) then {l/N}M <FL{1/N}M |—)\ds)18v1 7).

PrOOF. If (A.M N) : (I' Fysar 7) then (AM N): (I' by ,sm 7). By Theorem 4.13
one has that {1/N}M : (I'l{1 /nym Fa.sv 7). One has that {1 /N}M € Agp thus
Fr{l/N}M: FL{l/N}M and, by Lemma 5.2, {l/N}M <FL{1/N}]\/I desgl T>. l

As remarked for system As°*, the type information lost during S-contraction de-
mands a subtyping relation, and an associated inference rule, in order to obtain the
SR property for the g-reduction.

"see Definition 2.10
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5.2 The system \)g

Analogous to the previous subsection, we now derive the properties of a system called
A,p from the properties of As.”. In fact, we only need the system As", which is the
restriction of system As.” to the As-calculus.

DEFINITION 5.8 (The system \}p)
The system A} is obtained from system A5}, replacing the rule —/ by the rule —%
introduced in Figure 2.

Hence, A} is defined to be a variation of system A5} . Below we state that system

A)p 1s a restriction of system As” to the \gp-calculus.

LEMMA 5.9
If M € Agp then M (T =ya 7) iff M (T yn 7).

Therefore, we can derive the properties for A5 from the system As". The first
property to be presented is related to relevance.

LEMMA 5.10
If M:(Lbyn 7) and [I|=m>0 then m < sup(M), I'y, #w and V1 <i <[], T; #w
implies that i€ FI(M).

PROOF. If M:(T' -4, 7) then M:(T' k5. 7). If [T|=m >0 then by Lemma 4.18 one
has that m < sav(M), I'y, #w and V1 <i<|T'|, I'; #w implies that i€ AI(M). Since
M € Agp one has that AI(M)=FI(M) and sav(M)=sup(M). |
THEOREM 5.11 (SR for S-contraction in \}p)

If (M N):(T'byn 7) then {1/N}M: (T 7).

PROOF. The proof is similar to the one for Theorem 4.13. The main difference is that
we have the SR property for the (o-generation) rule in As”.

It (AM M'): (T Fyn, 7) then (\.M M'): (T 5.~ 7). By Corollary 4.24 one has
Mo*M': (T k.~ 7). Note that M, M’ € Agp thus s(Mo*M') = {1/M'} M. Hence,
by Corollary 4.24, {1 /M'}M : (I" by~ 7). Since {1/M'}M € Ayp, by Lemma 5.9
one has that { 1 /M'} M : (T b 7). |

In contrast to Ay, we can establish the SR property for the -reduction in system
Mg without a definition of some subtyping relation.

REMARK 5.12
All items in Lemma 4.19 are valid for system \}5.

THEOREM 5.13 (SR for S-reduction in \}z)
If M:(T SV 7) and M —g N then N: (T SV 7).

PROOF. By induction on the derivation of M —g N (see Definition 2.7). [

6 An intersection type system for Ao

P.-A. Mellies presented in [40] a counter-example in the Ao-calculus for the PSN
property where some term, corresponding to a simply typed term in the A-calculus,
has an infinity reduction strategy. Therefore, as in Section 4 we aim for a typing
system satisfying SR which is as restricted as possible. We end up with an IT system,
called A\o”, with a property related to relevance (cf. Lemma 6.5). To begin with, the
development process to obtain the system is presented.
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Sl MA('Fr1) o M:Ik7)  S:(A>A)
VIGHIE R MS TSy )
; ) Sy  §:(r"pr’)
e Y feren @ § o5 (I >T") (comp)

Fic. 3. Typing rules for system Ao/

6.1 Towards an IT system for Ao

The first approach to obtain an IT system for Ao is to extend the system AjY to
type the expressions of sort substitution and the closure term, presented in Figure 3,
obtaining the system Ao?.

The only difference from the typing rules for Ao, the simple type system for Ao
(cf. [24]), is the rule (w-shift): only w’s are shifted here in order to guarantee the
context w2.7.ndl in a typing of 1[1"]. Now, by the semantics of cons and the previous
experience with the systems for As/As., we need typing rules for intersection types
and empty substitutions. The first modification in system Ao? is to replace the rule
(cons) by the following two rules:

M:(TF 1) S (A A
M.S:(TAAD>wA)

(w-cons)

M:(A'Fo1) ... M: (A" F 0,) S:(A> A"
M.S:H{AY A AAT AAD (A 0y).A7)

(A-cons)

In fact, if the rule (w-cons) is defined as above, one would have a problem of du-
plication of contexts analogous to the one discussed in Subsection 4.1. However, we
present a counter-example below exploring the semantics of the sort substitution,
which represents a list of substitutions.

EXAMPLE 6.1

. A2:(T 1.4d:("'>T
Let I' = a.nil and suppose that == (Lrw=a) 1.id:(l'> 1)

: where 2 denotes 1[t].
A2)[1.4d]: (T Fw—a)
One has (A.2)[1.4d] —(aps) A-2[1.(1.id)o1] and, by the rules (w-shift) and (comp),
(1.id)oT:(w.I'>T). By the rule (var) one has 1:(o.nil - o) for any o € 7. Hence,
by the rule (w-cons), 1.(1.id)o?1:(c.I' > w.I'). One also has 2:{(w.I' - ) thus, by
the rules (clos) and —;, one has that A.2[1.(1.id)o1]: (T F o —a).

Consequently, besides that SR is not satisfied, a kind of weakening is introduced in
the type system. As done before for the system As®™, the solution is to “forget” the
context information of a term associated with w thus related to an empty substitution.
Therefore, we introduce the new (w-cons) rule:

M:(TF 1) S:{A>A)
M.S:{A>w.A)

(w-cons)

One is still not able to type a closure when the typing of the corresponding term
has context nil. At this point, there are two ways to change the system to allow this
typing inference.
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One way is to add the side condition A’ # w2, Vn € N to the rule (w-cons),
introducing the following rule:

M:(T'FT) S (A D> nil)
M.S(A b nil)

(nil-cons)

In this case, we need to change the rule (w-shift) in a similar way, obtaining the two

rules below:
I#Awn

Ti{wI'>T)
If we do not change the rule (w-shift), we would have 1.1:(w.nil > nil) even though

1. T%(VarShift) id.
The second way is to change both rules (clos) and (comp) as follows:

(w-shift) 1:(nil > nily (nil-shift)

Sl >Twh) M (Tt 7)
M[S]:(T'+ T1)

(w-clos)

ST >Twh) S (I >T")
S0 S:(T'>T")

(w-comp)

Let Ao?,, be the system with the nil rules and Ao/} be the system with the rules (w-
comp) and (w-clos). Both approaches have similar properties thus similar problems.
The SR property is satisfied to all but the rule (MapEnv)® in the Ao-calculus in both
cases. Let (M.S) o S’ be such that, in either system Ac7,, or system \o)):

M.S: (I > wI”) S (T >T7)
(M.S)o S :(I'>w.I")

By the rule (w-cons) one has S: (I > T'") and M typeable. Hence, SoS":(I'>T")
but there is no guarantee that M|[S’] is typeable in any of those two system. We
present a counter-example in Ao?) as follows.

EXAMPLE 6.2

Let A be the self-application (1 1), S; = A.id and Sy = (A\.A).id. We then have
that Sy : (w.nil >,,4 w2.nil) and Sy : (nil >0 w.nil). Therefore, by the rule (w-
comp), S10 Sy : (nil > w2.nil). Observe that Sy 0 So —(arapEnv) A[S2].(id 0 S2) and
id o Sy:(nil Fy,» nil). Typeability of A[Ss] depends on the unification of the context
in the typing of term A with the type in the typing of substitution S, which reduces
to the unification of (a— ) A a with (&' = ') Ao/ — 3’. Therefore, the typeability
problem for A[Ss] reduces to the typeability of the self-replicator Q@ = (A\.A A\.A) in
IT systems thus not typeable but with w (cf. [19]).

The example above would not occur as a subexpression of any term derived by
the Ao rewriting rules from a term corresponding to a typed term in the A-calculus.
Let M be any term such that M : (nil -,,» 7). Hence, for S; and S; as in the

Example 6.2 above, one has (M[S1])[S2] : (nil Fi,4 7) and A.M : (nil b ,n w—T).
Analysing the rewriting rules in Ao, the only way to obtain (M[S1])[S2] is from term
M = ()\.()\.M A) )\.A), where A is the self-application. Let

AM:(nilkw—T) A:{((a—=B) AN anil - B)
(AM A):{((a—=p) ANanil - T)
AAM A):(nil - ((a—=B) Na)—T)

8The rule is pointed out by Melliés as the reason why Ao is not PSN (cf. [40]).
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Typeability of M’ is reduced to the typeability problem of the self-replicator in
IT thus M’ is not typeable. The same expressions in Ao compounds an analogous
counter-example for system Ao Z,,.

REMARK 6.3

Non-typeability of M’ in both systems presented here is due to the definition of the
rule —/, which adds the type information from the context in a typing of an argument
to an empty application.

We can then change the rules (w-cons) and (nil-cons), dropping from the respective
premises the requirement that M has to be typeable, obtaining:

(nil-cons) M (w-cons) S:{A> A

2B P R here Al # wn
M.S-(A b nil) NS (AD Al e A #w

Although WN expressions in Ao, corresponding to terms in the A-calculus, are not
typeable neither in Ag)) nor in Ao, the Melliés example [40] is typeable in both
systems.

Since a characterisation of SN terms in Ao is not possible, we replace the rule —/
by —¥ below:
M:('kw—T)
MN)(TFr)

Similar to As.” in relation to As™, there is no straightforward relation between typ-
ing contexts and syntactic properties of terms, because we have no type information
about free indices of a term applied to w. In Subsection 6.2 we present the system
Ao”, based on Ao, with the rule - described above. Even though we do not have
the exact notion of what should relevance be for a system such as A\o”, we prove a
property similar to Lemma, 4.18 for As.”, about the last element of a non-nil context.

6.2 The system \o”

Similar to the IT system proposed for Ase, the system for Ao discards any type
information from contexts of terms related to empty applications.

DEFINITION 6.4 (The system Ac")
The typing rules for A\o”* are presented in Figure 4, where m > 0 and n >0 .

Note that both rules (id) and (w-shift) include side conditions such that contexts
ending with an omega context are precluded. Note also that the context nil is excluded
from (w-shift) but allowed on rule (id).

Below, a lemma stating a property of Ao’ related to relevance.

LEMMA 6.5
If M:(T F,,~ 7) and [I'|=m >0, then T, #w. In particular, if S:(I' >,,» I'") and
IT'|=m>0 then I',, #w and if [I'|=m’>0 then I'} , #w.

PROOF. By induction on the derivation of M :(I' F,,» 7) when I' # nil, with subin-
duction on the derivation of S:(I' >,,+ I'') when I' # nil or IV # nal. |

COROLLARY 6.6

If M:(T by,n 7) then T # A.w™, for any context A and m > 0. In particular, if
S:(T >y, TY) then T £ Aw™ and TV # A’ .w™, for any contexts A and A’, and
m > 0.
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M:(ul'F 1)
—— (var) _
1:(tnil b 7) AM:(T'Fu—T1)
Mi:(TFw—T) M:(nil - T) ,
—_ Y T S rEE— i
(My M):(TFT)y € AM:(nilFw—T) °

Mi:TEANLioi—T) Ma:(A'F01) ... Ma: (A™ F oy,)
(My Ma):(CAAY A AA™ | 7)

e

S:(I'>T) M: (I 1)

(clos) M[S](T F 7)
M:{(AF o) ... M:(A™ F o) S: (A D> A
(A-cons) T ;
MS:(ANAN---NA™ > (ANZ03).A")
A £ Aw S:(I'>T") S (T > Ty
@ T (comp) S 0S5l > 1)
(nil-shift) ——— (nil-cons) M
1 (nal > nal) M.S: (A > nil)
iy DEB comy BB
T (wI>T) M.S: (A w.A")

FI1G. 4. The inference rules for the system Ao”

Side conditions for rules (id) and (w-shift) guarantee the property described on
Corollary 6.6 for every typeable substitution in Aog”. This property is not necessary
in order to obtain SR for the typing system, in which the side condition I" # w™ for
(id), where m > 0, would be enough. In this case, Lemma 6.5, and consequently the
corollary above, would be satisfied by terms and only by substitutions when applied
to terms.

The proof of SR for system Ac” is standard, where some generation lemmas are
stated before. The lemmas for substitutions are presented first and then the ones for
terms.

LEMMA 6.7 (Generation for substitutions in Ac")
1. S (nil > nil) for any substitution S.
2. If M.S:(I' > nil) then S:(I" > nil).
3. M.S:(I'> wI) then S:(I'>T") and IV # w™.
4. If M.S:(T>T) for T/ =A",0;.T” then S: (I >T") and V1 <i<m, M: (T F o)
such that T=T"" ATLA--- AT™.
I ST > nil) then T' = nil.
(T > TY) iff either T'=TY = nil or I' = w™.I”, where IV # A.w2.
ST 1Y) and S: (A > A') then S: (T AAB>T AA).
IS AL AA?) for AVAA . w™ and AZ#A".w™ then T = T'' AT? such that
S: (T > Al and S:(I'? > A?).

0 g O ot

PrOOF. 1,5,7,8. By induction on the structure of S. 2,3,4. By case analysis on the
respective derivation. 6. By induction on m taking item 5 as the induction base. W
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LEMMA 6.8 (Generation for terms in Ao")
L 1™ (T kyon 7) if T = w™.r.nil.
2. If AM:(nil by~ ), then T=w—0 and M : (nil F,,» o) or T=A_j0;,—0,n >0,
and M : (A 0;.nil Fy,~ o) where 0,01,...,00,€T.
3. AM: (' F,,~ 7) and |T'| > 0, then 7=u— o for some v €U and o €T, where
M:{(ul kA o).
4.1t (M N): (T Fyon 7) then M : (T b0 w—7T) or M :(IV F 0 A" 0, —7) and
V1<i<m, N:(T'*F,,~ 0;) where T =T/ AT A--- AT™.

PROOF. 1. Suppose that 1[1"]:(I' F 7). By the rule (comp) one has 1:(I' >T") and
1:(I” + 7). Therefore, by the rule (var) one has IV = 7.nil thus, by Lemma 6.7.6,
' =w™.r.nil. 2,3,4. By case analysis on the respective derivation. [ |

Now the SR property can be established for Ao”.

THEOREM 6.9 (SR for Ao")
It M: Tk~ 7)and M —y, M’ then M':(T' b~ 7). In particular, if S: (T >, ')
and S —), S’ then S: (T' >,,» I').

PROOF. By the verification of SR for each Ao rewriting rule. We present the proof-
sketch for the (Beta) and (App) rules.

e Beta: If (\.M N):(T b ) we might prove that M[N.id]:(I' - 7). By Lemma 6.8.4
the last rule applied is either —, or —¥. We present the proof for the latter one thus
AM:(T'Fw—7). We need to consider the cases (1) I' = nil and (2) |T'| > 0, related
with Lemmas 6.8.2 and 6.8.3 respectively.

(1) If I'=nail then, by Lemma 6.8.2, the last rule applied is —/ then

M:(nil - 1)
AM:(nil b w—T)
(AM N):(nil 1)
thus
id: (nil > nil)
N.id: (nil > nil) M:(nil 1)
M[N.id]: (nil & 1)

(2) If |T'| >0 then, by Lemma 6.8.3, the last rule applied is —; then

M:(w.I'F )
AM:(T'Fw—T)
(AM N):(T'+ 1)
thus
id: (D' >T)
N.id:(I' > w.I) M:(wIF 1)
M[N.id]:(T' +7)

o App: If (My M5)[S]: (T F 7) we might prove that (M;[S] M2[S]): (T F 7). By
S>> A)  (My Ma):(A+T)
(M1 M3)[S]: (T k1)
applied for (M; Ma): (A F 7) is either (1) =% or (2) —-..

the rule (clos): . Hence, by Lemma 6.8.4 the last rule
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(1) If the last rule applied is —% then

Mi: (At w—T)
S:>A) (M Ma):(AF7)
(My M2)[S]:(T )

thus
S:(T'> A) Mi:(AFw—T)

M[S]:(TFw—T)
(M1[S] M2[S])): (T 7)

(2) If the last rule applied is — then, for A=A’ AAY A --- A A™ one has

My (A = Aoy —T) V1<i<m, My : (A + o)
S:(T'> A) (My Ma):(AFT)
(M1 M2)[S]: (T + 1)
By Corollary 6.6 one has that A/, Al, ..., A™£A" w2 for any context A" and

n>0. Hence, by induction on m and Lemma 6.7.8 one has I" = I" ATYA - AT™
st. S:(I"> A') and V1<i<m, S:(I" > A"). Hence,

ST > A My (A" AT o =T S: (I > AY) Mo: (A F o)
Mi[S):(T F A oy —T) Mo[S]: (T + o)
(M1[S] Ma[S]): (T F 7)

,V1<i<m

7 Some considerations about intersection types and \v

Although in [10] the relation of the Av-calculus and de Bruijn’s CA¢¢ calculus ([13])
was investigated, in counterposition with what was called Ao family, Av can be seen
as a Ao without composition of substitutions. Therefore, as for the systems presented
in Section 4, we would like to investigate a relevant IT system for Av, and compare
with both systems As*™ and \o”.

However, as in Ao, is not easy to define some syntactic characteristic similar to
the available indices for As. Even though we could prove the SR property for the
v-calculus in an IT system called Av®™, it was not possible to present an appropriate
notion of relevance and thus an appropriate notion of SR for it. Instead, we present
the system Av”, very much similar to Ac”, and prove SR for the full Av-calculus.

7.1 The system Av"

DEFINITION 7.1 (The system Av”)
The typing rules for Av”" are presented in Figure 5, where m > 0 and n > 0.

LEMMA 7.2
If M:(TFy,n 7) and [I'|=m >0, then I'y, #Zw. In particular, if S:(I' >,,+ I} and
IT|=m>0 then I, #w and if [I'|=m'>0 then I' , #w.
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n:(l'F7) varn M:(ulFT) N
1

1:(rnil - 7) var n+l:{(wI'F7) AM:(DFu—T)

Mi:(PFw—T) L M:(nil - 1) _
(M1 Ma):(T'F7) ¢ AM:(nilkw—T)

My:(TE A os—T) Ma: (A F o) ... Ma:(A™ & 0p)
(M1 Mg):(F/\Al/\-~~/\A”|—T>

e

(clos) S:(T'>T7) M:(T'F 1)

M[S]: (T + 7)
(A-B) M:(Fltal)...M:(Fm)—o‘T@ T 4ALm
M/:(DAT A~ AT™ > (A205).T0)
. #Awn
iB) il il @B) T Fwr)
- . F#Awn
(nil-shift) ———— (w-shift) —————
T:(nil > nil) Ti{wI'>T)
(niL lift) S {nil '\> nil} (utift) S:(T'>T") _ ()
MS) : (nil > nil) M™S): (u.I' > u.I')

(*) either T # nil or u # w.

F1G. 5. The inference rules for the system Av”"

PROOF. By induction on the derivation of M : (I’ k,,» 7) when I' # nil, with subin-
duction on the derivation of S: (I >,,+ I'') when I' # nil or I # nil.

COROLLARY 7.3

If M:(T Fyon 7) then T # Aw™, for any context A and m > 0. In particular, if
S:(T'>yn V) then T' # Aw™ and TV # A’.w™, for any contexts A and A’, and
m > 0.

LEMMA 7.4 (Generation for substitutions in Av")
1. S: (nil > nil) for any S € Av®.
2. If S:(T' > nil) then I' = nil.
3. M/:(nil >nil) and M/: (T > w.I') for any M € Av' and I # Aw™.
4. If S: (T > AL A A?) for AY#£A w™ and A2#£A" w™, then I' = ' AT? such that
S: (T > Al) and S:(I'? > A?).

ProOF. 1. By induction on the structure of .S.
2. By case analysis. Note that for each S = 1,(5’) and M/ the result is straight-
forward.
3. By case analysis one the derivation of M/:(T' >T").
4. By induction on the structure of S. Let S:(I'> A" A A%). Note that if A/ = nil
for j € {1,2} them, by the item 1 above, S:(IV F A7) for IV = nil thus the result
holds trivially. Below, we consider only the cases where A', A% #£ nil.



34  Explicit substitutions calculi with de Bruijn indices and intersection type systems

e Let S =1. By the rule (w-shift) one has that I'=w.(A* A A%). By hypothesis
one has Al # A’.w™ and A? # A”.w™. Hence, for IV =w.A7 where j€{1,2}
one has by the rule (w-shift) that 1:(IV > AJ).

e Let S =1)(5’). By the rule (u-lift) one has that I'=u.I” and that A’ ANA2=u.T"
s.t. S":(I">T"). Hence, Al =u;. A3 and A2 =uy.A* where I = A3AA* and u=
uy Aug. Observe that A3 A% £ A’ .w™. Therefore, by TH one has S": (I'3 > A3)
and S": (I > A%) s.t. I'=T3AT* thus, by the rule (u-lift), 1(S’): (us.T3>u;.A3)
and N(S): (ug. T4 > ug.A*) and (u1.T3) A (ug.T4) = (us Aug). (T3 AT*)=u.I'=T

o Let S=M/. If ALAAZ=(A",0;).A’ then by the rule (A-B) one has that V1<
i<m, M:(I'" - o*) where T=A’ ATYA--- AT™. Suppose w.l.o.g. that Al =
(A, 0;).A% and that A? = w.A? thus A’=A3AA*. Note that A3, AT=£A" w™,
Hence, by the rule (A-B) one has M/: (A3 ATY A -+ AT™> (AT, 0,).A%) and by
the rule (w-B) one has M/:(A? > w.A?) where (A3 ATTA--- AT™)AAT =T.
If A' A A?2=w.A’ the proof is analogous.

[

LEMMA 7.5 (Generation for terms in Av”)

1. n:(Ubyon 7) iff T = w2=L.1nil.

2. If AM:(nil Fy,~ 7), then T=w—0 and M :(nil -y, o) or T=A_ 0, =0, n >0,
and M : (A 0;.nil Fy,~ o) where 0,01,...,0,€T.

3. U AM: (T k,,~ 7) and |T'| > 0, then T=u— o for some v €U and o €T, where
M:(ul'F A o).

4.1f (M N): (T byyn 7) then M : (I byyn w—7) or M : (I Fy,n A% j0;—7) and
V1<i<m, N:{T'Fy 0;) where I =TV AT A--- AT™.

Proor. 1. By induction on n. 2,3,4. By case analysis on the respective derivation.

THEOREM 7.6 (SR for Av™)
IfM: Tk, 7)and M —y5, M’ then M': (T b ,» 7). Similarly, if S: (T >, I')
and S —y, S’ then S": (T >, V).

ProOF. We proof the property for each rule of the Av-calculus.

e B: Let (A.M N):(I' + 7). By Lemma 7.5.4 one has two cases.
In the first case, AM : (I' - w—7). If T' = nil then by Lemma 7.5.2 one has
M : (nil 7). Hence, by the rule (nil-B) one has that N/ : (nil > nil) thus by
the rule (clos) one has M[N/]:(nil - 7). If |I'| >0 then by Lemma 7.5.3 one has
M :{(w.I' F 7). By Corollary 7.3 one has that I' £ A.w™. Hence, by the rule (w-B)
one has that N/:(I' > w.I") thus by the rule (clos) one has M[N/]:(T' I 7).
In the second case, ' = I/ ATt A+ AT™ where \.M : (I = A" ,0;—7) and
V1<i<m, N:(I' + 0;). By Lemma 7.5.2 or 7.5.3 one has that M : (A", 0;.I" - 7).
By Corollary 7.3 one has that I # A.w™. Therefore, by the rule (A-B) one has
N/:(T > A" 0, IV) thus, by the rule (clos), M[N/]:(I' - 7).

e App: Let (M N)[S]: (T F 7). By the rule (clos) one has (M N): (I F 7) and
S:(I'>TI"). By Lemma 7.5.4 one has two cases.
In the first case, M : (I'' - w—7). Hence, by the rule (clos) one has M[S]: (T -
w—7) thus by the rule —¢ one has (M[S] N[S]): (T 7).
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In the second case, M : (I = AT 0;—7) and V1 <i<m, N :(I' F o;) where
I"=T"AT!* A --- AT™. By Corollary 7.3 one has that I/ # A”.w™. and V1<i<m,
[+ (A’) .w™. Hence, by Lemma 7.4.4 with an induction on m+1 one has that
F=AAA'A---AA™ st. S:{A>T") and V1 <i<m, S: (A" >T?). Then, by
the rule (clos) one has M[S]: (A F AT 0;—7) and V1 <i<m, N[S]: (A? I ;).

Hence, by the rule —, one has (M[S] N[S]): (T 7).

Lambda: Let (\.M)[S]:(I' b 7). By the rule (clos) one has A.M : (I' - 7) and

S:(C>T7).

If TV = nil then by Lemma 7.4.2 one has that I' = nil and, by Lemma 7.5.2,

either T=w—0 and M: (nil F o) or T=A",0;, =0 and M : (A" o,.nil - o). If

M :(nil F o) then by the rule (nil-lift) one has (S): (nilt>nil). Therefore, by the

rules (cons) and — one has that A.(M[N(S)]): (nil - w—o). If M: (A 0;.mil -

o) then by the rule (u-lift) one has 1(S): (A", 0;.mil > A", 0;.mil). Therefore, by

the rules (cons) and —; one has that A.(M[f(S)]): (nil - A2yo; —0).

If |T’| >0 then, by Lemma 7.5.3, r=u— o0 and M : (u.I'' I o). By the rule (u-lift)

one has that f(.S): (u.I' > «w.I”) thus, by the rules (cons) and —;, A\.(M[(9)]):

(T'Fu—o).

o FVar: Let 1[M/]: (T F 7). By the rule (clos) one has 1:(I' I 7) and M/:(I'>T").
By Lemma 7.5.1 one has I'' = 7.nil. Hence, by the rule (A-B) one has that
M: (Tt 7).

e RVar: Let n+1[M/]: (' b 7). By the rule (clos) one has n+1:(I" - 7) and
M/: (T >T"). By Lemma 7.5.1 one has I" =w2.7.nil. Hence, by the rule (w-B)
one has that IV =w.I" thus ' =w2=t.7.nil. Therefore, n:(T'F 7).

o FVarLift: Let 1[1(S)]: (I F 7). By the rule (clos) one has 1: (I F 7) and
(S):(I'>1T"). By Lemma 7.5.1 one has I' = 7.nil. Hence, by the rule (u-lift)
one has that S:(I'" > nil), where ’'=7.I'". By Lemma 7.4.2 one has that I =nil
thus 1:(T'F 7).

e RVarLift: Let n+1[f(S)]: (' F 7). By the rule (clos) one has n+1:(I'" F 7)
and f(S):(I' > I"). By Lemma 7.5.1 one has IV = wZ.7.nil. By the rule (u-lift)
one has that S : (I'” > w™=L.7.nil), where I' = w.I'. By Lemma 7.5.1 one has
that n: (w2=t.7.nil F 7) thus by the rule (cons) one has n[S]: (I'" F 7). By
Corollary 7.3 one has that D'=w.I'’ # A.w™ thus I # A.w?. Therefore, by the
rule (w-shift) one has that 1:(I" > I'"”) and, by the rule (cons), n[S][t]:(T"F 7).

o VarShift: Let n[f]:(I' F 7). By the rule (clos) one has n:(I" - 7) and 1: (I'>T").
By Lemma 7.5.1 one has IV = w™=L.7.nil. Hence, by the rule (w-shift) one has
that T=w2.7.nil thus n+1:(T'F 7).

8 Conclusion

In this paper, we presented the first intersection type (IT) systems for the As-, As.-
, Ao- and Av-calculi. We aimed for relevant IT systems [21, 23] satisfying subject
reduction (SR) in order to obtain a typing system “as restricted as possible”. Our
interest in IT systems for these explicit substitution calculi is in the investigation of
termination properties. Already the characterisation of strong normalisation (SN)
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through IT systems is a successful venture and it is already known neither As. nor Ao
preserve SN. To emphasise this, we give examples to show that our IT systems are not
able to characterise SN neither in As. nor in A\o. However, a characterisation of SN in
As thus \gp might be obtained through either an extension of the present system with
a subtyping relation or a Klop-like version of the calculus [36]. In addition, a non-
idempotent IT system allows one to consider termination properties by combinatorial
arguments similar to the systems of [11, 22], with a complexity result as a consequence.
In doing so, a relevant type system is very convenient to obtain tight upper bounds.

Our interest in IT systems for explicit substitutions is related to the need of poly-
morphism in programming languages and computational systems. The simply typed
version of the As.- and Ao-calculi have applications on the HOU problem [24, 3] and,
to the best of our knowledge, the IT systems presented here are the first polymorphic
type systems proposed for them. The IT system for As was originally based on the
system AY [68] and thus called As®". Similarly, the systems for As. and Ao were
based on the system A} and hence called As.” and Ao”, respectively.

We proved the SR property for the simulation of S-contraction in the system As®*
using an adaptation for sequential contexts of the restricted environments, introduced
in [29] to prove SR in a relevant IT system for the A-calculus. The concept of available
indices, needed in the definition of relevance for As, was introduced based on the
available variables in [38] and proved to be the correct generalisation of free indices for
the A\gp-calculus. We then obtained the SR for relevant type systems of S-contraction
in A5% from the property for As**. The IT system As.” was proposed after some
considerations and we proved SR in the usual sense for the full As.-calculus. Although
not relevant, the system As.” has a property related to relevance. We then proved SR
for the system Az, deriving it from the system As”, the restriction of system As.”
to the As-calculus.

We presented the process of developing the system Ao” from an extension of A5}
to infer typings for closures and substitutions. The system obtained is actually an
extension of system \jz. We proved a property related to relevance and the SR
property for the full Ao-calculus. The system Av” is very similar to the IT system
for Ao, as can be noted by its properties.

We intend to use the systems presented here as the basic system for studying the
PT property in IT systems in each calculus. The PT property allows one to support
features in a computational type system which include separate compilation, as in
the smartest recompilation, and recursive definitions [28]. Partial typing inference
algorithms can also be proposed once PT is established for the systems along with
an IT version of the HOU problem. The system A} is a de Bruijn version of the
system in [52], were the PT property for S-nfs described in [50] is extended for any
normalisable term. Hence, as a first step towards the PT for explicit substitutions,
we need to extend the results presented in [57] to normalisable terms in Agp. Besides,
we believe the systems Ay and As®* are able to provide a characterisation for SN
in A\gp and \s, respectively. On the other hand, it seems that A}z, As.” and Ao”
can provide a characterisation of weak normalisation (WN) for Agp, As. and Ao,
respectively. Another interesting line of investigation is to propose a relevant IT
system for a de Bruijn version of the Aex-calculus [33].



Explicit substitutions calculi with de Bruijn indices and intersection type systems 37
9 Funding

This work was supported by the Brazilian Research Council (CNPq) grants Universal
481783/2010-5, Universal 476952/2013-1; and by the Foundation for Research Sup-
port of the Federal District (FAPDF) PRONEX 193.000.580/2009.

References

[1] M. Abadi, L. Cardelli, P.-L. Curien and J.-J. Lévy, Explicit substitutions, J. Funct. Program.
1(4)(1991) 375-416.

[2] D. Ancona, F. Damiani, S. Drossopoulou and E. Zucca, Polymorphic bytecode: compositional
compilation for Java-like languages, in: Proc. POPL’05, ACM Press, 2005, pp. 26-37.

[3] M. Ayala-Rincén and F. Kamareddine, Unification via the Ase-style of explicit substitution,
Log. J. IGPL 9(4)(2001) 489-523.

[4] F. Baader and T. Nipkow, Term rewriting and all that, (Cambridge University Press, New York,
1998).

[5] S. van Bakel, Intersection type assignment systems, Theoret. Comput. Sci. 151(1995) 385-435.

[6] S. van Bakel, Strict Intersection Types for the Lambda Calculus, ACM Comput. Surv.
43(3)(2011) 20:1-20:49.

[7] H. Barendregt, M. Coppo and M. Dezani-Ciancaglini, A filter lambda model and the complete-
ness of type assignment, J. Symbolic Logic 48(1983) 931-940.

[8] H. Barendregt, The Lambda Calculus: Its Syntax and Semantics (North-Holland, 1984).

[9] H. Barendregt, W. Dekkers and R. Statman, Lambda Calculus with Types, In ASL Perspectives
in Logic, Cambridge University Press, 2013.

[10] Z.-E.-A. Benaissa, D. Briaud, P. Lescanne and J. Rouyer-Degli, Av, A calculus of explicit sub-
stitutions which preserves strong normalisation, J. Funct. Program. 6(5)(1996) 699-722.

[11] A. Bernadet and S. Lengrand. Non-idempotent intersection types and strong normalisation. Log.
Methods in CS 9(4:3)(2013). ee: arXiv:1310.1622v2 [cs.LO]

[12] N.G. de Bruijn, Lambda-calculus notation with nameless dummies, a tool for automatic formula
manipulation, with application to the Church-Rosser theorem, Indag. Mat. 34(5)(1972) 381-392.

[13] N.G. de Bruijn, A namefree lambda calculus with facilities for internal definition of expressions
and segments, T.H.-Report 78-WSK-03, Technische Hogeschool Eindhoven, Nederland, 1978.

[14] S. Carlier and J. B. Wells, Expansion: the Crucial Mechanism for Type Inference with Intersec-
tion Types: A Survey and Explanation, Electr. Notes Theor. Comput. Sci., 136(2005), 173—202.

[15] D. de Carvalho. Execution Time of Lambda-Terms via Denotational Semantics and Intersection
Types. CoRR abs/0905.4251, 2009. (to appear in Mathematical Structures in Computer Science).

[16] M. Coppo and M. Dezani-Ciancaglini, A new type assignment for lambda-terms, Archiv fir
Mathematische Logik 19(1978) 139-156.

[17] M. Coppo and M. Dezani-Ciancaglini, An extension of the basic functionality theory for the
A-calculus, Notre Dame J. Formal Log. 21(4)(1980) 685-693.

[18] M. Coppo, M. Dezani-Ciancaglini and B. Venneri, Principal type schemes and A-calculus se-
mantics, in: J.P. Seldin and J.R. Hindley, eds., To H.B. Curry: Essays on combinatory logic,
lambda calculus and formalism, Academic Press, 1980, pp. 536-560.

[19] M. Coppo, M. Dezani-Ciancaglini and B. Venneri, Functional characters of solvable terms, Math-
ematical Logic Quarterly 27(1981) 45-58.

[20] H.B. Curry and R. Feys, Combinatory Logic, Vol. 1 (North Holland, 1958).

[21] F. Damiani and P. Giannini, A decidable intersection type system based on relevance, in: Proc.
TACS’94, in: LNCS, Vol. 789, Springer-Verlag, 1994, pp. 707-725.

[22] E. De Benedetti and S. Ronchi Della Rocca. Bounding normalization time through intersection
types. ITRS, EPTCS 121, pages 48-57, 2013.

[23] M. Dezani-Ciancaglini, R. K. Meyer and Y. Motohama, The Semantics of Entailment Omega.
Notre Dame Journal of Formal Logic 43(3)(2002), 129-145.

[24] G. Dowek, T. Hardin and C. Kirchner, Higher-order unification via explicit substitutions, Inf.
Comput. 157(1/2)(2000) 183-235.



38 Explicit substitutions calculi with de Bruijn indices and intersection type systems

[25] J.-Y. Girard, P. Taylor and Y. Lafont, Proofs and Types, Cambridge University Press, 1990.

[26] B. Guillaume, The Ase-calculus does not preserve strong normalisation, J. Func. Program.
10(4)(2000) 321-325.

[27] J.J. Hallett and A.J. Kfoury. Programming examples needing polymorphic recursion, Electr.
Notes Theor. Comput. Sci. 136(2005) 57-102.

[28] T. Jim, What are principal typings and what are they good for?, in: Proc. POPL’95, ACM
Press, 1996, pp. 42-53.

[29] F. Kamareddine and K. Nour, A completeness result for a realisability semantics for an inter-
section type system, Ann. Pure Appl. Log. 146(2007) 180-198.

[30] F. Kamareddine and A. Rios, A A-calculus & la de Bruijn with explicit substitutions, in: Proc.
PLILP’95, in: LNCS, Vol. 982, Springer, 1995, pp. 45—62.

[31] F. Kamareddine and A. Rios, Extending a A-calculus with explicit substitution which preserves
strong normalisation into a confluent calculus on open terms, J. Func. Program. 7(1997) 395-420.

[32] F. Kamareddine and A. Rios, Pure type systems with de Bruijn indices, The Comp. Journal
45(2)(2002) 187-201.

[33] D. Kesner, A Theory of Explicit Substitutions with Safe and Full Composition, Logical Methods
in Computer Science 5(3)(2009).

[34] D. Kesner and D. Ventura, Quantitative Types for the Linear Substitution Calculus, in: Proc.
IFIP-TCS 2014, in: LNCS 8705, Springer-Verlag, 2014, pp. 296-310.

[35] A.J. Kfoury and J.B. Well, Principality and type inference for intersection types using expansion
variables, Theoret. Comput. Sci. 311(1-3)(2004) 1-70.

[36] J. W. Klop, Combinatory reduction systems, phD Thesis, 1980, pp. I-XIII, 1-323.

[37] J.-L. Krivine. Lambda-calculus, types and models, Ellis Horwood, 1993.

[38] S. Lengrand, P. Lescanne, D. Dougherty, M. Dezani-Ciancaglini and S. van Bakel, Intersection
types for explicit substitutions, Inf. Comput. 189(1)(2004) 17-42.

[39] P. Lescanne, From Ao to Av a journey through calculi of explicit substitutions, in: Proc.
POPL’94, ACM Press, 1994, pp. 60-69.

[40] P.-A. Mellies, Typed lambda-calculi with explicit substitutions may not terminate, in: Proc.
TLCA’95, in: LNCS Vol. 902, Springer, 1995, pp. 328-334.

[41] R. K. Meyer and M. A. McRobbie, Multisets and Relevant Implication I, Australasian Journal
of Philosophy 60(1982), 107-139.

[42] R. K. Meyer and M. A. McRobbie, Multisets and Relevant Implication II, Australasian Journal
of Philosophy 60(1982), 265-281.

[43] R. Milner, A theory of type polymorphism in programming, J. Comput. System Sci. 17(3)(1978)
348-375.

[44] R. Milner, M. Tofte and D. Macqueen, The Definition of Standard ML, MIT Press, 1997.

[45] R.P. Nederpelt, J.H. Geuvers and R.C. de Vrijer, Selected papers on Automath, North-Holland,
1994.

[46] G. Pottinger, A type assignment for the strongly normalizable A-terms, in: J.P. Seldin and J.R.
Hindley, eds., To H. B. Curry: Essays on combinatory logic, lambda calculus and formalism,
Academic Press, 1980, pp. 561-578.

[47] E. Ritter, Characterising explicit substitutions which preserve termination, in: Proc. TLCA’99,
in: LNCS Vol. 1581, Springer, 1999, pp. 325-339.

[48] S. Ronchi Della Rocca and B. Venneri, Principal type scheme for an extended type theory,
Theoret. Comput. Sci. 28(1984) 151-169.

[49] S. Ronchi Della Rocca, Principal type scheme and unification for intersection type discipline,
Theoret. Comput. Sci. 59(1988) 181-209.

[50] E. Sayag and M. Mauny, Characterization of principal type of normal forms in intersection type
system, in: Proc. FSTTCS’96, in: LNCS Vol. 1180, Springer, 1996, pp. 335-346.

[51] E. Sayag and M. Mauny, A new presentation of the intersection type discipline through principal
typings of normal forms, Tech. rep. RR-2998, INRIA, 1996.

[52] E. Sayag and M. Mauny, Structural properties of intersection types, in: Proc. LIRA’97, Novi
Sad, Yugoslavia, 1997, pp. 167-175.

[53] Z. Shao and A.W. Appel, Smartest recompilation, in: Proc. POPL’93, ACM Press, 1993, pp.
439-450.



Explicit substitutions calculi with de Bruijn indices and intersection type systems 39

[54] W. W. Tait, Intensional Interpretations of Functionals of Finite Type I, Journal of Symbolic
Logic 32(2), 1967, 198-212.

[65] P. Urzyczyn, Type Reconstruction in Fomega, Mathematical Structures in Computer Science,
7(4)(1997), pp. 329-358.

[56] D. Ventura, M. Ayala-Rincén and F. Kamareddine, Intersection type system with de Bruijn
indices, The many sides of logic, Studies in logic Vol. 21, College Publications, London, 2009.
pp. 557-576.

[57] D.L. Ventura, M. Ayala-Rincén and F. Kamareddine, Principal typings in a restricted intersec-
tion type system for beta normal forms with de Bruijn indices, in: Proc. WRS’09, in: EPTCS
15(2010) 69-82.

[58] D.L. Ventura, M. Ayala-Rincén and F. Kamareddine, Intersection type systems and explicit sub-
stitutions calculi, in: Proc. WoLLIC’10, in: LNCS (FoLLI-LNAI subseries) Vol. 6188, Springer-
Verlag, Berlin Heidelberg, 2010, pp. 232-246.

[59] J.B. Wells, The essence of principal typings, in: Proc. ICALP’02, in: LNCS, Vol. 2380, Springer,
2002, pp. 913-925.

A Subject reduction proofs

Below, we present the complete proofs of SR omitted in Section 4.

A.1 SR for the s-calculus in system As*M

PROOF. [Theorem 4.9]

o (o-A-transition): Let (A.M)o*N:(I' F 7).
If I' = nil, then by Lemma 4.7.2 one has two possibilities.
In the first case one has A.M : (nil - 7) and N : (A F p) thus, by Lemma 4.6.2, M : (nil - 7/)
where 7=w — 7’ or M: (AL 0;.nil - 7') where 7=AY 0; —7'. Note that ¢>1 thus i+1>2.
Hence, by the rule (nil-c) one has Mo*+tIN : (nil  7') or Mo™tIN : (AJLyoj.nil = 7') thus
A (Mo't1N): (nil F w—7') by the rule =/ or A\.(Mc**t1N): (nil - AJr 05 —7') by the rule —;.

In the second case, \.M : (wi=t

./\g’L:1 oj.nil =, sm T) where V1< j<m, N:(nil - o;). Hence,
by Lemma 4.6.3 one has M : (uwg /\;-"=1 oj.nil = ') where 7 =u — 7’. Therefore, if u # w
then by the rule (A-w-o) one has that Mo®t1N : (u.nil F 7') and if 4 =w then by the rule (A-
nil-o) one has that Mo*tIN: (nil - 7'). Hence, A\.(Mo*T1N): (nil - u—7') by the rule —; or
A(Mo*+IN):(nil - w—7') by the rule —.

If 0<|I'| <, then by Lemma 4.7.3 one has two cases.

In the first case one has that \.M : (I’ - 7) and that N: (A F p) thus, by Lemma 4.6.3, M : (u.T' - 7/)

where 7=u—7'. Note that |T'|+1<i+1. Hence, by the rule (nil-o) one has Mo*tIN: (u.T F 7')

thus, by the rule —;, \.(Mo*TIN): (T F u—1').

In the second case one has that A.M :(I'w™. AT, o;.nil b 1) where n > 0, [I'w ™. ATL; 0;.nil| =i

and V1 <j<m, N:(nil F o). By Lemma 4.6.3 one has M : (u.l'w™ AJL, o;.nil - 7') where

7=u—7'. Hence, by the rule (A-w-o) one has that Mo*T1N: (u.T' - 7/) and, by the rule —;,

A (Mot IN) (T Fu—1).

If |T'| >, then by Lemma 4.7.4 one has two cases.

In the first case one has that \.M :(I'«;.w.I's; F 7) and that N:(A F p) thus, by Lemma 4.6.3,

M:(uTl<;wI>; b 7') where T=u—7'. Hence, by the rule (w-0), Mo*+*!N: (u.l'«;T>; b 7/)

and, by the rule —;, A\ (Mco*tIN):(De;.I's; Fu—7').

In the second case one has A.M : (I'<;. AT 0.V = 7) where I'>; =TV A AL A AA™] for

IT>;| >0, and V1 <j <m, N: (A I 5;). Hence, by Lemma 4.6.3, M : (u.T'<;. AL o;. I+ 7')

where T=u—7’. Therefore, by the rule (A-c), Mo*TIN: (uT ;. T') Awi (AT A - AA™) - 7/).

Observe that (u.T'<;.T)Awi.(ATA---AA™) = u.T thus, by the rule —;, A\.(Mo?TIN) (T - u—7').
o (o-app-transition): Let (My M2)o*N:(T I 7).

If I' = nil, then by Lemma 4.7.2 one has two cases.
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In the first case, (M1 M2) : (nil - 7) and N : (A + p). By Lemma 4.6.4 one has that either
My (nil b w—7) and M2 : (nil b p) or My :(nil b AT 05 —7) and V1 <j<m, Ma:(nil - 0;).
For the former one has, by the rule (nil-o), that M10*N : (nil - w—7) and M2c®N : (nil - p)
thus, by the rule =, ((M10*N) (M20*N)):{(nil - 7). The proof for the latter one is analogous.
In the second case, (M1 Ma): (wi=1. /\2:1 Ti.nil = 1) where V1 <k <l, N:(nil - ;). By Lemma
4.6.4 one has that wi=t. AL memil = TVATZ st My (TP F w—7) and My : (T2 + p) or
M (Tt - AL 0 —T) where I'Z=A'A--- AA™ and V1<j<m, M2:(AJ I o;). Note that I'!
and I'? are a partition where both have the same length of the original context or one of then is
nil. Suppose w.l.o.g. that 'y =nil thus 't = wi=l, /\%C:1 7.nil. Hence, for the first possibility
regarding Lemma 4.6.4 one has by the rule (A-nil-o) that M1o*N:(nil - w—7) and by the rule
(nil-o) that M2o®N : (nil - p). Therefore, by the rule =, ((M10*N) (M20?N)): (nil - 7). The
proof for the second possibility regarding Lemma 4.6.4 is analogous.

If 0<|I'| <, then by Lemma 4.7.3 one has two cases.

In the first case one has that (M; M) : (I' F 7) and N : (A F p). By Lemma 4.6.4 one has
that T = TP AT2 st. My : (T F w—7) and Mz : (T2 F p) or My : (T AJLy0;—T) where
I2=A'A--- AA™ and V1<j<m, Ma:(AJ I o;). Observe that maz(|T'|,|T'?|)=|I'| <i. Hence,
for the former one has by the rule (nil-o) that M10*N:(T'! F w—7) and that M2 N : (' I p)
thus, by the rule —., ((M16*N) (M20*N)) : (' AT2 7). The proof for the latter one is
analogous.

In the second case one has that (M1 M) : (T.w® Al_, 7p.nil b 7) where n > 0, [T.w® AL_,
Tx-nil|=1 and V1 <k <l, N:(nil - 7). By Lemma 4.6.4 one has that I"w 2. /\2:1 Tp.mil = DT AT?
s.t. My : (Fl Fw—7) and M : <F2 F p) or My: <F1 = /\;."zlaj —7) where IIZ=AA...AA™
and V1 <j<m, My:(AJ - o). Suppose w.lo.g. that T' =T and that [2=i-t ./\5€=1 T).nil
thus V1< j<m, AJ = it .uj.nil, where u; C /\2:1779 and up A - Aum = /\2:17%- Hence,
for the second possibility regarding Lemma 4.6.4 one has by the rule (nil-o) that M10*N : (I' F
AL oj —7) and by the rule (A-nil-o) that V1<j<m, Mao?N:(nil - o;). Therefore, by the rule
—e, (M10?N) (M2 0*N)): (T' - 7). The proof for the first possibility regarding Lemma 4.6.4 is
analogous.

If |I'| >, then by Lemma 4.7.4 one has two cases.

In the first case one has that (M; Ma2):(I<;.w.I's; = 7) and N: (A | p). By Lemma 4.6.4 one
has that cj.w.I's; = TP ATZ st. My (I - w—7) and M2: (T2 F p) or My:(I'! + N0 —=T)
where T2 = Al A .- AA™ and V1 <j<m, Ma: (A - 0;). Suppose w.l.o.g. that IT2| < i thus
I''=I".w.Iy; for I|=i—1s.t. T'AT'?2=(I" AT?).w.I'>;. Hence, for the first possibility regarding
Lemma 4.6.4 one has by the rule (w-0) that M10°N:(I"".T'>; F w—7) and by the rule (nil-o) that
MaciN:(I'2 I p). Therefore, by the rule —/, one has that ((M16°N) (M2cN)): ((I” A I'%)I'y; +
1), where T AT2=T;. The proof for the second possibility regarding Lemma 4.6.4 is analogous.
In the second case one has (M1 Mz):(T'<i. AJL; 0. I - 7) where I'>; =T' A AT Ao AA™, for
IT>;| >0, and V1 <j <m, N:(AJ I ¢;). By Lemma 4.6.4 one has ' AT2 = I';. ALy o;.I”
st. M1:(T'' - w—7) and M2 : (T2 F p) or M1 :(T' F AL_ o) —7) where T2=(A)L A--- A (A7)}
and V1 <k <[, My:((A")* I o). Suppose w.lo.g. that |I'}|<i thus I'' =TL,. ALy o517 st
F1<i AT? =T;. Hence, for the first possibility regarding Lemma 4.6.4 one has by the rule (A-o)
that M1o*N : (T'L, I") Aw =L (AYA--- AA™) - w—7) and by the rule (nil-o) that Mao'N :
(T2 + p). Observe that (TL, I") Awi=L (AL A AA™)=TL, (IV AATA---AA™)=TL T,
Therefore, by the rule =/, (M10'N) (M20?N)): ('L, I'>;) AT? - 1), where ('L, T'>;) AT? =
(F1<i A F2).FZ¢ =TI'. The proof for the second possibility regarding Lemma 4.6.4 is analogous.
(o-destruction): Let no*N: (T F 7).

If n<i, then no’N — n and AI(no*N)={n} thus, by Lemma 4.4, |T'|=n. Observe that for any
typing (I'' F 7'} of n, |I'|=n. Hence, by Lemma 4.7.3 one has that n:(I' - 7) and N:(A I p).
If n =4, then no’N — p{N and AI(no'N)= AI(p}N) thus, by Lemma 4.4, |T| = sav(p} N).
By Lemmas 4.4 and 4.6.1 one has that i: (w!=l.7.nil - 7). If I' = nil, then by Lemma 4.7.2
one has that N :(nil F 7) thus, by the rule (nil-¢), @3N : (nil = 7). If |T'| >0, then by Lemma
2.13.4 one has that sav(p{N) = sav(N) + (i — 1), where sav(N) > 0, thus || = sav(pyN) > i.
Hence, by Lemma 4.7.4 one has that N:(I's; F 7), where [I'>;|>0. Therefore, by the rule (w-¢),
YN :(wi=L.T5; - 7). Observe that '<; =w?=L thus wiil.f‘zi =T.
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If n>4, then no’N — n—1 and AI(no?N)={n—1} thus, by Lemma 4.4, |I'|=n—1>i. One has
that I, =w, for any context I’ from a typing of n, where n >i. Therefore, by Lemma 4.7.4, n:
(T<;w.I's; - 7) and N: (A I p). By Lemmas 4.4 and 4.6.1 one has that I';.w.I's; = w™=L.7.n4l
thus I'c; . I'>; = w™=2 7.nil. Therefore, by the rules var and varn one has that n—1:(I'F 7).
(¢-A-transition): Let @f (A.M): (I + 7).

If |T'| <k then by Lemma 4.7.1 one has \.M : (' - 7). If I" = nil, then by Lemma 4.6.2 one has that
M :(nil b 7') where 7=w— 7' or that M : (AL 0;.nil - 7') where 7=AT",0; —7'. Note that
1<k+1. Hence, by the rule (nil-¢), 90};+1M: (nil - 7') or Lp}'H_lM: (AjLyognil = 7'). Therefore,
one has that (¢}, ; M): (nil b w—7’) by the rule =] or that A.(¢}, ; M):(nil = AT 0 —7) by
the rule —;. The proof for |I'| >0 is analogous.

If |T'| > k then by Lemma 4.7.1 one has that A.M : (I'<y.I'>k4; - 7) where F:F<k.wﬂ.F>k+i,
Hence, by Lemma 4.6.3, M : (u.l'<p.I'>pq; F 77) where u© — 7/ and, by the rule (w-¢), @};Jr_lM:

<u.F§k.wﬂ.FZk+i F 7). Therefore, by the rule —; one has )\.(ap;H_lM) : (I’Sk.wﬂ.FZkH =
u—7').

(-app-transition): Let @i (M1 Ma):(I'F 7).

If |T| <k then by Lemma 4.7.1 one has (M M3):(T' I 7). By Lemma 4.6.4 one has that T=T"1AT"2
s.t. My (I Fw—7) and Ma:(I'2 I p) or that My :(I' N, 05—T) where IM2=AlA-..AA™
and V1 < j <m, Mz :(AJ F o;). One has that maz(|T'!|,|T'2|) = || < k. Hence, for the first
possibility regarding Lemma 4.6.4 one has, by the rule (nil-¢), that @i M;:(I'" - w—7) and that
@t My :(I'? - p). Therefore, by the rule —,, ((¢&M1) (¢} Mz)):(I'" AT'? - 7). The proof for the
second possibility regarding Lemma 4.6.4 is analogous.

If |T'| > k then by Lemma 4.7.1 one has (M1 M2): (D<p.I'spyi b 7) where I =T cp.w =L T5p .
By Lemma 4.6.4 one has T'<p.I'spp; =TT ATZ sit. My : (I - w—7) and Mz : (2 F p) or
My: (T AL 0 —T) where I'2=A'A--- AA™ and V1<j<m, Ma:{AJ I o;). Suppose w.l.o.g.
that |F2| <k thus I'! :Flgk-FZkJri where 1_‘1316/\112 = I'<j. Hence, for the first possibility regarding
Lemma 4.6.4 one has by the rule (w-¢) that & M1 : (T, . w®=LT's;; F w—7) and by the rule (nil-
) that ¢t Mo :(I'2 - p). Therefore, by the rule =/, (¢} M1 @i Ma): ((ng‘wﬂ.rzkﬂ) AT2 b 7),
where (T'L, w =L T5, ;) AT2 = (I'L, AT?).w =L T544,;. The proof for the second possibility

regarding Lemma 4.6.4 is analogous.

(¢-destruction): Let i n:(I'F 7).

If n <k, then ¢ n — n and AI(¢i n)={n}. Hence, |I'|=sav(¢} n)=sav(n)<k. Therefore, by
Lemma 4.7.1 one has that n:(I' F 7).

If n > k, then ¢} n — nti—1 and AI(p} n)={n+i—1}. Hence, |T|=sav(p} n) =n+(i—1) > k.
Therefore, by Lemma 4.7.1 one has that n: (U<g.I'spy, F 7), where I' = F<k.w’71.F>k+i. By
Lemmas 4.4 and 4.6.1 one has that FSk.FZk+i_:wE.T.nil‘ Therefore, [ =wnti=2 1 nj thus,
by the rules var and varn, one has that n+i—1:(T" F 7).

A.2 SR for system A\s."

PROOF. [Theorem 4.22]

(o-generation): Let (A.M N):(I' - 7). By Lemma 4.19.4 there exist two possibilities.

Suppose that A.M (' w—7).

If I'=nil, then by Lemma 4.19.2 one has that M :(nil - 7). Therefore, by the rule (nil-c) one has
that Mol N:{(nil - 7).

If |T'| >0, then by Lemma 4.19.3 one has that M :(w.I' - 7). Therefore, by the rule (w-o) one has
that Mo!N:(T'F 7).

Suppose that T=T" AA' A - AA™ st. XM (T - AL o —7) and V1<j<m, N: (AT = oj).
If TY = nil, then by Lemma 4.19.2 one has M : </\§.”:1¢7]-.ml F 7). If V1 <j<m, AJ =nil, then
by the rule (A-nil-o) one has that Mo N : (nil - 7). Otherwise, by the rule (A-o) one has that
Mo'N:(AYA--- ANA™ | 1), where T=Al A A A™,

If V| >0, then by Lemma 4.19.3 one has that M :(AT_,0;.I" |- 7). Therefore, by the rule (A-o)
one has that Mo!N:(T/ AAY A - AA™ | 7).
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e (o-A-transition): analogous to the proof of SR for the same rule in As*™ (Theorem 4.9).

o (o-app-transition): Let (M; M2) o*N:(T' I 7).
If I = nil, then by Lemma 4.21.2 there exist two possibilities.
Suppose that (M; M2): (nil - 7). Hence, by Lemma 4.19.4 one has that Mj : (nil - w—7) or
My (nil B AL o5 —7) and V1 < j <m, Ms: (nil - 0;). For the latter one has, by the rule
(nil-o), that Mo N : (nil - AJLyoj—7) and VI<j<m, M0 N :{nil - o) thus, by the rule —,
((M10*N) (M20®N)): (nil - 7). The proof for the former one is analogous.
Suppose that (M1 Ma):(w=t. Al _, m.nil - 7) where V1<k<I, N:(nil - 7). By Lemma 4.19.4
one has that M1 : (W= Al_ mpnil b w—7) or wi=Lt AL mpnil = TV AAL A AA™ st
M;: (I + A0 —7) and V1 <j<m, Ma:(AJ I o;). Note that I'", Al ... A™ is a partition
where each context has the same length as the original context or it is nil. Suppose w.l.o.g. that
IV = nil. Hence, for the the second possibility w.r.t. Lemma 4.19.4 one has by the rule (nil-o)
that My0*N: (nil - AL o —7) and VI<j<m, if AJ =nil then M2c® N : (nil - o;) by the rule
(nil-o) and if AJ #nil then M2o®N:(nil - o;) by the rule (A-nil-o). Therefore, by the rule —-,
((M10*N) (M20®N)): (nil - 7). The proof is analogous for the first possibility regarding Lemma
4.19.4.
If 0<|T| <4, then by Lemma 4.21.3 there exist two possibilities.
Suppose that (M; M) : (I' + 7). By Lemma 4.19.4 one has that My : (' F w—7) or I' =
TYAAYA- - AA™ st. My (T AL oj —7) and V1 < j<m, Ma:(AJ I o;). Observe that
maz(|T’|,|AY,...,|A™|)=|T| <i. Hence, for the second possibility w.r.t. Lemma 4.19.4 one has
by the rule (nil-c) that M1o?N : (T I AL oj— 1) and V1< j<m, M0*N : (AJ I~ o;) thus, by
the rule —e, (M10*N) (M20*N)):(I” AAY A--- A A™ |- 7). The proof is analogous for the first
possibility regarding Lemma 4.19.4.
Suppose that (M1 Ma2): (I  7) where I =T.w®. AL _, 7.nil for n>0s.t. |I'|=i and V1<k<I,
N :(nil - 7). By Lemma 4.19.4 one has that M1 : (I F w—7) or I/ =TV A AT A --- AA™ sit.
My (T + AL 0 —7)and V1<j<m, Ma:(AJ F 5;). Suppose w.l.o.g. that I¥=T. Hence, for the
second possibility w.r.t. Lemma 4.19.4 one has by the rule (nil-o) that M10*N: (T N0 —=T)
and V1 <j <m, by either the rule (A-nil-o) or the rule (nil-o) one has that Mao?N : (nil - o;).
Therefore, by the rule —¢, (M10*N) (M20o*N)):(I' b 7). The proof is analogous for the first
possibility regarding Lemma 4.19.4.
If |T'| >4, then by Lemma 4.21.4 there exist two possibilities.
Suppose that (M1 M2):(I'<;.w.I'>; F 7). By Lemma 4.19.4 one has that M7 :(I'<;.w.I'>; Fw—1T)
or Tjwls; =TVAALA - AA™ 5. My :(TV F APjoj—T) and V1 <j<m, Ma: (AT F oy).
Suppose w.l.o.g. that |IV| <4 thus V1 < j < m, if |AJ| > i then Az = w. Observe that, by
Lemma 4.18, V1 < j < m, |A7| # i. Hence, for the second possibility w.r.t. Lemma 4.19.4
one has by the rule (nil-o) that Mio'N : (I + Ao —7) and V1 < j <m, if |AT| > i then
Myo'N : (AL, AL, F o;) by the rule (w-0) and if |AF| < i then Mao?N :(AJ I o;) by the rule
(nil-o). Note that I A (A1<1A1>7,) Ao AN (A AT) =T<;.T'>;. Therefore, by the rule —¢ one
has that ((M10*N) (M20*N)):(I' - 7). The proof is analogous for the first possibility regarding
Lemma 4.19.4.
Suppose that I's; =TI A AL A~ AA™, for [['5;] >0, s.t. (My Ma): (T'<;. AL, 0. F 1) and
V1<j<m, N:(AJ I 0;). By Lemma 4.19.4 one has that M; : (I'<;. ALy oI Fw—T) or
i ALy o I =T A (A A A (A st My (T B Af_yop,—7) and V1 < k <1, My :
((A")* F o). Hence, for the first possibility w.r.t. Lemma 4.19.4 one has by the rule (A-0) that
Mio*N: (T ;. T') Aw =L (AT A--- A A™) F w—7) thus, by the rule =¥, ((M10*N) (M2c?N)):
(T<i T AwEL (AT A AA™) F 7). Note that (De;.T') Awi=L (AL A AA™) =T ;. (T" A
AT A .- A A™). The proof is analogous for the second possibility regarding Lemma 4.19.4.

o (o-destruction): By Lemma 4.19.1 one has that n: (wL_l.T.nil F 7). Below, the possible typings
for no’N are analysed.
If n<i then by the rule (nil-o) one has that no'N:{(w2=L.7.nil - 7) and no'N — n.
If n =14 then no'N — cpéN. Note that N must have type 7 in order to io*N be typeable. If
N : (nil - 1), then by the rule (A-nil-o) one has that i0*N : (nil F 7) and, by the rule (nil-¢),
W N :(nil = 7). If N:(T' I 1), for |I'| >0, then by the rule (A-o) one has that io?N:(w =L 1)
and, by the rule (w-¢), i N: (w =L I 7).
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If n> i then by the rule (w-o) one has that no*N:{(w™=2.7.nil - 7) and no’N — n—1. Therefore,
by the rules var and varn one has that n—1:(w?”=2.7.nil - 7).

(¢-A-transition): analogous to the proof of SR for the same rule in As%* (Theorem 4.9).

o (p-app-transition): Let @i (M1 Ma):(I'F 7).

If |T'| <k then by Lemma 4.21.1 one has (M; M2):(I' - 7). By Lemma 4.19.4 one has M :(I' -
woTyor I=I"AALA - AA™ st My (T F ANjLyo;—7) and V1<j<m, Ma: (AJ o). One
has that maz(|TV|,|AY|,...,|A™|)=|T'|<k. Hence, for the second possibility w.r.t. Lemma 4.19.4
one has, by the rule (nil-p), that § M : (I - ALyo;—7) and V1< j<m, @t M : (AT + o).
Therefore, by the rule —. one has that ((¢} M1) (piM2)): (I AA*A--- AA™ | 7). The proof
is analogous for the first possibility regarding Lemma 4.19.4.

If || >k then by Lemma 4.21.1 one has (M1 Ma2): (T<k.I'>g4s b 7) where T=T'cj.w ™= 5.
By Lemma 4.19.4 one has that M1 : (T<p.Ispqi b w—7) or P<p.Ispy; =7 A ALA - AA™ st
My (I + N0 —7) and V1 <j<m, Ma:(AJ - 0j). Let A’ = Al A AA™ and suppose
w.lo.g. that [IV] <k, thus A" = A, I'>p4; where IV A A, = I'<y. Hence, for the second
possibility w.r.t. Lemma 4.19.4 one has by the rule (nil-p) that ot My (I N0 —7) and
V1<j<m, if |AJ| >k then ¢ My: <Aj§k.wi71.Aj>k F o;) by the rule (w-¢) and if |A7| <k then
@t My : (AJ F oj) by the rule (nil-¢). Note that A1>k Ao NATy = AL =Ty Therefore,
by the rule —¢, (pi M1 i M) : (IV A (A’Sk.wﬂ.A;k) F 7), where IV A (A’Sk.wﬂ.A;k) =
T A A/<k).w iil.l"zgﬂ_i, The proof is analogous for the first possibility regarding Lemma 4.19.4.

(¢-destruction): The possible typings for <,o}'c n are analysed below, similar to the analysis for
(o-destruction) above. Let n:{(w™=t.7.nil - 7).

If n<k then by the rule (nil-¢) one has that ¢! n: (wnr=L rnil - 7) and oin— n

If n > k then by the rule (w-¢) one has that ¢} n: (w2 =2 7nil - 7) and ¢in — nti—1.
Therefore, by the rules var and varn one has that nti—1: (w2 =2 7.nil F 7).

(0-o-transition): Let (M1o®Msz)od Ms: (T F 1), for i <j.

If I'=nail, then by Lemma 4.21.2 one has two possibilities.

Suppose that (Myo?M2):(nil - 7). Hence, by Lemma 4.21.2 one has two subcases.

In the first subcase one has that Mj : (nil - 7). Hence, by the rule (nil-o) one has that MyoI 1 M3:
(nil F 1)y and (My09t1M3) ot (Mz 07 =1 M3) : (nil - 7).

In the second subcase one has that M1 : (wi =L AT | oy.nil k- 7) where V1 <k <m, Ma: (nil
o). One has that ¢ < j thus i < j+1. Hence, by the rule (nil-o) one has that Mo/t M3 :
(wizt AP og.nil E ) and, since j—i+1>0, V1< k<m, Ma oI M3 (nil - o). Therefore,
by the rule (A-nil-o) one has that (MiodT1M3) ot(Mz o9~ Ms): (nil - 7).

Suppose that (M;jo?Ma): (o.)g AP og-nil 1) where V1 <k<m, Mjz:(nil F o). One has that
i<j=|wizt AJY_, o.nil| thus by Lemma 4.21.4 one has two subcases.

In the first subcase one has that M : (w? AL, og.nil = 7). Hence, by the rule (A-nil-o) one has
that M1t M3 :(nil - 7) thus, by the rule (nil-o), (M10711 M3) ot (M o9 =" M3) : (nil - ).
In the second subcase one has that (wﬂ AL o) =T A AL A~ AA™ such that M :
((wi=t AP openil) <4 /\l";/1 ol.I" - 7) and V1 <1< m/, M2 :(A! I o}). Observe that wi=L=
(u.zﬂ./\g’:1 oy.nil)<; and suppose w.l.o.g. that TV = nil thus V1 <1< m/, Al =nil or |Al| =
j—(i—1). Hence, by the rule (nil-o) one has Mol Ms: (wi=L ./\}Zl oj.nil B 1) and V1 <I<m/, if
|Al=0 then M> 07 ~¢+1 M3 : (nil - o}) by the rule (nil-o) and if |A!| >0 then My o =" M3 : (nil -
o}) by the rule (A-nil-o). Hence, by the rule (A-nil-0), (M1o7 Tt Ms) o(Mz 07 =1 M3): (nil - 7).
If 0<|I'|<j, then by Lemma 4.21.3 one has two possibilities.

Suppose that (M0t M2):(I' - 7). Note that either |T'|<i or |T'|>3.

If |I'| < then by Lemma 4.21.3 one has two subcases.

In the first subcase one has that M : (I' - 7). Observe that |I'| <i<j<j+1. Therefore, by the
rule (nil-o) one has that M3t M3 :(T'F 1) and (M1o7 1t M3) 0% (M2 09 71 M3) (T F 7).

In the second subcase one has M : (I - 7) where IV =T.Ww2 A | o.nil for n >0 st. |IV|=1
and V1 <k <m, Ma:(nil o). One has that ¢ <j <j+1 thus by the rule (nil-o) one has that
Mio3 T M3:(T7 - 7) and V1 <k <m, Mz oI "1 M3 : (nil - o). Therefore, by the rule (A-w-o),
(M1t M3) ot (Mo o 1 M3) (T = 7).
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If |T'| >4 then by Lemma 4.21.4 one has two subcases.
In the first subcase one has M; : (Ic;.w.I's; F 7). Note that |[Fc;.w.I's;| = |T|+1 < j+1.
Hence, by the rule (nil-o) one has that Myt Mz : (T<;.w.T's; - 7) thus, by the rule (w-o),
(M10j+1M3)Ui(M2 o‘j*iJrlMg):(Fl—T). B
In the second subcase one has I'>; =TV AAL A AA™ for |T'5;|>0s.t. My:(Tei. AT, o IV
) and V1 < k < m, Mz : (AF + o). Note that |T'<;. AT, 04.1Y| < |T|+1 < j+1 and
that V1 < k < m, |AF| < |I|=(i—1) < j—(i—1). Hence, by the rule (nil-o), Mio?T'Ms :
(C<i- A2y o) T F 1) and V1 < k < m, Mz oI~ M3 . (AF + 1), Hence, by the rule (A-
o), (M1o7T ' M3) o?(Ma o9 =T M3) : (D I) Awi=L (AT A---AA™) F 7) where (['<;.IV) A
WELATA - AA) =T (T AAL A A A™).
Suppose that (Mio?Ms) : (IV b 7), where IV = T.wZ . AT, of.nil for n >0 s.t. |IV| =j and
V1<k<m, Ms:(nil F o). Note that |['|=j>:. Hence, by Lemma 4.21.4 one has two subcases.
In the first subcase one has that M : (I'_,.wI'y, - 7). Suppose w.lo.g. that |I'| <3 thus
I, wIi, =T.w? L AT op.nil. Hence, by the rule (A-w-0), M1g7t1 M3 : (T I 7). Therefore,
by the rule (nil-o) one has (M09t M3) o (Mz 07 = t1M3): (T F 7).
In the second subcase one has that T, =T A (A)L A A (A"™ for TL,] >0 st. My :
(r;. /\l";/1 o). T+ 1) and V1 <I<m/, Ma:{(A")! - o}). Suppose w.l.o.g. that [I'|>iand I/ =T,
thus T7_,. /\l”;,1 o.M =T«;. /\flll 0}.'>; and V1 <1 <m/, (A =nil or (A =wI=HL 4y nil
where w #u; E AL o and u1 A -+ Aup, = AL 0. Hence, by the rule (nil-o) one has that
M1odt Mz (Dey. ATV, 0] T F 7) and V1 <I<m', if (A')! =nil then Mz o9~ Ms: (nil + o})
by the rule (nil-o) and if [(A’)!| = j—i+1 then M2 o? =" Mz : (nil - o}) by the rule (A-nil-o).
Note that (I'<;.I's;) Awi=L.(nil A --- Anil) =T <;.(I's; A nil) =T. Therefore, by the rule (A-0),
(M1o3 I M3) o (Mg od =1 M3) : (T 7). a
If |I'| > 7, then by Lemma 4.21.4 one has two possibilities.
Suppose that (M1o?Ma):(I'<jw.I's; - 7). Note that |I'«;j.w.I'>;|=|T|+1>j+1>j>i. Hence,
by Lemma 4.21.4 one has two subcases.
In the first subcase one has M1 : (T'<j.w)<;.w.(I'<j.w)>;.I'>; F 7). Note that (I'j.w)<; =T'«; and
(F<jw)>;=T<;)>;-w. Hence, by the rule (w-o) one has M1oi+t 1Mz : (M cj.w (D) T>; - 7)
where (I'<;)>;.I's; =I'>;. Hence, by the rule (w-0), (M107+1M3) 0t(M2 09 =1 M3): (T ;. T'>; b
T).
In the second subcase one has that (I'c;j)>;.w.I's; =I'AAL A - AA™ st My (T AT 0 IV H]
7y and V1<k<m, Mz:(A* I o). Suppose w.lo.g. that I =I"".w.I's; thus " AAL A+ A AT =
(P'<;)>;. Hence, by the rule (w-o) one has M1o9 1 M3 :(T'«;. AT | 0. I"".I'>; - 7) and by the rule
(nil-0) one has that V1 <k<m, Mz o? =TI M3 : (AF F o). Let A’=A A--- A A™. Therefore,
by the rule (A-0) one has (M107T1M3) 0t (M2 09~ M3): (T<; I .I'>;) Awi=t. A’ I 7), where
(Cai T T ) Awi =L A/=T ;. (I .T5;) AA)=T;.(I" AA").T5;.
Suppose that I's; =T AAL A+« AA™ for [Ts;|>0 s.t. (M1o?Ms): (T<;. AL, 0p.I" - 7) and
Vi<k<m, Ms: (Ak F o). Hence, by Lemma 4.21.4 one has two subcases, analogous to the
subcases presented right above.

o (o-p-transition 1): Let (¢} M) oI N:(T'k 1), for k<j<k+i.
If I'=nil, then by Lemma 4.21.2 one has that <p}‘€M: (nil F 7). Hence, by Lemma 4.21.1 one has
that M : (nil - 7). Therefore, by the rule (nil-p) one has that tpf;lM :(nil - 7). Observe that
the other possibility regarding Lemma 4.21.2 is s.t. go?cM: (c;.)E AL opnil = 7) and V1<I<m,
N : (nil + o7). However, by Lemma 4.21.1 one has that k+(i—1) < j—1 thus k+¢ < j and by
hypothesis one has j <k+i.
If 0<|I'| <j, then by Lemma 4.21.3 one has that t,piM: (I' b 7). Hence, by Lemma 4.21.1 one has
that |I'| <k thus M : (' + 7). Therefore, by the rule (nil-¢), @ZflM: (I' 7). Note that if |T'| >k
then, by Lemma 4.21.1, k+: <|I'| < j < k+i. Observe that the other possibility regarding Lemma
4.21.3 is s.t. @i M : (I b 7), where I = T.w®. A", oy.nil for n>0 s.t. |[IV|=4 and V1 <I<m,
N :(nil - o;). However, by Lemma 4.21.1 one has that k+: <|I'|=j and by hypothesis one has
J<k+i.
If |T'| > j, then by Lemma 4.21.4 one has that ¢} M : (C<;.w.I'>; b 7). Hence, by Lemma
4.21.1 and by the hypothesis that k < j < k+i, one has that M : (T<x.I'>p4; = 7) where
(C<j)>kw-(T<kpi)>; = wi=t. Therefore, (M<j)sk-(F<kyi)>; = C<pti)>k = w =2, Hence,
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by the rule (w-¢p) one has that Mc,a,C M (<. wiz=2 Tspqs B 1),
I<i.-(T<k+4i)>k-I'>k4i =T. Note that the other possibility in Lemma 4.21. 4 is s.t. F>] = F’
ALA- - AA™ for [T |>0st. @t M:(Tcj. AT 0. TV B 7) and V1<I<m, N: (Al F o;). How-
ever, by Lemma 4.21.1 and by the hypothesis that k <j <k+i, one has that (T'<;. AJ2 o I)j=w.
o (o-p-transition 2): Let (oL M) oI N:(T' - 1), for k+i<j.
If I'=mnil, then by Lemma 4.21.2 one has two possibilities.
Suppose that ¢ M : (nil F 7). Hence, by Lemma 4.21.2 one has that M : (nil - 7). Therefore, by
the rule (nil-o) one has that Mo =TI N:(nil - 7) and, by the rule (nil-¢), that ¢t (Mo~ +1N):
(nil b 7).
Suppose that gp};M: (a.,vE A opnil = 1) and V1<I<m, N:(nil - o;). Hence, by Lemma 4.21.1
and by the hypothesis that k+i < j one has that M : <ww AL opnal = 7). Therefore,
by the rule (A-nil-0) one has that Mo ~*+1N : (nil - 7) and by the rule (nil-¢) one has that
ot (MoI = IN): (nil b 7).
If 0< || <4, then by Lemma 4.21.3 one has two possibilities.
Suppose that @i M:(T' - 7). Note that either || <k or |T'| > k.
If |I'| <k, then by Lemma 4.21.1 one has that M : (I' - 7). One has that k+i <j thus |T'| <k <
j—1i<j—i+1. Therefore, by the rule (nil-o) one has that Mo ~**1N : (T I- 7) and by the rule
(nil-¢) one has that @& (Mo HIN) (T + 7).
If |T'| >k, then by Lemma 4.21.1 one has that M : (<. I'>gq; F 7), where I‘:I‘<k.wﬂ.F>k+,‘.
One has that [T'<p.Ispqq = T = (i—-1) < j — (i—1). Therefore, by the rule (nil-o) one
has that Mo7=*F!N : (P<p.I'>44; B 7) and by the rule (w-¢) one has that @i (Mod=+1N) :
Suppose that @} M : (I & 1), where IV =T.w2. A", oy.nil for n>0 s.t. |IV[=j and V1 <I<m,
N:(nil - 7). Note that, by Lemma 4.18, I'jp| #w thus by Lemma 4.21.1 one has that k + i <|T'|
or |T'| <k. Suppose w.l.o.g. that k+ i <|T'|. Hence, M : (T<p.T'>pqi.w A2, 0p.0il = 7), where
I'=T<p.w=LT5p;. Therefore, by the rule (A- -w- cr) one has that MoJ— l+1N (P<p-Topqi b 7)
and, by the rule (w-¢), @i (MoI = HIN):(T'<y. WL T sy b 7).
If |T'| >, then by Lemma 4.21.4 one has two possibilities.
Suppose that ¢} M : (I'<j.w.I'>; F 7). Observe that k+i <j Hence, by Lemma 4.21.1 one has
that M :(P<g.(I'<j)>ktiw.I'>j b 7) where ' j =Ty wi=L (T<;)>k+i- Therefore, by the rule
(w-0) one has Mo =7 HIN  (Tep (D) >t F>] F 7) and, by the rule (w-¢), @i (Mod=+1N):
(T<k- wizl, (T<j)>k+i-I'>j F 1), where I'<y,. wizl, (T<j)>kti-I>j=T.
Suppose that ¢t M : (T';. A", 0;.I" F 1) where, for [T>;| >0, I'>; = Y AAYA--- AA™ and
V1<i<m, N:(A'F ¢;). The proof that go};(MJj’l*lN) (' F 7) is similar to the proof for the
first possibility regarding Lemma 4.21.4, presented right above.
(¢-o-transition): Let ¢} (MoIN):(I't 1), for j<k-+1.
If || <k, then by Lemma 4.21.1 one has that MoIN:(I' - 7).
If T'=nil then by Lemma 4.21.2 one has two subcases.
In the first subcase one has that M : (nil F 7). Hence, by the rule (nil-p) one has <,a7;'€+1M: (nil = 7)
and, by the rule (nil-o), (Lp}'chlM) j(cp}'chl JN) (nil b oT).
In the second subcase one has that M : (wi== /\;" 1 or.nil = 1) where V1 <1 <m, N: (nil F o).
Hence, by the rule (nil-¢) one has <pk+1M (wi=t, A2, opnil = 1) and V1 <1 <m, ‘Pk+1 SNV
(nil F o;). Therefore, by the rule (A-nil-o), (<pk+1M) o (‘Pk+1—gN) (nil 7).
If 0<|I'|<j then by Lemma 4.21.3 one has two subcases.
In the first subcase one has that M :(I' b 7). Note that |I'| <k < k+1 thus, by the rule (nil-¢),
@};JAM: (I' b 7). Therefore, by the rule (nil-o), (¢Z+1M) ol (ap}'c+17jN) (T F 7).
In the second subcase one has M : (I = 7) where IV =T.w™ . AJ" | gy.nil for n>0s.t. |IV|=j
and V1 <1 <m, N: (nil b o;). Note that [I'| = 5 < k+1. Hence, by the rule (nil-¢) one
has goz_HM IV F 1) and V1 <1 <m, @};_H_jN: (nil & o7). Therefore, by the rule (A-w-o),
(1 M) o (o ;N)(DET).
If |T'| > then by Lemma 4.21.4 one has two subcases.
In the first subcase one has M : (I'cj.w.I'>; F 7). Note that [I'cj.w.I's>;| = [I|4+1 < k+1.
Hence, by the rule (nil-p) one has ¢} M : (I'cjwI'>; = 7). Therefore, by the rule (w-0),

(¢2+1M) O’j(gD;’.c+17jN)2<F<j.F2j = T>.
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In the second subcase one has that I'>; = TYAAL A+  AA™ for [T ;| >0s.t. M:(I';. A, 0y T H]
1) and V1 <1< m, N: (Al I g;). Observe that V1 <I<m, [A| <|T| - (-1 <k—(j—1)=
kj&-l — j. Hence, by the rule (nil-¢) one has cp}'chlM (D A2y o TY .I— T) and V} <1< m,
Crp1—; N = (Al + ;). Therefore, by the rule (A-o) one has that (g1 M) o7 (P ;N) -
(P T Awi=L (AY A AA™) F 1), where (T<;.I") A wi=L (ATA---AA™) = T;.(T' A
AL A AA™).
If |T| >k, then by Lemma 4.21.1 one has that Mo N : (T<k-I'>p4i F 7), where F:ng.wﬂ.FZkH.l
Note that [I'<p.I'> g4 >k+1>7 thus, by Lemma 4.21.4, one has two possibilities.
Suppose that M : <(F§k'FZk+i)<j'w'(FSk'FZk-H)Zj F 7). Observe that (FSk-FZk+i><j =Ty,
that (T<x-T'>kti)>j = (P<k)>j I>k4s and that [Icj.w.(I'<k)>;.| = k+1. Hence, by the rule
(w-¢) one has that ¢};+1M:<F<j.w.(f‘§k)2j w=L sy b 7). Therefore, by the rule (w-o) one
has (@2+1M) aj(Lp};+17jN) : <F<j~(rgk)2j'wd~rzk+i [ T>. Observe that F<]'4(F§k)2j :ng
Suppose that (ngrzk"r’b)Z] = (ng)zjrzk_;'_z = F/ AN Al A ANA™ for ‘(ngrzk+l)2]‘ >0
st. M: (DA% oIV B o7) and V1 <1 <m, N: (Al o). Suppose w.lo.g. that IV =
nil thus (ng)ZJ = (AI AN /\Am)gk+1_j and F2k+i = (Al AR /\Am)>k+1,j. Hence,
by the rule (nil‘-go) one has that go?H_lM (Pej. A2y opnil B 1) and V1 <1 < m, .jf Al <
k+1—j theg Oy N (A! F o;) by the rule (nil-p) and if |A!| > k+1 — j then g ;N
<Al<k+1,j~WQ~Al>k+1—j F ;) by the rule (w-¢). Since V1 <1 < m, if |Al| < k+1 — j then
Al>k+1_j = nil, one has that the intersection A’ of contexts for @};_H_jN can be described as
Al = (AI JANRERIAN Am)gk+1_j.wﬂ.(A1 VANEERIAN Am)>k+1,]'. Hence, A= (FSR)ZJWQFZIW‘-Z
Therefore, by the rule (A-o) one has that (<p}'c+1M) oj(ap}'c+17jN) A(T<jnil) Awi=L A" F 1)
where (Dcjnil) Awl=L A/=T; A'=T;.(T<p)>;w =t Dsppi=Tcp.wi=tDopp =T
e (p-p-transition 1): Let (p}v(@fM) (k1) for I4+j<k.
If |T'| <k, then by Lemma 4.21.1 one has that Lp{M: (' F 7). Hence, by Lemma 4.21.1 one has two
possibilities.
If || <1, then by Lemma 4.21.1 one has M : (' - 7). Note that k+1—j > (I4+j)+1—j=I+1>1>|T|.
Therefore, by the rule (nil-¢) one has that go?H_l_jM: (P'k7) and ] (cp};_‘_l_j M):(T'F 7).
If |T'| > then, by Lemma 4.21.1, one has M : (I'<;.I'>;4; F 7) where Fgl.wg.FZHj =T. One
has that |I'<;.I's;q;| =|T| = (j—1) <k — (j—1). Therefore, by the rule (nil-p) one has that
cp}'c+17jM: (<. T4 F 1) and, by the rule (w-¢), @7 ((p};+17jM) : <F§l.wg T F 7).
If [T| > k then, by Lemma 4.21.1, ¢/ M : (C<j.T'sjpq F 7) where I' = Icpw=L.Is ;. One
has that |'| > k > I+j > [. Hence, by Lemma 4.21.1 one has that M : (I')<;.(I')>i4; F 7)
where IV = (F’)Sl‘wg.(f‘/)zlﬁ_j = ngrzk-‘—z Note that (F/)Sl = Fgl and that (F/)zl+j =
(C<k)>i45 Tok+i- Hence, (M) <t-(M)>145 = F<t- (D<) >ty Tokti and [P (Dap)>i45] = 1+
(k—(l4+j—1))=k+1—j. Hence, ¢}, ;M: (T<i-(T<k) >4 w =L Tspqs b 7) and go{(go}ﬁ_l_jM):
<FSZ'WE~(F§k)2l+j~wi~1—‘2k+i - T), where ng = Fgl.wg.(rgk)zprj, by the rule (w—gp).
o (p-p-transition 2): Let gpz(cpr) (T'F ), for ISk<l+j.
If T'| <k, then by Lemma 4.21.1 one has that @{M: (I' F 7). Observe that if |I'| > then by
Lemma 4.21.1 one has that |I'|>{+(j—1) thus [['| >1+j > k. Hence, for |I'| <I one has, by Lemma
4.21.1, that M : (T I 7). Therefore, by the rule (nil-p), @{Jﬂ*lM:(F F 7).
If |T| > k then, by Lemma 4.21.1, o] M : (P<.T's g4 - 7) where I =I<j.w®=.D5y ;. One has
that |[I'<p.I'>g44] >k >1. Hence, by Lemma 4.21.1, M : (P<p.I'>pqi)<i-(P<p-Tohqi)>i45 F 7)
where (T'<jp T>pti)<i=T<i, (C<p)s1=w = (Ccp Torti) 045 = Coki) > 14—k =D>14 (i) -1
J+272-F21+(j+i)—1 F 7), by the
rule (w-¢), where I'<;.w Torgri—1=T<i-(T<r)s10 =N (T oy iy —1) s ki T (i1
Observe that ng = F§l~(F§k)>l and that (F<l+(j+i)71)Zk+i~FZl+(j+i)71 = F2k+i. Therefore,
j+i—2

i~ 1)—(k—1 ji—1
and (F<l+(j+i)71)2k+izww- Hence <pf+z M:(P<j.w
jrie2

Fgl.w

Toirrp-1 =T
|
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