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Given two simply-typed lambda terms a and b
HOU find a substitution 0 such that

0(a) =g, 0(D)

e HOU essential for generalizations of the Robinson’s first-order resolution
principle.

— Automated (Higher order) reasoning
e HOU applied in — Higher order proof assistants
— Higher order logic programming
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Why making substitutions explicit is adequate for reasoning about HOU?

e Substitution is the key operation for HOU.
e /mplicitness of substitution is the “Achilles heel” of the A\-calculus:

— [-reduction is given via informal /implicit variable renaming

Implicit substitution does not

. provide any formal mechanism for <uch as — time and
analysing essential computational — space complexity
properties
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e Terms in de Bruijn notation, Ayp(X): a =:=N| X | (a a) | \.q,
where X’ meta-variables and N set of de Bruijn indices.

S5 Ay Oz 2) @)
2 1 —8 Ao (y (z 2))

Referential T

For instance, for the referential z,y, z,.... | A.(A.(4 1) (A.(2 1) 1))

B-reduction: | A\.(A.(4 1) (A.(2 1) 1)) =5 A(3 (M(2 1) 1)) =5 \(3 (1 1))
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e Higher order substitution:

(X/1YO(1 X) X)=(\(1 2) 1)

;

substitution
{X/a}(A.X)

|
AN{X/at)X

f
_|_
Aa’ +
lift

M. Ayala-Rincén & F. Kamareddine

grafting
(A\X){X/a}
|| [B-reduction
A.X{HX/G} (\-a b) = {1/b}a
A.a
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General HOU method via explicit substitutions

Unification Problem

Pre-cooking
translation Unification

rules

HOU-Problem Solutions

Back
translation

Pre-cooking™*
Solutions

Language of the A-calculus
Language of a A-calculus
of explicit substitutions

-substitution- -grafting-

e Introduced by G. Dowek, T. Hardin and C. Kirchner using the Ao-calculus.
e Subsumes Huet's HOU method.
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2.1. Unification in the \s.-style of explicit substitutions
2.2. Checking arithmetic constraints (versus shifts and composition in A\o)

2.3. Translations between the pure A-calculus and the As.-calculus
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e Termsin As.:  a:x=X|N|(a a)|Aa|adla]|pla, forj,i>1, k>0
where X meta-variables and N set of de Bruijn indices.

f — ?
\/jEJ Jwy /\ $i =xs, Ui
e A )\s.-unification problem P is: < €1

\ - 7

unification system

— ?
Jw /\ S; = Ase ti
o A unifier of _ ier is a grafting o such that | Jw /\ s;0 = tio

unification system i€l
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Example : (A.(A.(X 2) 1) Y) =%s. (A(Z 1) U)
I X, Z:A—- A Y,U:A

Normalize ((XO'QY)O'l(QO(l)Y) go(l)Y) :(‘;\Se (ZolU cp(l)U)
1
2 1,1 _7? 1 1v 7 1
Dec-App (Xo“Y)o (ppY) =)se 207U N Y =), P0U
1
2 1,1 _7 1 _?
Dec-p (XY )o ™ (ppY) =)g, Z0°U A Y =3, U
!
2 1, 1 ? 1 ?
Replace (XY )o (ppY) =)g, Z0°Y A Y =5, U
oy =i, U
Eop-A + (NXNo2YV)ol (pbY) =4 (AZ)ely A { X 1 AX!
Replace ' P05 ) Thse N T Ase 7 ,
(| Z =)\sp M4
oy
Normalize + ) 3 2001y 7 gl 2y _%\Se /
Deco) (X'0°Y)o%(ppY) =), Z O AR X =hse A X
| Z =3, A2’
&
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Y =, U )
e Solved equations: X :?)\86 AX'
Z = N7 > Solved Forms
e Flex-Flex equations:  (X'0%Y)o?(p}Y) :?)\s‘e Z'0%Y

e Solutions: {Y/X;,U/X;1} |J solutions for X and Z given by the Flez-Flex
equation.

Take, for instance, {Y/X1,U/ X1} U {X/An+1,Z/\n} with n > 2:
AAAn+12) 1) Xy) =5 (A(An 2) X3) 2 (An—1 X;) 5pn—2
and

(A(An 1) Xy) 23 (An—1 X;) >3gn—2
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e Correctness: If P reduces to P’ then every unifier of P’ is a unifier of P.

e Completeness: If P reduces to P’ then every unifier of P is a unifier of P’.

Theorem [Correctness and Completeness|

The Asc-unification rules are correct and complete.
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M. Ayala-Rincén & F. Kamareddine

AS.-calculus and A-calculus — Term .
L objects  Ao-calculus
Substitution
As. uses all de Bruijn indices: N
7 N i WP " _ 1[1\001;]
Ao uses only 1, “shift” and “composition”: n = ~
n —_—
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o A unifier of A.X =g, A.a is not a {X/b} such that b =g, a:

(X/DYAX) = A({X/bT}X) = M(X{X/bT}) = AbT

e The pre-cooking of a A-term in de Bruijn notation into the As.-calculus is
defined by ap. = PC(a,0) where PC(a,n) is defined by:
1. PC(Ag.a,n) = Ag.PC(a,n+ 1)
2. PC((a b), ) (PC(a,n) PC(b,n))
3. PC(k,n) =
if n =0 then X
4 POX,n) = { else 0T X
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Proposition[Semantics of pre-cooking]

M. Ayala-Rincén & F. Kamareddine

{X1/b1,..., Xp/bp}(a))pc

Substitution

apc{Xl/blpc, ..

. aXp/bppc];

Gra}fcing

Proposition[Correspondence between sol

utions]

HN]_,...,Np in/Nl,...,Xp/ijt(a)

substitution

=gy {X1/N1,...,Xp/Np}(b)

substitution

—

3M1,...7Mp a/pci:Xl/M17...,Xp/Mp:t

grafti;lrg

=rse  bpe{X1/Mi,.. ., Xp/Mp}

grafti‘r?g
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Problem: | A.(X 2) =/ X2, 2:4, X:A— A

Solution: Pre-cooking and then as before:

A-(‘P?)(X) 2) 215 A2 — Dec-\
(‘PO(X) 2) _)\3 — Exp-\
Y (5(X) 2) :}\3 2N X _)\s AY — Replace
Y (pg(A.Y) 2) :}\s 2N X :?)\3 AY — Normalize
Y (p3Y)o'2 =5, 2A X =, A\Y ~ Exp-app

(HY(SO%Y)U 2 :}\se 2N X :}\se AY)A (Y :{‘)?\se 1vY :?Ase 2) — Replace
((@%1)012 =§se 2N X :?)\se A1)V ((‘70%2)012 :?)\se 2N X =§se A.2) — Normalize
(2=5,, 2AX =5, A1)V (2=}, 2A X =}, A.2) =
(X =4, A1)V (X =5, A\.2)
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Problem: | A.(X 2) =;, A2, 2:4, X:A— A

. { {X/A.1}
Solutions:
{X/A.2}

Note that we have:

{X/X1(A(X 2) = X{X/ (A D)THX) 2) =
A (A1 2) = A (A1 2) =5 A2

and

{X/X2}(A(X 2) = XX/ (A\.2)THX) 2) =
A (A2Th 2) = A (A3 2) =5 \.2
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Types were omitted!

Typing rules for the lambda calculus in de Bruijn notation:

AI'FM : B :
I'FAaM:A—B

Abs)

I'-M:A— B I’l—N:A(A )
I'(M N):B "
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Table 1: Undecorated and decorated typing rules for the As.-calculus

(Var)

(Varn)

(Lambda)

(App)

(Sigma)

(Phi)

(Meta)

AT F1: A

I''kn: B
Al'Fn+1: B

AT'Fb: B
'-Ayb:A— B
I'Hb: A—> B I'Fa: A

'-(b a): B

FZ@"_b:B F<i'B'FZi|_a':A

I'aocib: A

Fﬁk'rzk—l-i |— a . A
'+ go;’ca A

'sx HFX:Ax

AT
g

r
"B
AT
(n+ 1)3
bé.r

AT\T
(Aa-b5 )4 p

r r
bap s ay

T T\[
(ba_.p a4)p

bg= , ay

r>; P BT,

aF<i'B'FZi .
A
ang'FZk—l—i

A

Usiir
abB— )A

(SO;CGA_ -

A
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Decoration of substitution objects in the Ao-calculus: s> 1.

Types are environments!

Decorated typing rules in the Ao-calculus:

(Shift)

(Comp)

(Clos)

AT

r

SP, g
(s¥ © ta)r
A% 5 Sa
(alsal)a
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The de Bruijn index n is decorated in linear time and space in As. while its corresponding

Ao-term 1[1" '] in quadratic space and time:

(shzﬁ) TA A (shift) TA" L

(comp) .
( )(TAn 3 © TAn_l.An F)A ,  (shift) Ta, 5.1
comp
(comp) 1 ApT n_g..l n—2T Ay..Ap.T An.T
¢ (TA TA 1. An. I‘)A )T ,  (var)ly
(clos)
An.T n—1-An.T Ap_o..T n—2-- F
(1An [ (TA © TAn_l.An I‘)A ) ])

Lemma [Linear versus quadratic decorations] Pre-cooked A-terms in the As,-
calculus have linear decorations on the size of the A\-terms and the magnitude of

their de Bruijn indices, while in Ao these decorations are quadratic.
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e Additionally, some rules are expansive in Ao

Consider the decorated A-term: ((Aa.((Aa. X4 4440 14404404t 14hHa!
(i,e.,(Aa.(Aa.X 1) 1))
AAAT J1yAATYA.AT\AT AT
. . — Beta  ((Aa. (X A A A . 1Dy
e Applying the Beta rule in As,: AAAT 1 AATYAAT, W
— Beta (X34 R b b V1

AT

— Beta  ((Aa. (XAAAF[(lAAF-idj )A—>A A A

r T

In Ao A

¢ AT ATl A AT 1AP ;i JATVAT AT
ahrha st ady ]

AAADT 4 AAT A AT
—Beta (X} (17 vid iy ) AATl)A
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Our development of the As.-HOU was based on the original ones of Dowek,
Hardin and Kirchner for the Ao-calculus of explicit substitutions.

One of our motivations was, in the practical setting of HOU, to compare the
advantages and disadvantages of the two styles of explicit substitutions. This
provides objective facts about that interesting theoretical question.

We think that our method can be adapted for applications in/for systems as the
AProlog, Maude and ELAN.

Universidade de Brasilia / Heriot-Watt University 22



WOoOLLIC 2001 — Applying Ase-Unification for HOU in the A-Calculus M. Ayala-Rincén & F. Kamareddine

e Prototype implementation.

To be done _ _ _
e Comparison with the suspension calculus.

e \o-(HO)Unification and As.-(HO)Unification strategies don't differ.

e Pre-cooking (and back) translations in Ao and s, differ:

— A simple selection of the scripts for the operators ¢ and o in As. corresponds
to the manipulation of substitution objects in the Ao-HOU approach.

— Use of all de Bruijn indices makes our approach simpler.
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Referential

Figure - Ap.(Az.(y ) (A.(x 2z) x)) and its de Bruijn version: A.(A.(4 1) (A.(2 1) 1))
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A A A

A 1 1 1
1

/N 2

Universidade de Brasilia / Heriot-Watt University 26



WOoOLLIC 2001 — Applying Ase-Unification for HOU in the A-Calculus M. Ayala-Rincén & F. Kamareddine

Exp-App Ao-unification rule

P/\X[ajl...a,p'/rn]:(';\O_(mbl...bq) —
P

/\ X[al...ap. Tn] :E\a (mbl?bq)
\/TERPURiEIHl"'Hk7X =\o (I‘ HlHk)

X not solved and atomic; Hi,...,Hj variables of appropriate types;
'y, =TI'x, Ry C{1,...,p} such that (r H;...Hy) has the right type,
R; = ifm >n+1then {m —n+ p} else ()
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27



WOoOLLIC 2001 — Applying Ase-Unification for HOU in the A-Calculus M. Ayala-Rincén & F. Kamareddine

Exp-App As.-unification rule

PAYP . (X an,...,ap) =%, (mb1...by) —

(P
J : ?
/\< wi]];"' gll(X,al,...,ap) :)\se (mbl...bq)
?
\ \/TERPURiEle"'?Hk’X :.ASe (I‘ HlHk)
¢:Z§ . gll(X,al, ...,ayp) skeleton of a As.-normal term; X atomic and not

solved; I'y, = I'x, R, C {%1,...,ip} of superscripts of the o operator
such that (r Hj...Hy) has the right type, R, = U, if ix > m +
p—k— > _pr1dt > iks1 then {m +p—k =377 .. ji} else ), where

Universidade de Brasilia / Heriot-Watt University
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In the \o-calculus

X[ay...ap. 1] =4, (mby...b,)

has solutions of the form:

tlo-of] Hi ... Hy
r—1 of appropriate type
(

Universidade de Brasilia / Heriot-Watt University

a;, 1f1<r=1<p

M. Ayala-Rincén & F. Kamareddine

7

r—1-—mp n

[\T o v o ﬂ

otherwise.

29



WOoOLLIC 2001 — Applying Ase-Unification for HOU in the A-Calculus M. Ayala-Rincén & F. Kamareddine

In the As.-calculus

zpif; o ill(X, ai,...,ap) =4, (mby...b,) |solutions of the form:

Hy ... Hy
n ~\~
of appropriate type

]{77;_|_1 <n<k;

such that for some 1, and

n— (p—i) +Z£:i+1jr = m
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(AM N) (Bota) MI[N - id] 4(0) — 5(2)
(M N)S) Eiip)) (M[S] N[S) 5(1) > 7(2)
(AM)[S] (C—loss AMIL - (S o1)] 4(1) — 8(4)
MIS][T] oo MIS o T] 5(2) — 5(3)
1[M - S] M 5(2) — 1(0)
Mid] {d) M 3(1) — 1(0)
(Sy0Sy) 0T EAAAS::)C) Sy 0 (Sy o T) 5(5) — 5(5)
(M-S)oT o MI[T]- (S oT) 5(4) — 7(5)
ido S — S 3(3) — 1(1)
S oid (Iﬂ)» S 3(3) — 1(1)
$o(M-S) %)» 5(4) — 1(1)
1.1 oo id 3(2) — 1(1)
1[S] - (1 0 5) S 7(5) — 1(1)
AM 1) (Bta) N if M=o N1 4(0) — 4(1)

Table 2: Rewriting rules of the Ao-calculus
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(AM N)
(AM) o' N
(My My)o'N

no'N

(M o' My) o’ N
(‘Pk )0‘7 N
(¢}, M) oI N

h (Mol N)

902 (90{ M)

902 (sol M)

A(M 1)

(o-generation)

(o-A-transition)

(o-app-transition)

(o-destruction)

(¢-A-transition)

(p-app-transition)

(¢-destruction)

o-o-transition)

o-p-transition 1)

o-p-transition 2)

p-p-transition 1)

p-p-transition 2)

(
(
(
(¢-o-transition)
(
(¢
(Bta)

Eta)
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Mol N

AM "t

(My o*N) (Myo'N))
n—1 if n>1
e N if n=i
n if n<i1

AMefp1 M)

(¢}, M) (v, Mg))
n+i—1 if n>k
n if n<k

M. Ayala-Rincén & F. Kamareddine

4 — 3
4 — 4

5 —>7
3—1,2,1
3—3

4 —5

2 1,1

(M ITINY 6* (Myod TN i i< 57
(p;c_lM if k<j<k+i 42
(Mo TN i ki< 44
(gokHM)aJ(go}'cH_jN) if j<k+1 45
c,ol‘(c,.okﬂ_jM) if l+75<k 3—3
PTTIM i<k <14 3 9
N if M =g, @3N 43

Table 3: Rewriting rules of the Ase-calculus
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