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The A-calculus and explicit substitution
Proposed by Church in 1932. [Church32]

Terms M :=x|(M M) | .M
Computations (reductions) are made by a unique rule:

(Ax-M N) — M{x := N} (8)

Calculi with Explicit Substitutions extends it:

(Ax-M N) — M(x := N) (Beta)

There are different approaches of expliciting the substitutions.



Typing Systems
Simply typed A-calculus proposed by Church.[Church40]

Classify objects (terms) in the formal system.

sint—int : bool — bool  (a la Church)

Ae.X 1 int—int  A\..x : bool— bool (4 la Curry)

STLC is related to IPL: Curry-Howard(-de Bruijn) Isomorphism.

If M:(T' - 7) then (I - 7) is called a typing of M.



Typing Systems Properties
e Subject Reduction (SR)
If M:(lT'7)and M —g N, then N: (T F 1)

Subject Expansion (SE)
If N:(T'H7)and M —5 N, then M: (T F 1)

Strong or Weak Normalisation (SN and WN) for typable terms.

Type Inference (M :7)

Principal Typing (PT): The most general typing.

Inhabitation Problem (7 : (I' - 7))



SR and SN/WN
MxM:(THo—T) N:(T'k o)

.M N): (T - 7)

[o]

M: (I, (x:0)FT) N: (ko)

M{x:=N}: (T 1)

D/
[o]



Principal Typing
Let M: (I 7) be a type judgement in some type system S
o &= (It 7)isatypingof MinS (M: ).

e & is a principal typing (PT) of M if M : ® and ¢
represents any other possible typing of M.

e PT property allows:

- Separate Compilation [Jim96]
- Compositional Software Analysis [Wells2002]



Principal Typing vs. Principal Type [Jim96]
Given term M and context I', 7 is a principal type of M if it
represents any other possible type of M in T.

Principal Type: M:(T'+7)
Example

Question: Ay.(y x): {(y:a—at7?)
Answer: a—«

Question: A..(y x): {y:a—pFE7?)

Answer: o — 3
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Principal Typing vs. Principal Type

Principal Typing: M:(? - 7)

Example

Question: Ae.(y x):(?F 7)

Possible Typing: (y:a— 8+ a— )

Possible Typing: (y:a—at a—a)

Many many more

Principle Typing: (y:a— 0+ a—[3)

Question: A\.(y (y x)):(?E7)

Possible Typing: (y:(a—f8)—a—FF (a—p)—a—pf)

Many many more
Principle Typing: (y:a—at a—a)
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Principal Typing vs. Principal Type

Principal Type

Principal Typing

STLC
Hindley /Milner
System F
System I

v [Hi97]

v [DM82]
X [Wells2002]

v [KW04]

v [Wells2002]

X [Wells2002]

X [Wells2002]
v [KWo4]
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Intersection type discipline

Introduced by Coppo and Dezani-Ciancaglini. [CDC78, CDC80]
Characterisation of the SN terms of the A-calculus. [Pottinger80]
It incorporates type polymorphism in a finitary way:

Ax.x : (int— int) A (bool — bool)
PT has been verified in IT systems. [Bakel95, SM96a, KW04]

Exists IT systems for explicit substitution (ES) calculi
(e.g. Ax [LLDDvB2004], Aex [Kesner09])

There is not much work about IT systems for calculi used in
implementations. ( e.g. Ao and As,)
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The System £ [LLDDvB2004]

M:(T,(x:0)F 1)

(start) ———— (x:7) €T T TS T E o
x:(TFT) ' MXM:(THo—T1)
M:(T,(x:0)FT) N:(T + o) o, MATFo=m nro
(cut) M =N (TF ) ¢ (M N):(T+T)
M:(T,(x:0)FT) N:(AF o) , MATE o) ML)
(drop) M{x := Ny: (T + 1) o F v M:(r+7no)
M:(T,(x: o) F ) Nidbo) o o MTEa0o) o

(K-cut)
M(x:= N): (T + 1) M:(T + oj)
The intersection types are defined by:

o €T =A|T->T|TNT



Properties [LLDDvB2004]
Typable terms are SN

- Available variables vs. Free variables:

av(M(x := N)) = { av(M)Uav(N), if x € av(M)

av(M), otherwise

- (Az.(A\y.x (z 2)) Aw.(w w)) is not typable but
(Az.x{y :== (z 2)) Aw.(w w)) has a typing in £.

Weak SE:
If N is typable and M —g N then M is typable.

The system &, with rule (w;), has a characterisation of WN terms.

Wi

M: (I w)



The A-calculus with de Bruijn indices (Agg)
Invented by N.G. de Bruijn[dB72].

Terms M= n| (M M)|AX.M for n € N,=N~{0}

Examples
A(A(142)1)
Al >~ Ax.x >~ Ay.y

Definition (/3-contraction)

(AMN)ep{1/N}M
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The Ase-calculus [KR97]

Terms M == n|(M M)|\.M|Ma'M| g M,
where n,i,j € N* and k € N

Extension of As [KR95], allowing composition.

Natural extension for the \yg-calculus

One-sorted calculus: Terms.

Introduces operators to realise substitutions and updatings.

The B-substitution is simulated by the term Mo’ N

(AM N) — Mo'N  (o-generation)
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As

rewriting rules [KR95]

(AM N) —  MolN
(A.M)o'N — A (Mo™IN)
—  ((Mio'N) (M2o'N))

n—1 ifn>i
no'N — OhN ifn=i

n ifn<i
P(A-M) — APk M)
ei(Mi Mo)  — ((pi M) (pi M)

i . n+i—1 ifn>k
= n if n <k

AS)
ASH

(o-generation)
(o-A-transition)

(o-app-transition)
(o-destruction)

(¢-A-transition)
(¢-app-transition)

(¢-destruction)




Ase rewriting rules [KR97]

(Mic'Mo)o’N  —  (Mio?PN)o!(Mao? = IN) if i <j (o-o-transition)
(i M)o! N —  P'M ifk<j<k+i (o--transition 1)
(piM) o' N — P(MoTTTINY i ki< (o-¢p-transition 2)
i (MaiN) — (cp}'(HM)Uj(cp};H,jN) if j <k+1 (p-o-transition)
@L(gaJ,M) — gajl'(gpf(ﬂ,jl\/l) ifl+j<k (-p-transition 1)
@L(gaJ,M) — gajﬁ"'_ll\/l if I <k<Il+4j (-p-transition 2)
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The Ao-calculus [ACCLI1]

Terms M = 1| (M M) | A.M|MIS]
Substitutions S:u=id| 1 |[M.5|S0oS

Two-sorted calculus: Terms and Substitutions.

Defined with n-ary substitutions.

Allows composition (unrestricted composition).

Uses de Bruijn indices: n+1 2= 1[1"].

The [S-reduction is simulated by the term M([S] (closure)

(AM N) — M[N.id] (Beta)
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Ao rewriting rules

(A-M N)
(M N)[3]
1[M.5]
Mid]
(LM)[S]
(M[SDI[S']
idoS

10 (M.S)
(5105055
(M.S)o S’
Soid

17
1[51(155)

MIN.id]
(M[S] N[ST)
M

M
A(M[L(501)])
M[S o S|

S

S

Sio (52 o 53)
M[S'].(S 0 S')
S

id
S




Simple types for Az

Definition (Simple Types and Contexts)
Types o,7€S:=A|S—=S Contexts [ ::=nil|o.l

System A\

(Val")i . MZ(U.FI—7->
IRECANEES) W B
() 2(ED L Moo NiTEo)

n+l:{c.l 1) (M N):(T+T)
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Simple types for Ase
The System As.™

(var) —_— . M:{o.l b T)
LirlET) AM(TF o)
n:{T'E7) MA(THo—T) N:(T'k o)

(varn) ————— —e
n+l: (ol F7) (M N):A(T'FT)
M:(T<p.l i F
() Tsiloiei D7) e N> k+i—1
oM (+=7)
NZ F ;l— MZ F i F ;l—
oy Nt MillaopToirn)

Mo N:(T - 7)



Simple types for Ao
The System \o™

Terms
(var) ———— . My (Tko—T) My (T + o)
1i(rlE7) ) (My Mo): (T F 7)
. MielFT) (clos) S{re>T1") M+ 7)

AM:(TFo—7) MIS]: (T = 7)

Substitutions

(id) ————— N M:(TF7) SH{re-r)
id: (e T) (cons) M.S:(F'>r.r')
(shift) SAHAr>-T1") S (r'e 1"y

T: <T|— > I—> (Comp) 5/ ° 5 : <r > r//>
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Simple type systems and ES
Both A\o™ and As.™:

e Have application on HOU [DHK95, AKO01].
e Typable terms are WN. [Gou98, AKRO7]

e Have PT. [VAKOS]
(equivalence with Wells" PT)

e Are not PSN

“If M'is SN in A then M is SN in Ao /\s.”

Ao Melligs’ example [Mellies95]
Ase 1 Guillaume's example [Guillaume2000]

o Unrestricted composition is the one to blame.[Ritter99]
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IT systems and ES calculi [VAK10b]

We studied a couple of IT system for the Agg. [VAK09, VAK10]

The systems A3 introduced in [VAK10] is a de Bruijn version of the
system in [SM96a].

Two properties were sought after in the IT systems’ development:
- SR property

- Relevance

The IT systems introduced for both Ao and As. were based on the
system ), a variation of the system 3.

The systems Ao” and As.” have the SR property.



Restricted Intersection types in A\gg

Definition (Restricted intersection types and contexts)

@ The restricted intersection types are defined by:

o €T = AlU—T
uvelU=w|UNU|T

A is commutative, associative and has w as neutral element.

® Contexts: [ :=nil |ul st. ueld

nil AT =T Anil =T (n.F)A (u.A) = (u1 A w).(T A A)
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The system Ajg
System \jg

var—— reT , M (nil - T)
1:{r.nil =) i AM:{nilFw—T)

(IME M:{(ul -
varn _ VT < 7) — {u 7)

n+1:{w.l 1) AM:(TFu—T)

My (TFw—T)
e (ML My) (T 1)

Mi:(TH Ao, —T) Mo (A a1) ... Ma: (A" F o)
(M1 M2)2<r/\A1A~~~/\An}_7‘>

e




Intersection types for As,
System Asg”

. M:(TFT) . M:(TET)
(nil-0) —————— , | <i (w-0) - Ti=w
Mo N (T + 7) Mo N:(T;.Ts;F 7)
N:(nil - o1) ... N:{(nil - om) M:(w=L A ajnil 1)
(A-nil-o) -
Mo’ N: (nil - T)
N:(nilt+o1)...N:{(nil+ o M:(TET
(A-w-0) { D - < m>, < ) i =nT0i (%)
Ma'N: (T < (i—gy-nil & )
. 1 . m . [
(Aeo) N.<.A Fm)...N.(A. Fom) M:(TF 1) = Ao (%)
Mo'N:((T<;Ts) Aw=t(AYA--- AAT) - 7)
M+ M:(T +
() — ren >k (itg) —TED <
PIM (M pw=L T b 7) Qi M: (- 7)

(*) T =Tcir-wh ALy oj.nil and T, 1) #w
(*¥*) Ak # nil, for some 1< k<m, or ['s; # nil
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System s, properties

Theorem (SR for As.")
IfM:(TE7)and M — s, M, then M":(I" b 7).

Corollary (SR for X))

IfM:(T by, 7) and M —g M, then M':(T 7).
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The system A\o”

Terms
- M:{(ul 1)
var : - .y

L:(ronil b 7) AM: (T u—r)

My (TFw—T) , M:(nil - T)

e i .
(My Mo): (T E7) AM:(nilFw—T)
. M (T Ao —T) My (A o1) ... My (A" F o)

(My Mb): (TAAYA - AA"F7)

SHre-r) M: (T 1)

(clos) MIS]: (T - 7)

™
@

3



The system Ao
Substitutions

M:(A' - o1) ... M: (A" F o) S:H{A>A)

(-cons) =05 (AYA - AA"ADA > (Ayo7).A)
) e TEO (o ST S
R (nil-cons) Ms,.:9<:?AI>>n 73'/)
(hift) e A ALY (g S@eA)

M.S: (A > w.A)
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System Ao’ properties

Theorem (SR for A\o")

IfM:(T 1) and M — 5, M’ then M":(T & 7). Particularly, if
STy and S —»; S" then S’ (T > T").
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Towards the characterisation of termination
@ Subject Expansion (SE)
If M":(I' = 7) and M —5 M’, then M: (I - 7)
Important to prove WN characterisations in IT systems:

“Typability for normal forms = typability for any WN term.”
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Towards the characterisation of termination
@ Subject Expansion (SE)
If M":(I' = 7) and M —5 M’, then M: (I - 7)
Important to prove WN characterisations in IT systems:

“Typability for normal forms = typability for any WN term.”

® Typability implies WN.
If M:(T' - 7) then M is WN.

31/47



Subject Expansion property
e Structural analysis proofs for both As.” and Ao” can be made:

Generation Lemmas

Example
(Generation for operators in As.")

© If Mo'N: (nil -y, T), then either:
() Mi(nil =y A T)

(b) M:(w=2 AT, ojnil by A 7) where V1<j<m, N:(nil by, A o})



Subject Expansion for \s.”
e (o-generation): Let (\.M N) — Mo'N and Mo*N: (I I 7).
If [ = nil then either:
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Subject Expansion for \s.”
e (o-generation): Let (A\M N) — Mo'N and Mo N: (T - 7).
If [ = nil then either:
M: (nil -
(a) # then
Mo N:(nil - T)

M:{(nil - T)
AM:(nil+ w—T)
(A-M N):(nil b T)
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Subject Expansion for \s.”
e (o-generation): Let (A\M N) — Mo'N and Mo N: (T - 7).
If [ = nil then either:
M: (nil -
(a) # then
Mo N:(nil - T)

M:{(nil - T)
AM:(nil+ w—T)
(A-M N):(nil b T)

M :(NZyoj.nil = T) N:(nilto1)---N:{nil b opm)
Mo N: (nil - T)
M :(NZyoj.nil = T)

AM:(nil b AL o;—T) N:(nil+o1)--- N:{(nil - om)

then

(b)

(A-M N):(nil b T)
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Subject Expansion property

e As for SR, we can derive SE for Az from the property for As.":
If M":(I" Fsp, 7) and M —5 M’ then (simulation property [KR97]):

M —>3\"S M’

hence

M: (T b, 7)

e Besides WN characterisation, allows further investigations about PT
for all those systems.

35
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WN for the simply typed ES calculi

The WN of the simply typed As. was proved in [AKRO7].

The proof was inspired in the proof of the property for the simply
typed Ao in [Gou98].

The proof was adapted for the simply typed Awe, in order to prove
the property for the simply typed Ase.

The general idea behind the proofs are translations for simply typed
expressions(terms/substitutions) in each calculus into functions:

MI(Ty; -+ Tm) €A™
A quasi-order is then defined:
M>N if VT, [M|(T)—5 [NI(T)
M>N if VT, [MI(T)—% [NI(T)

36
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WN for the IT systems

A Church-style version was used in both simply typed cases,
in order to have a unique type for some typable term.

We can translate typing derivations for IT systems instead.

The translation shall be working with typing derivations in
the CDV type system [CDV8]]

Verify whether is possible to prove the property directly for
the system \s.”.
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IT and Principal Typings
IT systems such as [CDV80, RV84, Rocca88, Bakel95] have PT.

The expansion is one of the central syntactical notions related with
PT for IT:

x:oq1— B yraq x:on— (B2 yiao
(xy):41 (x y):62
x:a—f yia (xy):Binpa
: =
(xy):p yiog yiao
x:a1Napy— 0 yiaiNay
(xy):B

The System I [KWO04] has a typing inference based on substitution
(expansion variables).



Conclusions

Explicit substitution calculi are important for implementations
based on the A-calculus

Intersection type systems treat polymorphism in a “machine
friendly” way

We've been investigating IT system for two ES calculi: Ao and As..

The IT systems proposed may give the first characterisation of
termination in each calculus.

Further investigation about the notion for PT on Ajg, Ao”* and As.”
is needed.

There is no PT notion defined for other ES calculi with IT systems
such as Ax and Jex.
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Aae Ade e
SR yes yes* [VAK10b] yes
SE no ? yes
PT | yes [VAKO8] | yes (8-nfs)[VAK10] ?
SN yes ? ?
WN yes ?
As™ As™ Ase” Ase”
SR yes yes* [VAK10b] yes yes [VAK10b]
SE no ? no yes
PT | yes [VAKO08] ? yes [VAKO8] ?
SN yes ? no [Guillaume2000] no
WN yes ? yes [AKRO7] ?
Ao~ Ao Ax Aex
SR yes yes [VAK10b] | yes [LLDDvB2004 ?
SE no yes yes [LLDDvB2004 ?
PT | yes [VAKOS] ? ? ?
SN | no [Mellies95] no yes [LLDDvB2004] | yes [Kesner09]
WN | yes [Gou98] ? yes [LLDDvB2004 ?
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The Ax-calculus rewriting rules [Lins86, BR95]

x(x = N) — N
Xy = N) — x ifx#y
(A-M){y := N) — A.M(y :== N)
(My Ma)(y := N) — (Mi(y := N) Ma(y := N))
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