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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineWhat is HOU?

� Higher order objets arise naturally in many �elds of omputer siene.� map(f;nil)! nil; map(f;ons(x; l))! ons(f(x);map(f; l))� Observe that f appears both as a variable and as a funtional symbol.� The funtion map is a typial example of a seond-order funtion.� useful third- until sixth-order funtions were presented in the ontext ofombinator parsing. In Okasaki'97
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineExamples of HOU

� F (f(a)) = f(F (a)).� Solution is: fF=�x:xg� Other solutions are: fF (x)=fn(x) j n 2 N g.� Robinson, Huet ('75)� Huet's algorithm is a semi-deision one that may never stop when the inputuni�ation problem has no uni�ers, but when the problem has a solution italways presents an expliit uni�er.
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineHOU's status

� Uni�ation for seond-order logi was proved undeidable in general by Goldfarbin '81.� Goldfarb's proof is based on a redution from Hilbert's Tenth Problem.� For the seond-order ase, uni�ation is deidable, when the language isrestrited to monadi funtions (Farmer '88).� Other problems of HOU inlude that most general uni�ers may not exist.� Huet has shown that equations of the form (�x:F a) =? (�x:G b) (alledex-ex) of third-order may not have MGUs.Heriot-Watt University / Universidade de Bras��lia 4



SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineHOU in expliit substitution aluli

HOU8<: Given two simply-typed lambda terms a and b�nd a substitution � suh that�(a) =�� �(b)� HOU essential for generalizations of the Robinson's �rst-order resolutionpriniple.
� HOU applied in 8<: � Automated (Higher order) reasoning� Higher order proof assistants� Higher order logi programming
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineWhy making substitutions expliit is adequate forreasoning about HOU?

� Substitution is the key operation for HOU.� Impliitness of substitution is the \Ahilles heel" of the �-alulus:{ �-redution is given via informal/impliit variable renaming

� Impliit substitution does notprovide any formal mehanism foranalysing essential omputationalproperties suh as � � time and� spae omplexity
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddine� Terms in de Bruijn notation, �dB(X ): a ::= N j X j (a a) j �:a,where X meta-variables and N set of de Bruijn indies.
11 2 1

Referential �x:(�x:(y x) (�z:(x z) x)) !� �x:(y (�z:(x z) x))!� �x:(y (x x))

For instane, for the referential x; y; z; :::: �:(�:(4 1) (�:(2 1) 1))

�-redution: �:(�:(4 1) (�:(2 1) 1))!� �:(3 (�:(2 1) 1))!� �:(3 (1 1))Heriot-Watt University / Universidade de Bras��lia 7



SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddine� Higher order substitution: fX=1g(�:(1 X) X) = (�:(1 2) 1)

substitution 6= graftingfX=ag(�:X) (�:X)fX=agk k�:fX=a+gX �:XfX=agk k�: a+|{z} 6= �:alift

�-redution(�:a b)! f1=bga
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineUni�ation Problem
SolutionsLanguage of a �-alulusof expliit substitutionsLanguage of the �-alulus

HOU-Problem
Pre-ooking translation

Bak translationPre-ooking�1

-substitution- -grafting-� Introdued by G. Dowek, T. Hardin and C. Kirhner using the ��-alulus.� Subsumes Huet's HOU method.
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineDe Bruijn's �-alulusa ::= n j X j (a a) j �:a where X 2 X and n 2 N n f0g.The updating funtions U ik : �dB(X )! �dB(X ) for k � 0 and i � 1 are de�nedindutively by: U ik(a b) = (U ik(a) U ik(b))U ik(�:a) = �:U ik+1(a)U ik(X) = X; X 2 XU ik(n) = � n+ i� 1 if n > kn if n � k :
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddine

The meta-substitutions at level j , for j � 1 , of a term b 2 � in a terma 2 �dB(X ) , denoted affj bgg , is de�ned indutively on a as follows:(a1 a2)ffj bgg = (a1ffj bgg a2ffj bgg)(�:a)ffj bgg = �:affj+ 1 bggXffj bgg = X; X 2 Xnffj bgg = 8<: n� 1 if n > jU j0(b) if n = jn if n < j :
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineProperties of meta-substitutions and updatingLet a; b;  2 �dB(X ). We have:1. for k < n < k + i : U i�1k (a) = U ik(a)ffn bgg .2. for l � k < l + j : U ik(U jl (a)) = U j+i�1l (a) :3. for k + i � n : U ik(a)ffn bgg = U ik(affn� i+ 1 bgg) :4. for i � n : affi bggffn gg = affn+ 1 ggffi bffn� i+ 1 gggg :5. for l + j � k + 1 : U ik(U jl (a)) = U jl (U ik+1�j(a)) .6. for n � k + 1 : U ik(affn bgg) = U ik+1(a)ffn U ik�n+1(b)gg :
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddinebeta and eta rules

� (�-rule) (�:a b)!� aff1 bgg� (�-rule) �:(a 1)!� b if 9bU20 (b) = a
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddine�se alulus� Terms in �se: a ::= X j N j (a a) j �:a j a�ja j 'ika, for j; i � 1 ; k � 0where X meta-variables and N set of de Bruijn indies.

Heriot-Watt University / Universidade de Bras��lia 14



SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineTable 1: The Rewriting System of the �s-alulus with �-rule(�-generation) (�:a b) �! a �1 b(�-�-transition) (�:a)�b �! �:(a �i+1 b)(�-app-transition) (a1 a2)�b �! ((a1�b) (a2�b))(�-destrution) n�b �! 8<: n� 1 if n > i'i0 b if n = in if n < i('-�-transition) 'ik(�:a) �! �:('ik+1 a)('-app-transition) 'ik(a1 a2) �! (('ik a1) ('ik a2))('-destrution) 'ik n �! � n+ i� 1 if n > kn if n � k(Eta) �:(a 1) �! b if a =s '20b
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddine

Table 2: The Rewriting System of the �se-alulus without rules in Table 1

(�-�-transition) (a�b)�j  �! (a �j+1 )� (b �j�i+1 ) if i � j(�-'-transition 1) ('ik a)�j b �! 'i�1k a if k < j < k + i(�-'-transition 2) ('ik a)�j b �! 'ik(a�j�i+1 b) if k + i � j('-�-transition) 'ik(a �j b) �! ('ik+1 a)�j ('ik+1�j b) if j � k + 1('-'-transition 1) 'ik ('jl a) �! 'jl ('ik+1�j a) if l + j � k('-'-transition 2) 'ik ('jl a) �! 'j+i�1l a if l � k < l + j
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineOrigins of �se-alulus

� (�-generation rule:)(t1Æ)(t2�)!� (t1Æ)(t2�)(t1�(1))� (�-transition rules:)(t1�(i))(t2�)!� ((t1�(i))t2�)(t1�(i+1)) (�01� � transition)(t1�(i))(t2Æ)!� ((t1�(i))t2Æ)(t1�(i)) (�01Æ � transition)� (�-destrution rules:)(t1�(i))i!� ud(i)(t1)(t1�(i))x!� x if x 6= i.Heriot-Watt University / Universidade de Bras��lia 17



SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddine��-alulusterms a ::= 1 j X j (a a) j �a j a[s℄ and subs s ::= id j " j a:s j s Æ s:
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineTable 3: The �� Rewriting System of the ��-alulus(Beta) (�:a b) �! a [b � id℄(Id) a[id℄ �! a(VarCons) 1 [a � s℄ �! a(App) (a b)[s℄ �! (a [s℄) (b [s℄)(Abs) (�:a)[s℄ �! �:a [1 � (s Æ ")℄(Clos) (a [s℄)[t℄ �! a [s Æ t℄(IdL) id Æ s �! s(IdR) s Æ id �! s(ShiftCons) " Æ (a � s) �! s(Map) (a � s) Æ t �! a [t℄ � (s Æ t)(Ass) (s Æ t) Æ u �! s Æ (t Æ u)(VarShift) 1� " �! id(SCons) 1[s℄ � (" Æ s) �! s(Eta) �:(a 1) �! b if a =� b["℄Heriot-Watt University / Universidade de Bras��lia 19



SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineUni�ation rules

Table 4: The Boolean simpli�ation rules for uni�ation problems(Trivial) P ^ s =? s ! P(AndIdem) P ^ e ^ e ! P ^ e(OrIdem) P _ e _ e ! P _ e(SimpAndT) P ^ T ! P(SimpAndF) P _ F ! F(SimpOrT) P _ T ! T(SimpOrF) P _ F ! P(Distrib) P ^ (Q _R) ! (P ^Q) _ (P ^R)(Propag) 9~z(P _Q) ! 9~zP _ 9~zQ(ElimQE) 9zP ! P , if z 62 var(P )(ElimBV) 9z z =? t ^ P ! P , if z 62 var(P ) [ var(t)Heriot-Watt University / Universidade de Bras��lia 20



SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineTable 5: The �se-uni�ation rules

(De-�) P ^ �A:a =?�se �A:b ! P ^ a =?�se b(De-App) P ^ (n a1 : : : ap) =?�se (n b1 : : : bp) ! P Vi=1::p ai =?�se bi(App-Fail) P ^ (n a1 : : : ap) =?�se (m b1 : : : bq) ! F if n 6= m(De-�) P ^ a�ib =?�se �id ! P ^ a =?�se  ^ b =?�se d(�-Fail) P ^ a�ib =?�se �jd ! Fif i 6= j and a�ib =?�se �jd is not ex-ex(De-') P ^ 'ika =?�se 'ikb ! P ^ a =?�se b('-Fail) P ^ 'ika =?�se 'jl b ! Fif i 6= j or k 6= l and 'ika =?�se 'jl b is not ex-ex(Exp-�) P ! 9(Y where A:� ` Y : B); P ^X =?�se �A:Yif (� ` X : A ! B) 2 T var(P ); Y 62 T var(P ), and X is aunsolved variableHeriot-Watt University / Universidade de Bras��lia 21



SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineTable 6: The �se-uni�ation rules

(Exp-App) P ^  jpip : : :  j1i1 (X; a1; : : : ; ap) =?�se (m b1 : : : bq) !P ^  jpip : : :  j1i1 (X; a1; : : : ; ap) =?�se (m b1 : : : bq) ^Wr2Rp[Ri 9H1; : : : ; Hk;X =?�se (r H1 : : : Hk)� if  jpip : : :  j1i1 (X; a1; : : : ; ap) is the skeleton of a �se-normal term� X has an atomi type and is not solved� H1; : : : ;Hk are variables of appropriate types, not ourring inP , with the environments �Hi = �X� Rp � fi1; : : : ; ipg of supersripts of the � operator suh that(r H1 : : : Hk) has the right type Ri = � Spj=0fqg if q > ik+1; otherwiseand q = m+ p� k �Ppl=k+1 jl; i0 =1; ip+1 = 0Heriot-Watt University / Universidade de Bras��lia 22



SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineTable 7: The �se-uni�ation rules

(Replae) P ^X =?�se a ! fX=agP ^X =?�se aif X 2 T var(P );X 62 T var(a) and a 2 X ) a 2 T var(P )(Normalize) P ^ a =?�se b ! P ^ a0 =?�se b0if a or b is not in long normal form,a0 = � the long normal form of a if a is an unsolved variablea otherwiseb0 is de�ned from b similarly to a0 from a.
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineUni�ation in the �se-style of expliit substitution

� A �se-uni�ation problem P is: 8><>:
Wj2J 9 ~wj ^i2Ij si =?�se ti| {z }uni�ation system

� A uni�er of 9~w^i2I si =?�se ti| {z }uni�ation system is a grafting � suh that 9~w^i2I si� = ti�
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineExample : (�:(�:(X 2) 1) Y ) =?�se (�:(Z 1) U)# X;Z : A! A; Y; U : ANormalize ((X�2Y )�1('10Y ) '10Y ) =?�se (Z�1U '10U)#De-App (X�2Y )�1('10Y ) =?�se Z�1U ^ '10Y =?�se '10U#De-' (X�2Y )�1('10Y ) =?�se Z�1U ^ Y =?�se U#Replae (X�2Y )�1('10Y ) =?�se Z�1Y ^ Y =?�se U#�Exp-� +Replae ((�:X 0)�2Y )�1('10Y ) =?�se (�:Z 0)�1Y ^ 8><>: Y =?�se UX =?�se �:X 0Z =?�se �:Z 0#�Normalize +De-� (X 0�3Y )�2('10Y ) =?�se Z 0�2Y ^ 8><>: Y =?�se UX =?�se �:X 0Z =?�se �:Z 0Heriot-Watt University / Universidade de Bras��lia 25



SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddine

� Solved equations: 8<: Y =?�se UX =?�se �:X 0Z =?�se �:Z 0� Flex-Flex equations: (X 0�3Y )�2('10Y ) =?�se Z0�2Y
9>>>=>>>; Solved Forms

� Solutions: fY=X1; U=X1g S solutions for X and Z given by the Flex-Flexequation.Take, for instane, fY=X1; U=X1g S fX=�:n+ 1; Z=�:ng with n > 2:(�:(�:(�:n+ 1 2) 1) X1)!� (�:(�:n 2) X1)!� (�:n� 1 X1)!� n� 2and(�:(�:n 1) X1)!� (�:n� 1 X1)!� n� 2
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddine

� Corretness: If P redues to P 0 then every uni�er of P 0 is a uni�er of P .� Completeness: If P redues to P 0 then every uni�er of P is a uni�er of P 0.

Theorem [Corretness and Completeness℄The �se-uni�ation rules are orret and omplete.
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddine3. Cheking arithmeti onstraints (versus shifts andomposition in ��)

�se-alulus and �-alulus! TermSubstitution � objets ��-alulus

�se uses all de Bruijn indies: N�� uses only 1; \shift" and \omposition": n � 1[" Æ � � � Æ "| {z }℄n� 1
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineExp-App ��-uni�ation rule

P ^X[a1 : : : ap: "n℄ =?�� (m b1 : : : bq) !V8<: PX[a1 : : : ap: "n℄ =?�� (m b1 : : : bq)Wr2Rp[Ri 9H1 : : :Hk;X =?�� (r H1 : : : Hk)X not solved and atomi; H1; : : : ;Hk variables of appropriate types;�Hi = �X, Rp � f1; : : : ; pg suh that (r H1 : : :Hk) has the right type,Ri = if m � n+ 1 then fm� n+ pg else ;
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineExp-App �se-uni�ation rule

P ^  jpip : : :  j1i1 (X; a1; : : : ; ap) =?�se (m b1 : : : bq) !V8><>: P jpip : : :  j1i1 (X; a1; : : : ; ap) =?�se (m b1 : : : bq)Wr2Rp[Ri 9H1; : : : ;Hk;X =?�se (r H1 : : :Hk) jpip : : :  j1i1 (X; a1; : : : ; ap) skeleton of a �se-normal term; X atomi and notsolved; �Hi = �X, Rp � fi1; : : : ; ipg of supersripts of the � operatorsuh that (r H1 : : :Hk) has the right type, Ri = Spk=0 if ik � m +p � k �Ppl=k+1 jl > ik+1 then fm + p � k �Ppl=k+1 jlg else ;, wherei0 =1; ip+1 = 0
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineIn the ��-alulusX[a1 : : : ap: "n℄ =?�� (m b1 : : : bq) has solutions of the form: 1[" Æ � � � Æ "| {z }℄r � 1 H1 : : : Hk| {z }of appropriate type !

1[" Æ � � � Æ "| {z }℄ [a1 : : : ap: "n℄r � 1 = 8>><>>:
ai; if 1 � r = i � p1[" Æ � � � Æ "| {z }℄ [" Æ � � � Æ "| {z }℄r � 1� p n otherwise:
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineIn the �se-alulus jpkp : : :  j1k1(X; a1; : : : ; ap) =?�se (m b1 : : : bq) solutions of the form:�n H1 : : : Hk| {z }of appropriate type �

suh that for some i, 2664 ki+1 < n � kiandn� (p� i) +Ppr=i+1 jr = m
3775

Heriot-Watt University / Universidade de Bras��lia 32



SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddine4. Translations between the pure �-alulus and the�se-alulus

� A uni�er of �:X =�� �:a is not a fX=bg suh that b =�� a:fX=bg(�:X) = �:(fX=b+gX) = �:(XfX=b+g) = �:b+� The pre-ooking of a �-term in de Bruijn notation into the �se-alulus isde�ned by ap = PC(a; 0) where PC(a; n) is de�ned by:1. PC(�B:a; n) = �B:PC(a; n+ 1)2. PC((a b); n) = (PC(a; n) PC(b; n))3. PC(k; n) = k4. PC(X;n) = � if n = 0 then Xelse 'n+10 XHeriot-Watt University / Universidade de Bras��lia 33



SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineProposition[Semantis of pre-ooking℄(fX1=b1; : : : ; Xp=bpg(a))p| {z } = apfX1=b1p; : : : ; Xp=bppg| {z }Substitution Grafting

Proposition[Correspondene between solutions℄9N1;: : :;Np fX1=N1;: : :;Xp=Npg| {z }(a) =�� fX1=N1;: : :;Xp=Npg| {z }(b)substitution substitution()9M1;: : :;Mp ap fX1=M1;: : :;Xp=Mpg| {z } =�se bp fX1=M1;: : :;Xp=Mpg| {z }grafting graftingHeriot-Watt University / Universidade de Bras��lia 34



SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddine5. A simple example

Problem: �:(X 2) =?�� �:2; 2 : A; X : A! A

�:('20(X) 2) =?�se �:2 !De-�('20(X) 2) =?�se 2 !Exp-�9Y ('20(X) 2) =?�se 2 ^X =?�se �:Y !Replae9Y ('20(�:Y ) 2) =?�se 2 ^X =?�se �:Y !Normalize9Y ('21Y )�12 =?�se 2 ^X =?�se �:Y !Exp-app(9Y ('21Y )�12 =?�se 2 ^X =?�se �:Y ) ^ (Y =?�se 1 _ Y =?�se 2) !Replae(('211)�12 =?�se 2 ^X =?�se �:1) _ (('212)�12 =?�se 2 ^X =?�se �:2) !Normalize(2 =?�se 2 ^X =?�se �:1) _ (2 =?�se 2 ^X =?�se �:2) �(X =?�se �:1) _ (X =?�se �:2)
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. KamareddineProblem: �:(X 2) =?�� �:2; 2 : A; X : A! A

Solutions: ( fX=�:1gfX=�:2gNote that we have:fX=�:1g(�:(X 2)) = �:(fX=(�:1)+g(X) 2) =�:(�:1+1 2) = �:(�:1 2) =� �:2andfX=�:2g(�:(X 2)) = �:(fX=(�:2)+g(X) 2) =�:(�:2+1 2) = �:(�:3 2) =� �:2
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SIC 2000 | (HO)Uni�ation via �se ESs M. Ayala-Rin�on & F. Kamareddine6. Related workOur development of the �se-HOU was based on the ones of Dowek, Hardin andKirhner for the ��-alulus of expliit substitutions.One of our motivations was, in the pratial setting of HOU, to ompare theadvantages and disadvantages of the two styles of expliit substitutions. Thisprovides objetive fats about that interesting theoretial question.We think that our method an be adapted for appliations in/for systems as the�Prolog, Maude and ELAN.Additional fats about the bak transformation and pratial onsiderations foran eventual implementation are available in Ayala-Rin�on & Kamareddine \OnApplying �se-Style of Uni�ation for Simply-Typed Higher Order Uni�ation inthe Pure �-Calulus" at http://www.ee.hw.a.uk/ultra/pubs.html.Heriot-Watt University / Universidade de Bras��lia 37
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To be done( � Prototype implementation.� Comparison with the suspension alulus.� ��-(HO)Uni�ation and �se-(HO)Uni�ation strategies don't di�er.� Pre-ooking (and bak) translations in �� and �se di�er:{ A simple seletion of the sripts for the operators ' and � in �se orrespondsto the manipulation of substitution objets in the ��-HOU approah.{ Use of all de Bruijn indies makes our approah simpler.
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