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ULTRA 2001 — (HO)Unification via λse ESs M. Ayala-Rincón & F. Kamareddine

What is HOU?

• Higher order objects arise naturally in many fields of computer science.

• map(f,nil)→ nil; map(f,cons(x, l))→ cons(f(x),map(f, l))

• Observe that f appears both as a variable and as a functional symbol.

• The function map is a typical example of a second-order function.

• useful third- until sixth-order functions were presented in the context of
combinator parsing. In Okasaki’97
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Examples of HOU

• F (f(a)) = f(F (a)).

• Solution is: {F/λx.x}

• Other solutions are: {F (x)/fn(x) | n ∈ N}.

• Robinson, Huet (’75)

• Huet’s algorithm is a semi-decision one that may never stop when the input
unification problem has no unifiers, but when the problem has a solution it
always presents an explicit unifier.
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HOU’s status

• Unification for second-order logic was proved undecidable in general by Goldfarb
in ’81.

• Goldfarb’s proof is based on a reduction from Hilbert’s Tenth Problem.

• For the second-order case, unification is decidable, when the language is
restricted to monadic functions (Farmer ’88).

• Other problems of HOU include that most general unifiers may not exist.

• Huet has shown that equations of the form (λx.F a) =? (λx.G b) (called
flex-flex) of third-order may not have MGUs.
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HOU: Why?

• HOU applied in







− Automated (Higher order) reasoning
− Higher order proof assistants
− Higher order logic programming

• HOU essential for generalizations of the Robinson’s first-order resolution
principle.
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HOU: What and Why?

• HOU is equational unification for βη-conversion:

HOU







Given two simply-typed lambda terms a and b
find a substitution θ such that

θ(a) =βη θ(b)

• HOU is not first order equational unification (FOU) because substitution has
to avoid capture of variables.

• Methods of FOU built on grafting cannot be applied to HOU which needs
substitution.

• However, HOU can be reduced to FOU in a suitable theory.
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Why making substitutions explicit is adequate for

reasoning about HOU?

• First Order Substitution (Grafting) does not rename variables.

• (Higher Order) Substitution renames variables to avoid capture.
This complicates the HOU algorithms a lot.

• Grafting cannot replace substitution in λ-calculus:
Substitution and reduction commute, grafting and reduction do not commute.

• ((λx.Y )a) reduces to Y but
grafting x for Y gives ((λx.x)a) which reduces to a and not x.
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Why making substitutions explicit is adequate for

reasoning about HOU?

• Problem comes because of interactions between 2 different calculi:
βη-conversion and the application of substitution by the unification algorithm

• The variables that can be meaningfully instantiated by unification are never
bound variables (i.e. those that can be instantiated by βη-reduction).

• Hence, distinguish two kinds of variables and set up a calculus where reduction
and unification grafting do not interfere.

• In such a calculus, substituting x by a in ((λx.Y )a) must be delayed until the
unification variable Y is instantiated: Use Explicit Substitutions.
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Why Open Terms?

• We need two kinds of variables: those of βη-conversion and those of unification.
Use de Bruijn indices for the first and meta-variables for the second.

• In substitution calculi, grafting and reduction commute.
So grafting can be used for unification.

• So, with de Bruijn indices, Open terms and explicit substitution:
a HOU problem in λ-calculus translates into a FOU problem of substitution
calculus.

• Solutions of the FOU problem can be translated back as solutions in λ-calculus.
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• Terms in de Bruijn notation, ΛdB(X ): a ::= N | X | (a a) | λ.a,
where X meta-variables and N set of de Bruijn indices.

1
1

2

1

Referential

λx.(λx.(y x) (λz.(x z) x))

→β λx.(y (λz.(x z) x))

→β λx.(y (x x))

For instance, for the referential x, y, z, ...: λ.(λ.(4 1) (λ.(2 1) 1))

β-reduction: λ.(λ.(4 1) (λ.(2 1) 1))→β λ.(3 (λ.(2 1) 1))→β λ.(3 (1 1))

• Higher order substitution: {X/1}(λ.(1 X) X) = (λ.(1 2) 1)
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substitution 6= grafting

{X/a}(λ.X) (λ.X){X/a}
‖ ‖

λ.{X/a+}X λ.X{X/a}
‖ ‖

λ. a+
︸︷︷︸ 6= λ.a
lift

β-reduction

(λ.a b)→ {1/b}a
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Unification Problem

Solutions

Language of a λ-calculus

of explicit substitutions
Language of the λ-calculus

HOU-Problem

Pre-cooking translation

Back translation

Pre-cooking−1

-substitution-
-grafting-

• Introduced by G. Dowek, T. Hardin and C. Kirchner using the λσ-calculus.

• Subsumes Huet’s HOU method.
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De Bruijn’s λ-calculus

a ::= n | X | (a a) | λ.a where X ∈ X and n ∈ N \ {0}.

The updating functions U i
k : ΛdB(X )→ ΛdB(X ) for k ≥ 0 and i ≥ 1 are defined

inductively by:
U i

k(a b) = (U i
k(a) U i

k(b))

U i
k(λ.a) = λ.U i

k+1(a)

U i
k(X) = X, X ∈ X

U i
k(n) =

{
n + i− 1 if n > k
n if n ≤ k .
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The meta-substitutions at level j , for j ≥ 1 , of a term b ∈ Λ in a term
a ∈ ΛdB(X ) , denoted a{{j← b}} , is defined inductively on a as follows:

(a1 a2){{j← b}} = (a1{{j← b}} a2{{j← b}})

(λ.a){{j← b}} = λ.a{{j + 1← b}}

X{{j← b}} = X, X ∈ X

n{{j← b}} =







n− 1 if n > j

U j
0(b) if n = j

n if n < j .
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Properties of meta-substitutions and updating

Let a, b, c ∈ ΛdB(X ). We have:

1. for k < n < k + i : U i−1
k (a) = U i

k(a){{n← b}} .

2. for l ≤ k < l + j : U i
k(U

j
l (a)) = U j+i−1

l (a) .

3. for k + i ≤ n : U i
k(a){{n← b}} = U i

k(a{{n− i + 1← b}}) .

4. for i ≤ n : a{{i← b}}{{n← c}} = a{{n + 1← c}}{{i← b{{n− i + 1← c}}}} .

5. for l + j ≤ k + 1 : U i
k(U

j
l (a)) = U j

l (U i
k+1−j(a)) .

6. for n ≤ k + 1 : U i
k(a{{n← b}}) = U i

k+1(a){{n← U i
k−n+1(b)}} .
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beta and eta rules

• (β-rule) (λ.a b)→β a{{1← b}}

• (η-rule) λ.(a 1)→η b if ∃bU2
0 (b) = a
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λse calculus

• Terms in λse: a ::= X | N | (a a) | λ.a | aσja | ϕi
ka, for j, i ≥ 1 , k ≥ 0

where X meta-variables and N set of de Bruijn indices.
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Table 1: The Rewriting System of the λs-calculus with η-rule

(σ-generation) (λ.a b) −→ aσ1 b

(σ-λ-transition) (λ.a)σib −→ λ.(a σi+1 b)

(σ-app-transition) (a1 a2)σ
ib −→ ((a1σ

ib) (a2σ
ib))

(σ-destruction) nσib −→







n− 1 if n > i
ϕi

0 b if n = i
n if n < i

(ϕ-λ-transition) ϕi
k(λ.a) −→ λ.(ϕi

k+1 a)

(ϕ-app-transition) ϕi
k(a1 a2) −→ ((ϕi

k a1) (ϕi
k a2))

(ϕ-destruction) ϕi
k n −→

{
n + i− 1 if n > k
n if n ≤ k

(Eta) λ.(a 1) −→ b if a =s ϕ
2
0b
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Table 2: The Rewriting System of the λse-calculus without rules in Table 1

(σ-σ-transition) (aσib)σj c −→ (a σj+1 c)σi (b σj−i+1 c) if i ≤ j

(σ-ϕ-transition 1) (ϕi
k a)σ

j b −→ ϕi−1
k a if k < j < k +

(σ-ϕ-transition 2) (ϕi
k a)σ

j b −→ ϕi
k(a σ

j−i+1 b) if k + i ≤ j

(ϕ-σ-transition) ϕi
k(a σ

j b) −→ (ϕi
k+1 a)σ

j (ϕi
k+1−j b) if j ≤ k + 1

(ϕ-ϕ-transition 1) ϕi
k (ϕj

l a) −→ ϕj
l (ϕi

k+1−j a) if l + j ≤ k

(ϕ-ϕ-transition 2) ϕi
k (ϕj

l a) −→ ϕj+i−1
l a if l ≤ k < l + j
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Origins of λse-calculus

• (σ-generation rule:)

(t1δ)(t2λ)→σ (t1δ)(t2λ)(t1σ
(1))

• (σ-transition rules:)

(t1σ
(i))(t2λ)→σ ((t1σ

(i))t2λ)(t1σ
(i+1)) (σ01λ − transition)

(t1σ
(i))(t2δ)→σ ((t1σ

(i))t2δ)(t1σ
(i)) (σ01δ − transition)

• (σ-destruction rules:)

(t1σ
(i))i→σ ud(i)(t1)

(t1σ
(i))x→σ x if x 6= i.
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λσ-calculus

• terms a ::= 1 | X | (a a) | λa | a[s]

• subs s ::= id | ↑ | a.s | s ◦ s.
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Table 3: The λσ Rewriting System of the λσ-calculus

(Beta) (λ.a b) −→ a [b · id]

(Id) a[id] −→ a

(VarCons) 1 [a · s] −→ a

(App) (a b)[s] −→ (a [s]) (b [s])

(Abs) (λ.a)[s] −→ λ.a [1 · (s ◦ ↑)]

(Clos) (a [s])[t] −→ a [s ◦ t]

(IdL) id ◦ s −→ s

(IdR) s ◦ id −→ s

(ShiftCons) ↑ ◦ (a · s) −→ s

(Map) (a · s) ◦ t −→ a [t] · (s ◦ t)

(Ass) (s ◦ t) ◦ u −→ s ◦ (t ◦ u)
(VarShift) 1· ↑ −→ id

(SCons) 1[s] · (↑ ◦ s) −→ s

(Eta) λ.(a 1) −→ b if a =σ b[↑]

Heriot-Watt University / Universidade de Braśılia 22
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Unification in the λse-style of explicit substitution

• A λse-unification problem P is:







∨

j∈J ∃ ~wj

∧

i∈Ij

si =?
λse

ti

︸ ︷︷ ︸

unification system

• A unifier of
∃~w
∧

i∈I

si =?
λse

ti

︸ ︷︷ ︸

unification system

is a grafting σ such that ∃~w
∧

i∈I

siσ = tiσ

• ~w are called bound and denoted Bvar(P ).
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Unification rules

Table 4: The Boolean simplification rules for unification problems

(Trivial) P ∧ s =? s → P
(AndIdem) P ∧ e ∧ e → P ∧ e
(OrIdem) P ∨ e ∨ e → P ∨ e
(SimpAndT) P ∧ T → P
(SimpAndF) P ∧ F → F

(SimpOrT) P ∨ T → T

(SimpOrF) P ∨ F → P
(Distrib) P ∧ (Q ∨R) → (P ∧Q) ∨ (P ∧R)
(Propag) ∃~z(P ∨Q) → ∃~zP ∨ ∃~zQ
(ElimQE) ∃zP → P , if z 6∈ var(P )
(ElimBV) ∃z z =? t ∧ P → P , if z 6∈ var(P ) ∪ var(t)
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η-long normal forms

• η-long normal forms guarantee that meta-variables of functional type A → B
are instantiated with typed λse-terms of the form λA.a.

• Let a be a λse-term of type A1 → . . . → An → B in the environment Γ and
in λse-normal form. The η-long normal form of a, written a′, is defined by:
1. if a = λC.b then a′ = λC.b

′

2. if a = (b1 . . . bp) then a′ = λA1 . . . λAn(c1 . . . cp n
′ . . . 1′), where ci is the

η-long normal form of the normal form of ϕn+1
0 bi

3. if a = bσic then a′ = λA1 . . . λAn(d
′σi+ne′ n′ . . . 1′), where d′, e′ are the

η-long normal forms of the normal forms of ϕn+1
0 b and ϕn+1

0 c, respectively
4. if a = ϕi

kb then a′ = λA1 . . . λAn(ϕ
i
kc

′ n′ . . . 1′), where c′ is the η-long
normal form of the normal form of ϕn+1

0 b

• The long normal form of a λse-term is the η-long normal form of its βη-normal
form.
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A unification system P is a λse-solved form if all its meta-variables are of atomic
type and it is a conjunction of non trivial equations of the following forms:

(Solved) X =?
λse

a, where the variable X does not occur anywhere else in P and a is

in long normal form. Both X and X =?
λse

a are said to be solved in P .

(Flex-Flex) unsolved equations between long normal terms whose leading operator are
σ or ϕ which can be represented as equations between their skeleton:

ψ
jp

ip
. . . ψj1

i1
(X, a1, . . . , ap) =?

λse
ψ

lq
kq
. . . ψl1

k1
(Y, b1, . . . , bq) with X,Y of atomic

type.
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Table 5: The λse-unification rules

(Dec-λ) P ∧ λA.a =?
λse

λA.b → P ∧ a =?
λse

b

(Dec-App) P ∧ (n a1 . . . ap) =?
λse

(n b1 . . . bp) → P
∧

i=1..p ai =?
λse

bi
(App-Fail) P ∧ (n a1 . . . ap) =?

λse
(m b1 . . . bq) → F if n 6= m

(Dec-σ) P ∧ aσib =?
λse

cσid → P ∧ a =?
λse

c ∧ b =?
λse

d

(σ-Fail) P ∧ aσib =?
λse

cσjd → F

if i 6= j and aσib =?
λse

cσjd is not flex-flex

(Dec-ϕ) P ∧ ϕi
ka =?

λse
ϕi

kb → P ∧ a =?
λse

b

(ϕ-Fail) P ∧ ϕi
ka =?

λse
ϕj

l b → F

if i 6= j or k 6= l and ϕi
ka =?

λse
ϕj

l b is not flex-flex

(Exp-λ) P → ∃(Y where A.Γ ⊢ Y : B), P ∧X =?
λse

λA.Y
if (Γ ⊢ X : A → B) ∈ T var(P ), Y 6∈ T var(P ), and X is a
unsolved variable
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Table 6: The λse-unification rules

(Exp-App) P ∧ ψ
jp

ip
. . . ψj1

i1
(X, a1, . . . , ap) =?

λse
(m b1 . . . bq) →

P ∧ ψ
jp

ip
. . . ψj1

i1
(X, a1, . . . , ap) =?

λse
(m b1 . . . bq) ∧

∨

r∈Rp∪Ri
∃H1, . . . , Hk,X =?

λse
(r H1 . . . Hk)

• if ψ
jp

ip
. . . ψj1

i1
(X, a1, . . . , ap) is the skeleton of a λse-normal term

• X has an atomic type and is not solved
• H1, . . . ,Hk are variables of appropriate types, not occurring in
P , with the environments ΓHi

= ΓX

• Rp ⊆ {i1, . . . , ip} of superscripts of the σ operator such that

(r H1 . . . Hk) has the right type Ri =

{ ⋃p
j=0{q} if q > ik+1

∅ otherwise
and q = m+ p− k −

∑p
l=k+1 jl, i0 =∞, ip+1 = 0
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Table 7: The λse-unification rules

(Replace) P ∧X =?
λse

a → {X/a}P ∧X =?
λse

a
if X ∈ T var(P ),X 6∈ T var(a) and a ∈ X ⇒ a ∈ T var(P )

(Normalize) P ∧ a =?
λse

b → P ∧ a′ =?
λse

b′

if a or b is not in long normal form,

a′ =

{
the long normal form of a if a is an unsolved variable
a otherwise

b′ is defined from b similarly to a′ from a.
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Example : (λ.(λ.(X 2) 1) Y ) =?
λse

(λ.(Z 1) U)

↓ X, Z : A → A; Y, U : A

Normalize ((Xσ2Y )σ1(ϕ1
0Y ) ϕ1

0Y ) =?
λse

(Zσ1U ϕ1
0U)

↓

Dec-App (Xσ2Y )σ1(ϕ1
0Y ) =?

λse
Zσ1U ∧ ϕ1

0Y =?
λse

ϕ1
0U

↓

Dec-ϕ (Xσ2Y )σ1(ϕ1
0Y ) =?

λse
Zσ1U ∧ Y =?

λse
U

↓

Replace (Xσ2Y )σ1(ϕ1
0Y ) =?

λse
Zσ1Y ∧ Y =?

λse
U

↓∗

Exp-λ +

Replace
((λ.X ′)σ2Y )σ1(ϕ1

0Y ) =?
λse

(λ.Z′)σ1Y ∧

8

>

<

>

:

Y =?
λse

U

X =?
λse

λ.X ′

Z =?
λse

λ.Z′

↓∗

Normalize +

Dec-λ
(X ′σ3Y )σ2(ϕ1

0Y ) =?
λse

Z′σ2Y ∧

8

>

<

>

:

Y =?
λse

U

X =?
λse

λ.X ′

Z =?
λse

λ.Z′
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• Solved equations:







Y =?
λse

U
X =?

λse
λ.X ′

Z =?
λse

λ.Z ′

• Flex-Flex equations: (X ′σ3Y )σ2(ϕ1
0Y ) =?

λse
Z ′σ2Y







Solved Forms

• Solutions: {Y/X1, U/X1}
⋃

solutions for X and Z given by the Flex-Flex
equation.

Take, for instance, {Y/X1, U/X1}
⋃
{X/λ.n + 1, Z/λ.n} with n > 2:

(λ.(λ.(λ.n + 1 2) 1) X1)→β (λ.(λ.n 2) X1)→β (λ.n− 1 X1)→β n− 2

and
(λ.(λ.n 1) X1)→β (λ.n− 1 X1)→β n− 2
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• Correctness: If P reduces to P ′ then every unifier of P ′ is a unifier of P .

• Completeness: If P reduces to P ′ then every unifier of P is a unifier of P ′.

Theorem [Correctness and Completeness]

The λse-unification rules are correct and complete.
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3. Checking arithmetic constraints (versus shifts and

composition in λσ)

λse-calculus and λ-calculus→ Term

Substitution

}

objects λσ-calculus

λse uses all de Bruijn indices: N

λσ uses only 1, “shift” and “composition”: n ≡
1[↑ ◦ · · · ◦ ↑
︸ ︷︷ ︸

]

n− 1
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Exp-App λσ-unification rule

P ∧X [a1 . . . ap. ↑
n] =?

λσ (m b1 . . . bq) →

∧







P
X [a1 . . . ap. ↑

n] =?
λσ (m b1 . . . bq)∨

r∈Rp∪Ri
∃H1 . . .Hk,X =?

λσ (r H1 . . . Hk)

X not solved and atomic; H1, . . . ,Hk variables of appropriate types;
ΓHi

= ΓX, Rp ⊆ {1, . . . , p} such that (r H1 . . . Hk) has the right type,
Ri = if m ≥ n+ 1 then {m− n+ p} else ∅
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Exp-App λse-unification rule

P ∧ ψ
jp

ip
. . . ψj1

i1
(X, a1, . . . , ap) =?

λse
(m b1 . . . bq) →

∧







P

ψ
jp

ip
. . . ψj1

i1
(X, a1, . . . , ap) =?

λse
(m b1 . . . bq)

∨

r∈Rp∪Ri
∃H1, . . . , Hk,X =?

λse
(r H1 . . . Hk)

ψ
jp

ip
. . . ψj1

i1
(X, a1, . . . , ap) skeleton of a λse-normal term; X atomic and not

solved; ΓHi
= ΓX, Rp ⊆ {i1, . . . , ip} of superscripts of the σ operator

such that (r H1 . . .Hk) has the right type, Ri =
⋃p

k=0 if ik ≥ m +
p − k −

∑p
l=k+1 jl > ik+1 then {m + p − k −

∑p
l=k+1 jl} else ∅, where

i0 =∞, ip+1 = 0
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In the λσ-calculus

X [a1 . . . ap. ↑
n] =?

λσ (m b1 . . . bq) has solutions of the form:

(

1[↑ ◦ · · · ◦ ↑
︸ ︷︷ ︸

]

r − 1

H1 . . . Hk︸ ︷︷ ︸

of appropriate type

)

1[↑ ◦ · · · ◦ ↑
︸ ︷︷ ︸

] [a1 . . . ap. ↑
n]

r − 1
=







ai, if 1 ≤ r = i ≤ p

1[↑ ◦ · · · ◦ ↑
︸ ︷︷ ︸

] [↑ ◦ · · · ◦ ↑
︸ ︷︷ ︸

]

r − 1− p n
otherwise.
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In the λse-calculus

ψ
jp

kp
. . . ψj1

k1
(X, a1, . . . , ap) =?

λse
(m b1 . . . bq) solutions of the form:

(

n
H1 . . . Hk︸ ︷︷ ︸

of appropriate type

)

such that for some i,







ki+1 < n ≤ ki

and

n− (p− i) +
∑p

r=i+1 jr = m
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4. Translations between the pure λ-calculus and the

λse-calculus

• A unifier of λ.X =βη λ.a is not a {X/b} such that b =βη a:

{X/b}(λ.X) = λ.({X/b+}X) = λ.(X{X/b+}) = λ.b+

• The pre-cooking of a λ-term in de Bruijn notation into the λse-calculus is
defined by apc = PC(a, 0) where PC(a, n) is defined by:

1. PC(λB.a, n) = λB.PC(a, n+ 1)
2. PC((a b), n) = (PC(a, n) PC(b, n))
3. PC(k, n) = k

4. PC(X,n) =

{
if n = 0 then X
else ϕn+1

0 X
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Proposition[Semantics of pre-cooking]

({X1/b1, . . . , Xp/bp}(a))pc
︸ ︷︷ ︸

= apc{X1/b1pc, . . . ,Xp/bppc}
︸ ︷︷ ︸

Substitution Grafting

Proposition[Correspondence between solutions]

∃N1,. . .,Np {X1/N1,. . .,Xp/Np}
︸ ︷︷ ︸

(a) =βη {X1/N1,. . .,Xp/Np}
︸ ︷︷ ︸

(b)

substitution substitution

⇐⇒

∃M1,. . .,Mp apc {X1/M1,. . .,Xp/Mp}
︸ ︷︷ ︸

=λse bpc {X1/M1,. . .,Xp/Mp}
︸ ︷︷ ︸

grafting grafting
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5. A simple example

Problem: λ.(X 2) =?
βη λ.2, 2 : A, X : A→ A

λ.(ϕ2
0(X) 2) =?

λse
λ.2 →Dec-λ

(ϕ2
0(X) 2) =?

λse
2 →Exp-λ

∃Y (ϕ2
0(X) 2) =?

λse
2 ∧ X =?

λse
λ.Y →Replace

∃Y (ϕ2
0(λ.Y ) 2) =?

λse
2 ∧ X =?

λse
λ.Y →Normalize

∃Y (ϕ2
1Y )σ12 =?

λse
2 ∧ X =?

λse
λ.Y →Exp-app

(∃Y (ϕ2
1Y )σ12 =?

λse
2 ∧ X =?

λse
λ.Y ) ∧ (Y =?

λse
1 ∨ Y =?

λse
2) →Replace

((ϕ2
11)σ

12 =?
λse

2 ∧ X =?
λse

λ.1) ∨ ((ϕ2
12)σ

12 =?
λse

2 ∧ X =?
λse

λ.2) →Normalize
(2 =?

λse
2 ∧ X =?

λse
λ.1) ∨ (2 =?

λse
2 ∧ X =?

λse
λ.2) ≡

(X =?
λse

λ.1) ∨ (X =?
λse

λ.2)
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Problem: λ.(X 2) =?
βη λ.2, 2 : A, X : A→ A

Solutions:

{

{X/λ.1}

{X/λ.2}

Note that we have:

{X/λ.1}(λ.(X 2)) = λ.({X/(λ.1)+}(X) 2) =
λ.(λ.1+1 2) = λ.(λ.1 2) =β λ.2

and

{X/λ.2}(λ.(X 2)) = λ.({X/(λ.2)+}(X) 2) =
λ.(λ.2+1 2) = λ.(λ.3 2) =β λ.2
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6. Related work

Our development of the λse-HOU was based on the ones of Dowek, Hardin and
Kirchner for the λσ-calculus of explicit substitutions.

One of our motivations was, in the practical setting of HOU, to compare the
advantages and disadvantages of the two styles of explicit substitutions. This
provides objective facts about that interesting theoretical question.

We think that our method can be adapted for applications in/for systems as the
λProlog, Maude and ELAN.

Additional facts about the back transformation and practical considerations for
an eventual implementation are available in Ayala-Rincón & Kamareddine “On

Applying λse-Style of Unification for Simply-Typed Higher Order Unification in

the Pure λ-Calculus” at http://www.cee.hw.ac.uk/ultra/pubs.html.
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7. Future work and Conclusions

To be done

{

• Prototype implementation.

• Comparison with the suspension calculus.

• λσ-(HO)Unification and λse-(HO)Unification strategies don’t differ.

• Pre-cooking (and back) translations in λσ and λse differ:

– A simple selection of the scripts for the operators ϕ and σ in λse corresponds
to the manipulation of substitution objects in the λσ-HOU approach.

– Use of all de Bruijn indices makes our approach simpler.
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