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e Higher order objects arise naturally in many fields of computer science.
e MAP(f,NIL) — NIL; MAP(f, CONS(x,[)) — CONS(f(x), MAP(f,]))
e Observe that f appears both as a variable and as a functional symbol.
e The function MAP is a typical example of a second-order function.

e useful third- until sixth-order functions were presented in the context of
combinator parsing. In Okasaki'97
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e Solution is: {F/\;.x}
e Other solutions are: {F(z)/f™(x) | n € N}.
e Robinson, Huet ('75)

e Huet's algorithm is a semi-decision one that may never stop when the input
unification problem has no unifiers, but when the problem has a solution it
always presents an explicit unifier.
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e Unification for second-order logic was proved undecidable in general by Goldfarb
in '81.

e Goldfarb’s proof is based on a reduction from Hilbert's Tenth Problem.

e For the second-order case, unification is decidable, when the language is
restricted to monadic functions (Farmer '88).

e Other problems of HOU include that most general unifiers may not exist.

_7

e Huet has shown that equations of the form (A\,.F a) =" (A;.G b) (called
flex-flex) of third-order may not have MGU:s.
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Given two simply-typed lambda terms a and b
HOU find a substitution 6 such that

0(a) =pn 0(b)

e HOU essential for generalizations of the Robinson’s first-order resolution
principle.

— Automated (Higher order) reasoning

e HOU applied in — Higher order proof assistants
— Higher order logic programming
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M. Ayala-Rincén & F. Kamareddine

Why making substitutions explicit is adequate for
reasoning about HOU?

e Substitution is the key operation for HOU.

e /mplicitness of substitution is the “Achilles heel” of the \-calculus:

— [-reduction is given via informal /implicit variable renaming

Implicit substitution does not
provide any formal mechanism for
analysing essential computational
properties
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e Terms in de Bruijn notation, Ayp(X): a =:=N| X | (a a) | \.q,
where X meta-variables and N set of de Bruijn indices.

Referential

For instance, for the referential z,y, z,.... | A.(A.(4 1) (A.(2 1) 1))

(B-reduction:
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e Higher order substitution:

M. Ayala-Rincén & F. Kamareddine

(X/1YO(1 X) X)=(\(1 2) 1)

;

substitution
{X/a}(A.X)

[
A{X/at X

|
+
Aoa’
lift

£

grafting
(A\X){X/a}
|| (-reduction
A.X{HX/G} (\-a b) = {1/b}a
A.a
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Pre-cooking translation Unification Problem

HOU-Problem Back translation

]
Pre-cooking Solutions

Language of a A-calculus
of explicit substitutions

Language of the A-calculus

-substitution- )
-grafting-

e Introduced by G. Dowek, T. Hardin and C. Kirchner using the Ao-calculus.

e Subsumes Huet's HOU method.
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a:=n|X|(a a)| X.a where X € X andn € N\ {0}.

M. Ayala-Rincén & F. Kamareddine

The updating functions U,i : Ngp(X) = Agp(X) for k> 0 and i > 1 are defined

inductively by:

R ]
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if n>k
if n<k.
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The meta-substitutions at level 5, for 7 > 1, of a term b € A in a term
a € Agp(X), denoted a{j < b}, is defined inductively on a as follows:

(a1 a2){j < b} = (a1{j < b} a=2{j < 0})
(Aa){j < b} = XNa{j+1+ b}
X{j«b} =X, XeX

n—1 if n>j
n{{j < b} = Uj(b) if n=

n if n<j.
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Properties of meta-substitutions and updating

Let a, b, ¢ € Agp(X). We have:

l.for k<n<k+i: U ""a)=U}(a)f{n <+ b}.

2. for [ <k <l+j: Ui(Ul(a))=U'""(a).

3.for k+i<n:Ul(a){n+ b} =Ui(affn—1i+1«b}).

4. for i <n:afi+b}{ncl=afn+1+c{ibf{n—i+1<+c}}.
5. for [+j <k+1: U(Uj(a)) = U (Ui,q_;(a)).

6. for n <k+1: Ui(afn < b}) =Uj, 1 (a)fn < U;_, ,(b)}.
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o (B-rule) (A.a b) —pafl < b}

o (n-rule)  A.(a 1) =, bif UE(D) =a

Heriot-Watt University / Universidade de Brasilia 13



SIC 2000 — (HO)Unification via Ase ESs M. Ayala-Rincén & F. Kamareddine

e Termsin A\s.:  a:x=X|N]|(a a)|Xalad?a]|pia, forj,i>1, k>0
where X' meta-variables and N set of de Bruijn indices.
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Table 1. The Rewriting System of the As-calculus with n-rule

(o-generation) (Aa b) — aocld
(o-\-transition) (X.a)ob —  A.(ac*T1b)
(o-app-transition) (a1 az)ob — ((a10b) (ag0b))

n—1 if n>1
(o-destruction) nob — { oib  if n=1

n if n <1
(p-\-transition) er(Aa) —  A(phiq0a)
(¢-app-transition)  ¢j(a1 az) —  ((p}a1) (¢} a2))
(p-destruction) pin  —> { 2+ 11 :]t Z 2 Z
(Eta) Ma 1) — b if a=,pib
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Table 2: The Rewriting System of the As.-calculus without rules in Table 1

(o-o-transition) (acb)o?c — (ac’Tre)o(bo?™Tle) if 1<
(c-p-transition 1) (pta)oib — ' la if E<j<k+i
(o-p-transition 2) (pta)o?b — @'(ac? "TD) if k+1i<j
(p-o-transition) pi(ac?b) — (¢} 0a)0’ (gp}’;ﬂ_j b) if j<k+1
(p-p-transition 1) ¢}, (] a) — @] (hy1-50) it i+j<k
(p-p-transition 2) oL (gp‘g a) — gofri_l a if [<k<l+j
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e (o-generation rule:)

(t1(5) (tg)\) — o (t1(5) (tg)\)(tlo'(l))
e (o-transition rules:)

(t]_O-(i))(tQ)\) — ((th'(i))tQ)\) (th'(H_l)) (0'01)\ — t’l“(l’flSit’iO?l)
(th'(i))(tg(S) — o ((th'(i))tQ(S) (th'(i)) (0'015 — transition)

e (o-destruction rules:)
(th'(i))i — ud(i) (tl)

(tio ) =, x if © # i.
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TERMS a = 1| X | (a a)|Aa|als] and SUBS s = id | T |a.s|sos.
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Heriot-Watt Univers

M. Ayala-Rincén & F. Kamareddine

Table 3: The Ao Rewriting System of the Ao-calculus

(Beta) (A.a b)
(Id) alid]
(VarCons) 1]a- s]
(App) (a 0)|s]
(Abs) (A.a)[s]
(Clos) (als][t
(1dL) idos
(IdR) soid
(ShiftCons) 1o (a-s)
(Map) (a-5)ot
(Ass) (sot)ow
(VarShift) 11
i 1102
" (Lta) A(a 1)

PELLLLLL e

alb-id]
(as])

|
all-
|sot]

a
A
a
S
s
s
a

[t] - (s

o (tou)

vd
S

b if a

(bls])

—0o b[ﬂ

(soT)]

ot)
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Table 4: The Boolean simplification rules for unification problems

(Trivial) PANs="s — P

(AndIdem) PANenNne — PAe

(Orldem,) PvevVe —- PVe
(SimpAndT) PANT — P

(SimpAndF) PVF — F

(SimpOrT) PvT — T

(SimpOrF) PVF — P

(Distrib) PAN(QVR) - (PANQ)V(PAR)
(Propag) 1Z(PV Q) — JZP Vv 3zQ
(ElimQFE) 1P — P, if 2z & var(P)
(ElimBYV) d2 z="tAP — P, if z & var(P)Uvar(t)
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Table 5: The As.-unification rules

(Dec-\) PAMNj.a :?/\Se Aab = PAa :?/\Se b
(Dec-App) PA(may...ap) =5, (mby...by) — P Niz1.p @i =1, Di
(App-Fail) P A(nai...ap) ;?)\86 (mby...b,) — F if n #m
?Dec-aﬁ P Aao'b ::/\Se co'd  — PAa :386 cAb :?/\Se d
o-Fail P ANac'b =), co’d — F
if i #£ 5 and ac'b :?/\Se co’d is not flex-flex
(Dec-¢) PAgla=5, otb — PAa=;, b
(p-Fail) P Agtia :(';\Se gp‘ljb — F |
if i £ jork#1and ¢la :?)\86 @b is not flex-flex
(Exp-\) P — 3(Y where ATFY : B),PANX =;, A\aY
if TFX : A— B) € Toar(P),Y & Tvar(P), and X is a
unsolved variable
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Table 6: The As.-unification rules

(Exp-App) P/\wgf... g;(X’al"'.' , Q) :?)\8e (mby...by) —
P/\zbg;)...wgll(X,al,... , ) :?)\se (m?bl...bq) A
\/TERPURZ' EIHl,... ,Hk,X :}\se (I‘ HlHk)

o if zpf]f e gll(X, ai,...,ap) is the skeleton of a As.-normal term
e X has an atomic type and is not solved

e H,,...,Hy are variables of appropriate types, not occurring in
P, with the environments I'. = I'x

o R, C {iy,...,1,} of superscripts of the g operator such that
_ . ii q> k1
H, ... Hy) has the right type R; = j=old} | T
(x M k) has the right type { 0 otherwise
andg=m+p—k—37; ji, =00, ipt1=0
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Table 7: The As.-unification rules

(Replace)

(Normalize)

PANX =, a — {X/a}PNX=}, a

if X € Tvar(P),X € Twvar(a) and a € X = a € Tvar(P)

PAa:§Seb —  PAd :?)\86 b’

if @ or b is not in long normal form,

4 { the long normal form of @ if a is an unsolved variable
a otherwise

b’ is defined from b similarly to a’ from a.
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( = ?
Vies U /\ Si =\s, li
e A As.-unification problem P is: < i€l )
\ unification system
— ?
Jw /\ S; :}\se t;
o A unifier of _  ier is a grafting o such that | Jw /\ S;0 = t;o
unification system el
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Example : (A (A(X 2) 1) YV) =, ((Z 1) U)
| X,Z:A—> A Y, U: A
Normalize (Xo*Y)o' (pY) @Y) :?)\se (Za'U iU)
d
Dec-App (Xo?Y)o' (oY) 2186 Zo'U A Y —;8 ooU
d
Dec-p (Xo*Y)o' (pyY) =3, Zo'U A Y =, U
2 1/, 1 ? 1 ¢ ?
Replace (XY )o (pyY) =)\, Z0Y A Y =), U
E A + J(* [ Y :?)\86 U
w ((AXNo*Y)ol (plY) =4 (A.Z)e'Y A X = AX'
Replace se Ase /
| Z = A7
Jf* 4 2
Normalize + Y=
Dee (X'0*Y)o? (ppY) =3, Z'0°Y A3 =15, A X'
 Z =\, A7
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Y =, U )
e Solved equations: X :?/\s6 A X'

7 :?)\S N7 > Solved Forms
o Flez-Flex equations:  (X'0°Y)o?(pgY) =5, Z'0%Y

e Solutions: {Y/X,,U/X;} |J solutions for X and Z given by the Flez-Flex
equation.

Take, for instance, {Y/X1,U/X1} U {X/An+1,Z/\n} with n > 2:
(AA(An+12) 1) X;) =5 (A(An 2) X3) =3 (An—1 X;) gn—2
and

(A(An 1) X;) 23 (An—1 X;) >gn—2
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e Correctness: If P reduces to P’ then every unifier of P’ is a unifier of P.

e Completeness: If P reduces to P’ then every unifier of P is a unifier of P’.

Theorem [Correctness and Completeness|

The Asc-unification rules are correct and complete.
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3. Checking arithmetic constraints (versus shifts and
composition in \o)

M. Ayala-Rincén & F. Kamareddine

AS.-calculus and A-calculus —

Term
Substitution

} objects  Ao-calculus

AS. uses all de Bruijn indices: N

Ao uses only 1, “shift” and “composition”: n

Heriot-Watt University / Universidade de Brasilia
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Exp-App Ao-unification rule

P/\X[ajl...a,p'/rn]:(';\O_(mbl...bq) —
P

A{ Xlar...ap 1t =}, (mbl.:?.bq)
\/TERPURiElHl"'HmX o (I‘ HlHk)

X not solved and atomic; Hy,...,H; variables of appropriate types;
'y, =T'x, R, C{1,...,p} such that (r H;...Hg) has the right type,
R; = ifm >n+1then {m —n+ p} else ()
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M. Ayala-Rincén & F. Kamareddine

Exp-App As.-unification rule

PAYY . (X, a, ...

ip

solved; I'y, = I'x, R, C {i1,...

j :
w'p... Z‘?ll(X,al,...

y

A4

\

P

ip

WP

,CLp) :?)\se (m blbq) —

1(X,aq,...,ap) =%, (mby...by)

\/TERPURi EIHl,... ,Hk,X :(';\Se (I‘ HlHk)

,a,) skeleton of a As.-normal term; X atomic and not

,ip} of superscripts of the o operator

such that (r Hy...Hy) has the right type, R, = Up_y if ix > m +

p

p—k— > pr1dt > iks1 then {m +p—k =377, ji} else ), where

Heriot-Watt University / Universidade de Brasilia
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In the \o-calculus

X[ay...ap. 1" =4, (mby...b,) |has solutions of the form:

r—1 of appropriate type

( a;, 1f1<r=1<p

fo ot LGy, . [jo-\-r-Oﬂ

otherwise.
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In the As.-calculus

zpi]; o ill(X, a1y .. 5 0p) :?ASG (m by ...b,) |solutions of the form:
Hy ... Hy
n \/
of appropriate type
i kiv1 <n <k; ]
such that for some 7, and

_ n_(p_i)+Zf:i+1jr:m |
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4. Translations between the pure A-calculus and the
As.~-calculus

e A unifier of \.X =g, A.a is not a {X/b} such that b =3, a:
(X/DYAX) = A({X/bT}X) = M(X{X/bT}) = AbT

e The pre-cooking of a A-term in de Bruijn notation into the As.-calculus is
defined by ap. = PC(a,0) where PC(a,n) is defined by:

1. PC(Ag.a,n) = Ag.PC(a,n+1)

2. PC((a ), n) = (PC(a,n) PC(b,n))
3. PO(k,n) = k
4. PC(X,n) = { o zg(l‘jg?” +
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Proposition[Semantics of pre-cooking]

E{Xl/bh S 7Xp/bp}(a))p9 - gpc{Xl/blpcv e vXp/bppc};
Substitution Graﬁing

Proposition[Correspondence between solutions]

ElNl,...,Np in/Nl,...,Xp/Np}J(CL) —Bn in/Nl,,Xp/Np}J(b)

substitution substitution
<
EIMl,...,Mp apCin/Ml,...,Xp/Mp}; = \Se bpcin/Mla---yXp/Mp}J
graftiﬁg graft?ﬁg
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Problem: | A.(X 2) =5, A2, 2:4, X:A— A

A. (‘PO(X) 2) _)\s A.2 — Dec-)\
(‘PO(X) 2) _)\3 — Exp-\
Y (5(X) 2) —}\s 2N X —15 AY — Replace
EIY(ch()\ Y) 2) _)\s 2N X _)\s AY — Normalize
EIY(cp Y)a 2 —AS 2N X —AS Y — Eup-apyp
(Y (¢2Y)o? 2 =}s, 2 A X =1, MY)A (Y _AS 1VY :’;3 2) ~ Replace
((9"11)J 2 _)\s 2N X _)\3 A 1) v ((‘7012)‘7 2 _)\3 2N X —As A.2) — Normalize

(2_)\32/\X_)\3Al)v(2_)\32/\X_)\s>‘2) =
(X _)\s )\1)\/(X _)\s >\2)
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Problem: | A.(X 2) =5, A2, 2:4, X:A— A

Solutions: { /AL

{X/\.2}
Note that we have:

{X/A1F(A(X 2)) = A({X/(A1)THX) 2) =
A (A1t 2) = A (A1 2) =5 )\.2

and

{X/A2; (A (X 2)) = A({X/(A2)T}(X) 2) =
A (A2t 2) = A(A.3 2) =5 )\.2
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Our development of the As.-HOU was based on the ones of Dowek, Hardin and
Kirchner for the \o-calculus of explicit substitutions.

One of our motivations was, in the practical setting of HOU, to compare the
advantages and disadvantages of the two styles of explicit substitutions. This
provides objective facts about that interesting theoretical question.

We think that our method can be adapted for applications in/for systems as the
AProlog, Maude and ELAN.

Additional facts about the back transformation and practical considerations for
an eventual implementation are available in Ayala-Rincén & Kamareddine “On
Applying As.-Style of Unification for Simply-Typed Higher Order Unification in
the Pure A\-Calculus” at  http://www.cee.hw.ac.uk/ultra/pubs.html.
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e Prototype implementation.

To be done _ . :
e Comparison with the suspension calculus.

e \o-(HO)Unification and As.-(HO)Unification strategies don't differ.

e Pre-cooking (and back) translations in Ao and s, differ:

— A simple selection of the scripts for the operators ¢ and o in As. corresponds
to the manipulation of substitution objects in the A\o-HOU approach.
— Use of all de Bruijn indices makes our approach simpler.
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