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The λ-calculus and explicit substitution

Proposed by Church in 1932. [Church32]

Terms M := x | (M M) |λx .M

Computations (reductions) are made by a unique rule:

(λx .M N) −→ M{x := N} (β)

Calculi with Explicit Substitutions extends it:

(λx .M N) −→ M〈x := N〉 (Beta)

JumpES

There are different approaches of expliciting the substitutions.
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Typing Systems

Simply typed λ-calculus proposed by Church.[Church40]

Classify objects (terms) in the formal system.

λx:int .x : int→ int λx:bool .x : bool→bool (à la Church)

λx .x : int→ int λx .x : bool→bool (à la Curry)

STLC is related to IPL: Curry-Howard(-de Bruijn) Isomorphism.

If M :〈Γ ⊢ τ〉 then 〈Γ ⊢ τ〉 is called a typing of M .
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Typing Systems Properties

• Subject Reduction (SR)

If M :〈Γ ⊢ τ〉 and M →β N , then N :〈Γ ⊢ τ〉

• Subject Expansion (SE)

If N :〈Γ ⊢ τ〉 and M →β N , then M :〈Γ ⊢ τ〉

• Strong or Weak Normalisation (SN and WN) for typable terms.

• Type Inference (M : ?)

• Principal Typing (PT): The most general typing.

• Inhabitation Problem (? : 〈Γ ⊢ τ〉)
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SR and SN/WN
λx .M :〈Γ ⊢ σ→τ〉 N :〈Γ ⊢ σ〉

(λx .M N) :〈Γ ⊢ τ 〉
⇒

M :〈Γ, (x : σ) ⊢ τ 〉 N :〈Γ ⊢ σ〉

M{x := N} :〈Γ ⊢ τ 〉

[σ]x

D
τ

σ→τ
D′

σ
τ

⇒

D′

[σ]

D
τ
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Principal Typing
Let M :〈Γ ⊢ τ〉 be a type judgement in some type system S

• Φ = 〈Γ ⊢S τ〉 is a typing of M in S (M : Φ).

• Φ is a principal typing (PT) of M if M : Φ and Φ
represents any other possible typing of M .

• PT property allows:

- Separate Compilation [Jim96]

- Compositional Software Analysis [Wells2002]
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Principal Typing vs. Principal Type [Jim96]
Given term M and context Γ, τ is a principal type of M if it
represents any other possible type of M in Γ.

Principal Type: M :〈Γ ⊢ ?〉

Example
Question: λx .(y x) :〈y :α→α ⊢ ?〉

Answer: α→α

Question: λx .(y x) :〈y :α→β ⊢ ?〉

Answer: α→β
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Principal Typing vs. Principal Type
Principal Typing: M :〈? ⊢ ?〉

Example
Question: λx .(y x) :〈? ⊢ ?〉

Possible Typing: 〈y :α→β ⊢ α→β〉
Possible Typing: 〈y :α→α ⊢ α→α〉
Many many more
Principle Typing: 〈y :α→β ⊢ α→β〉

Question: λx .(y (y x)) :〈? ⊢ ?〉

Possible Typing: 〈y :(α→β)→α→β ⊢ (α→β)→α→β〉
Many many more
Principle Typing: 〈y :α→α ⊢ α→α〉
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Principal Typing vs. Principal Type

Principal Type Principal Typing
STLC X [Hi97] X [Wells2002]

Hindley/Milner X [DM82] X [Wells2002]
System F X [Wells2002] X [Wells2002]
System I X [KW04] X [KW04]
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Intersection type discipline

• Introduced by Coppo and Dezani-Ciancaglini. [CDC78, CDC80]

• Characterisation of the SN terms of the λ-calculus. [Pottinger80]

• It incorporates type polymorphism in a finitary way:

λx .x : (int→ int) ∧ (bool→bool)

• PT has been verified in IT systems. [Bakel95, SM96a, KW04]

• Exists IT systems for explicit substitution (ES) calculi
(e.g. λx [LLDDvB2004], λex [Kesner09])

• There is not much work about IT systems for calculi used in
implementations. ( e.g. λσ and λse)
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The System E [LLDDvB2004]

(start) , (x : τ ) ∈ Γ
x :〈Γ ⊢ τ〉

M :〈Γ, (x : σ) ⊢ τ〉
→i

λx.M :〈Γ ⊢ σ→τ〉

M :〈Γ, (x : σ) ⊢ τ〉 N :〈Γ ⊢ σ〉
(cut)

M〈x := N〉 :〈Γ ⊢ τ〉

M :〈Γ ⊢ σ→τ〉 N :〈Γ ⊢ σ〉
→e

(M N) :〈Γ ⊢ τ〉

M :〈Γ, (x : σ) ⊢ τ〉 N :〈∆ ⊢ σ〉
(drop) , x /∈ av(M)

M〈x := N〉 :〈Γ ⊢ τ〉

M :〈Γ ⊢ σ〉 M :〈Γ ⊢ τ〉
∩i

M :〈Γ ⊢ τ ∩ σ〉

M :〈Γ, (x : σ) ⊢ τ〉 N :〈∆ ⊢ σ〉
(K-cut) , x /∈ Γ

M〈x := N〉 :〈Γ ⊢ τ〉

M :〈Γ ⊢ σ1 ∩ σ2〉
∩e , i ∈ {1, 2}

M :〈Γ ⊢ σi 〉

The intersection types are defined by:

τ, σ ∈ T ::= A | T → T | T ∩ T

11 / 47



Properties [LLDDvB2004]

Typable terms are SN

- Available variables vs. Free variables:

av(M〈x := N〉) =

(

av(M) ∪ av(N), if x ∈ av(M)

av(M), otherwise

- (λz .(λy .x (z z)) λw .(w w)) is not typable but
(λz .x〈y := (z z)〉 λw .(w w)) has a typing in E .

Weak SE:

If N is typable and M →β N then M is typable.

The system Eω, with rule (ωi ), has a characterisation of WN terms.

ωi
M :〈Γ ⊢ ω〉
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The λ-calculus with de Bruijn indices (λdB )

Invented by N.G. de Bruijn[dB72].

Terms M ::= n | (M M) |λ.M for n ∈ N∗= Nr{0}

Examples

λ.(λ.(1 4 2 ) 1 )

λ.1 ≃ λx .x ≃ λy .y

Definition (β-contraction)

(λ.M N)�β{1 /N}M
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The λse -calculus [KR97]

Terms M ::= n | (M M) |λ.M |MσiM |ϕj
kM ,

where n, i , j ∈ N
∗ and k ∈ N

• Extension of λs [KR95], allowing composition.

• Natural extension for the λdB -calculus

• One-sorted calculus: Terms.

• Introduces operators to realise substitutions and updatings.

• The β-substitution is simulated by the term MσiN

(λ.M N) −→ Mσ1N (σ-generation)
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λs rewriting rules [KR95]

(λ.M N) −→ Mσ1N (σ-generation)

(λ.M)σiN −→ λ.(Mσi+1N) (σ-λ-transition)

(M1 M2)σ
iN −→ ((M1σ

iN) (M2σ
iN)) (σ-app-transition)

n σiN −→







n−1 if n > i

ϕi
0N if n = i

n if n < i

(σ-destruction)

ϕi
k(λ.M) −→ λ.(ϕi

k+1M) (ϕ-λ-transition)

ϕi
k(M1 M2) −→ ((ϕi

kM1) (ϕi
kM2)) (ϕ-app-transition)

ϕi
k n −→

{

n + i−1 if n > k

n if n ≤ k
(ϕ-destruction)
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λse rewriting rules [KR97]

(M1σ
iM2)σ

jN −→ (M1σ
j+1N)σi(M2σ

j−i+1N) if i ≤ j (σ-σ-transition)

(ϕi
kM)σjN −→ ϕi−1

k M if k < j < k + i (σ-ϕ-transition 1)

(ϕi
kM) σjN −→ ϕi

k(Mσj−i+1N) if k + i ≤ j (σ-ϕ-transition 2)

ϕi
k(MσjN) −→ (ϕi

k+1M)σj(ϕi
k+1−jN) if j ≤ k + 1 (ϕ-σ-transition)

ϕi
k(ϕ

j
lM) −→ ϕ

j
l (ϕ

i
k+1−jM) if l + j ≤ k (ϕ-ϕ-transition 1)

ϕi
k(ϕ

j
lM) −→ ϕ

j+i−1
l M if l ≤ k < l + j (ϕ-ϕ-transition 2)
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The λσ-calculus [ACCL91]

Terms M ::= 1 | (M M) |λ.M |M [S ]

Substitutions S ::= id | ↑ |M .S | S ◦ S

• Two-sorted calculus: Terms and Substitutions.

• Defined with n-ary substitutions.

• Allows composition (unrestricted composition).

• Uses de Bruijn indices: n+1 ∼= 1 [↑n].

• The β-reduction is simulated by the term M [S ] (closure)

(λ.M N) −→ M [N .id ] (Beta)

17 / 47



λσ rewriting rules

(λ.M N) −→ M[N.id ] (Beta)
(M N)[S ] −→ (M[S ] N[S ]) (App)
1 [M.S ] −→ M (VarCons)
M[id ] −→ M (Id)
(λ.M)[S ] −→ λ.(M[ 1.(S◦↑)]) (Abs)
(M[S ])[S ′] −→ M[S ◦ S ′] (Clos)
id ◦ S −→ S (IdL)
↑◦ (M.S) −→ S (ShiftCons)
(S1 ◦ S2) ◦ S3 −→ S1 ◦ (S2 ◦ S3) (AssEnv)
(M.S) ◦ S ′ −→ M[S ′].(S ◦ S ′) (MapEnv)
S ◦ id −→ S (IdR)
1 .↑ −→ id (VarShift)
1 [S ].(↑◦S) −→ S (Scons)

18 / 47



Simple types for λdB

Definition (Simple Types and Contexts)
Types σ, τ ∈ S ::= A |S→S Contexts Γ ::= nil |σ.Γ

System λ→
dB

(var)
1 :〈τ.Γ ⊢ τ〉

M :〈σ.Γ ⊢ τ〉
→i

λ.M :〈Γ ⊢ σ→τ 〉

n :〈Γ ⊢ τ〉
(varn)

n+1:〈σ.Γ ⊢ τ〉

M :〈Γ ⊢ σ→τ 〉 N :〈Γ ⊢ σ〉
→e

(M N) :〈Γ ⊢ τ〉
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Simple types for λse
The System λse

→

(var)
1 :〈τ.Γ ⊢ τ〉

M :〈σ.Γ ⊢ τ〉
→i

λ.M :〈Γ ⊢ σ→τ 〉

n :〈Γ ⊢ τ〉
(varn)

n+1:〈σ.Γ ⊢ τ〉

M :〈Γ ⊢ σ→τ 〉 N :〈Γ ⊢ σ〉
→e

(M N) :〈Γ ⊢ τ〉

M :〈Γ≤k .Γ≥k+i ⊢ τ〉
(ϕ) , where |Γ| ≥ k + i−1

ϕi
kM :〈Γ ⊢ τ〉

N :〈Γ≥i ⊢ ρ〉 M :〈Γ<i .ρ.Γ≥i ⊢ τ〉
(σ) , where |Γ| ≥ i−1

MσiN :〈Γ ⊢ τ〉
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Simple types for λσ
The System λσ→

Terms

(var)
1 :〈τ.Γ ⊢ τ 〉

M1 :〈Γ ⊢ σ→τ〉 M2 :〈Γ ⊢ σ〉
→e

(M1 M2) :〈Γ ⊢ τ 〉

M :〈σ.Γ ⊢ τ 〉
→i

λ.M :〈Γ ⊢ σ→τ〉

S :〈Γ � Γ′〉 M :〈Γ′ ⊢ τ 〉
(clos)

M[S ] :〈Γ ⊢ τ 〉

Substitutions

(id)
id :〈Γ � Γ〉

M :〈Γ ⊢ τ 〉 S :〈Γ � Γ′〉
(cons)

M.S :〈Γ � τ.Γ′〉

(shift)
↑ :〈τ.Γ � Γ〉

S :〈Γ � Γ′〉 S ′ :〈Γ′
� Γ′′〉

(comp)
S ′ ◦ S :〈Γ � Γ′′〉
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Simple type systems and ES
Both λσ→ and λse

→:

• Have application on HOU [DHK95, AK01].

• Typable terms are WN. [Gou98, AKR07]

• Have PT. [VAK08]
(equivalence with Wells’ PT)

• Are not PSN

“If M is SN in λ then M is SN in λσ/λse”

λσ→: Melliès’ example [Mellies95]
λse

→: Guillaume’s example [Guillaume2000]

• Unrestricted composition is the one to blame.[Ritter99]
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IT systems and ES calculi [VAK10b]

• We studied a couple of IT system for the λdB . [VAK09, VAK10]

• The systems λSM

dB introduced in [VAK10] is a de Bruijn version of the
system in [SM96a].

• Two properties were sought after in the IT systems’ development:

- SR property

- Relevance

• The IT systems introduced for both λσ and λse were based on the
system λ∧

dB , a variation of the system λSM

dB .

• The systems λσ∧ and λse
∧ have the SR property.
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Restricted Intersection types in λdB

Definition (Restricted intersection types and contexts)

1 The restricted intersection types are defined by:

τ, σ ∈ T ::= A |U→T

u, v ∈ U ::= ω | U ∧ U | T

∧ is commutative, associative and has ω as neutral element.

2 Contexts: Γ ::= nil | u.Γ s.t. u ∈ U

nil ∧ Γ = Γ ∧ nil = Γ (u1.Γ) ∧ (u2.∆) = (u1 ∧ u2).(Γ ∧ ∆)
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The system λ∧
dB

System λ∧
dB

var , τ ∈T
1:〈τ.nil ⊢ τ 〉

M :〈nil ⊢ τ 〉
→′

i
λ.M :〈nil ⊢ ω→τ〉

n :〈Γ ⊢ τ 〉
varn

n+1:〈ω.Γ ⊢ τ 〉

M :〈u.Γ ⊢ τ 〉
→i

λ.M :〈Γ ⊢ u→τ〉

M1 :〈Γ ⊢ ω→τ〉
→ω

e
(M1 M2) :〈Γ ⊢ τ 〉

M1 :〈Γ ⊢ ∧n
i=1σi →τ〉 M2 :〈∆1 ⊢ σ1〉 . . . M2 :〈∆n ⊢ σn〉

→e

(M1 M2) :〈Γ ∧ ∆1 ∧ · · · ∧ ∆n ⊢ τ 〉
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Intersection types for λse
System λse

∧

M : 〈Γ ⊢ τ〉
(nil-σ) , |Γ| < i

MσiN : 〈Γ ⊢ τ〉

M : 〈Γ ⊢ τ〉
(ω-σ) , Γi = ω

MσiN : 〈Γ<i .Γ>i ⊢ τ〉

N : 〈nil ⊢ σ1〉 . . . N : 〈nil ⊢ σm〉 M : 〈ω i−1. ∧m
j=1 σj .nil ⊢ τ〉

(∧-nil-σ)
Mσi N : 〈nil ⊢ τ〉

N : 〈nil ⊢ σ1〉 . . . N : 〈nil ⊢ σm〉 M : 〈Γ ⊢ τ〉
(∧-ω-σ) , Γi = ∧m

j=1σj (*)
MσiN : 〈Γ<(i−k).nil ⊢ τ〉

N : 〈∆1 ⊢ σ1〉 . . . N : 〈∆m ⊢ σm〉 M : 〈Γ ⊢ τ〉
(∧-σ) , Γi = ∧m

j=1σj (**)
MσiN : 〈(Γ<i .Γ>i ) ∧ ω i−1.(∆1 ∧ · · · ∧ ∆m) ⊢ τ〉

M : 〈Γ ⊢ τ〉
(ω-ϕ) , |Γ| > k

ϕi
kM : 〈Γ≤k .ω i−1.Γ>k ⊢ τ〉

M : 〈Γ ⊢ τ〉
(nil-ϕ) , |Γ| ≤ k

ϕi
kM : 〈Γ ⊢ τ〉

(*) Γ = Γ<(i−k).ω
k . ∧m

j=1 σj .nil and Γ(i−k−1) 6=ω

(**) ∆k 6= nil , for some 1≤k≤m, or Γ>i 6= nil
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System λse
∧ properties

Theorem (SR for λse
∧)

If M :〈Γ ⊢ τ〉 and M →λse M ′, then M ′ :〈Γ ⊢ τ〉.

Corollary (SR for λ∧
dB)

If M :〈Γ ⊢λ
∧
dB

τ〉 and M →β M ′, then M ′ :〈Γ ⊢ τ〉.
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The system λσ∧

Terms

var
1:〈τ.nil ⊢ τ 〉

M :〈u.Γ ⊢ τ 〉
→i

λ.M :〈Γ ⊢ u→τ〉

M1 :〈Γ ⊢ ω→τ〉
→ω

e
(M1 M2) :〈Γ ⊢ τ 〉

M :〈nil ⊢ τ 〉
→′

i
λ.M :〈nil ⊢ ω→τ〉

M1 :〈Γ ⊢ ∧n
i=1σi →τ〉 M2 :〈∆1 ⊢ σ1〉 . . . M2 :〈∆n ⊢ σn〉

→e

(M1 M2) :〈Γ ∧ ∆1 ∧ · · · ∧ ∆n ⊢ τ 〉

S :〈Γ � Γ′〉 M :〈Γ′ ⊢ τ 〉
(clos)

M[S ] :〈Γ ⊢ τ 〉
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The system λσ∧

Substitutions

M :〈∆1 ⊢ σ1〉 . . . M :〈∆n ⊢ σn〉 S :〈∆ � ∆′〉
(∧-cons)

M.S :〈∆1 ∧ · · · ∧ ∆n ∧ ∆ � (∧n
i=1σi ).∆

′〉

(id) , Γ 6= ∆.ω m

id :〈Γ � Γ〉
S :〈Γ � Γ′′〉 S ′ :〈Γ′′

� Γ′〉
(comp)

S ′ ◦ S :〈Γ � Γ′〉

(nil-shift)
↑ :〈nil � nil〉

S :〈∆ � nil〉
(nil-cons)

M.S :〈∆ � nil〉

(shift) , Γ 6= ∆.ω n

↑ :〈ω.Γ � Γ〉
S :〈∆ � ∆′〉

(ω-cons) , ∆′ 6= ω n

M.S :〈∆ � ω.∆′〉
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System λσ∧ properties

Theorem (SR for λσ∧)
If M :〈Γ ⊢ τ〉 and M −→λσ M ′ then M ′ :〈Γ ⊢ τ〉. Particularly, if

S :〈Γ � Γ′〉 and S −→λσ S ′ then S ′ :〈Γ � Γ′〉.
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Towards the characterisation of termination

1 Subject Expansion (SE)

If M ′ :〈Γ ⊢ τ〉 and M →β M ′, then M :〈Γ ⊢ τ〉

Important to prove WN characterisations in IT systems:

“Typability for normal forms =⇒ typability for any WN term.”

2 Typability implies WN.

If M :〈Γ ⊢ τ〉 then M is WN.
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Subject Expansion property

• Structural analysis proofs for both λse
∧ and λσ∧ can be made:

Generation Lemmas

Example
(Generation for operators in λse

∧)

1 If MσiN :〈nil ⊢λse
∧ τ 〉, then either:

(a) M : 〈nil ⊢
λse

∧ τ〉

(b) M : 〈ω i−1. ∧m
j=1 σj .nil ⊢

λse
∧ τ〉 where ∀1≤ j ≤m, N : 〈nil ⊢

λse
∧ σj 〉
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Subject Expansion for λse
∧

• (σ-generation): Let (λ.M N) → Mσ1N and Mσ1N :〈Γ ⊢ τ〉.

If Γ = nil then either:

(a)
M :〈nil ⊢ τ 〉

Mσ1N :〈nil ⊢ τ 〉
then

M :〈nil ⊢ τ 〉

λ.M :〈nil ⊢ ω→τ〉

(λ.M N) :〈nil ⊢ τ 〉

(b)
M :〈∧m

j=1σj .nil ⊢ τ 〉 N :〈nil ⊢ σ1〉 · · ·N :〈nil ⊢ σm〉

Mσ1N :〈nil ⊢ τ 〉
then

M :〈∧m
j=1σj .nil ⊢ τ 〉

λ.M :〈nil ⊢ ∧m
j=1σj →τ〉 N :〈nil ⊢ σ1〉 · · ·N :〈nil ⊢ σm〉

(λ.M N) :〈nil ⊢ τ 〉
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Subject Expansion property

• As for SR, we can derive SE for λ∧
dB from the property for λse

∧:

If M ′ :〈Γ ⊢λ
∧
dB

τ〉 and M →β M ′ then (simulation property [KR97]):

M →+
λse

M ′

hence

M :〈Γ ⊢λ
∧
dB

τ〉

• Besides WN characterisation, allows further investigations about PT
for all those systems.
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WN for the simply typed ES calculi

• The WN of the simply typed λse was proved in [AKR07].

• The proof was inspired in the proof of the property for the simply
typed λσ in [Gou98].

• The proof was adapted for the simply typed λωe , in order to prove
the property for the simply typed λse .

• The general idea behind the proofs are translations for simply typed
expressions(terms/substitutions) in each calculus into functions:

[[M ]](T1; · · · ; Tm) ∈ Λ→

A quasi-order is then defined:

M ≥ N if ∀T , [[M ]](T ) →∗
β [[N ]](T )

M > N if ∀T , [[M ]](T ) →+
β [[N ]](T )
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WN for the IT systems

• A Church-style version was used in both simply typed cases,
in order to have a unique type for some typable term.

• We can translate typing derivations for IT systems instead.

• The translation shall be working with typing derivations in
the CDV type system [CDV81]

• Verify whether is possible to prove the property directly for
the system λse

∧.

37 / 47



IT and Principal Typings

IT systems such as [CDV80, RV84, Rocca88, Bakel95] have PT.

The expansion is one of the central syntactical notions related with
PT for IT:

x :α→β y :α

(x y) :β
⇒

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

x :α1→β1 y :α1

(x y) :β1

x :α2→β2 y :α2

(x y) :β2

(x y) :β1 ∩ β2

x :α1 ∩ α2→β

y :α1 y :α2

y :α1 ∩ α2

(x y) :β

The System I [KW04] has a typing inference based on substitution
(expansion variables).
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Conclusions

- Explicit substitution calculi are important for implementations
based on the λ-calculus

- Intersection type systems treat polymorphism in a “machine
friendly” way

- We’ve been investigating IT system for two ES calculi: λσ and λse .

- The IT systems proposed may give the first characterisation of
termination in each calculus.

- Further investigation about the notion for PT on λ∧
dB , λσ∧ and λse

∧

is needed.

- There is no PT notion defined for other ES calculi with IT systems
such as λx and λex .
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λ→
dB λSM

dB λ∧
dB

SR yes yes* [VAK10b] yes

SE no ? yes

PT yes [VAK08] yes (β-nfs)[VAK10] ?

SN yes ? ?

WN yes ? ?

λs→ λsSM λse
→ λse

∧

SR yes yes* [VAK10b] yes yes [VAK10b]

SE no ? no yes

PT yes [VAK08] ? yes [VAK08] ?

SN yes ? no [Guillaume2000] no

WN yes ? yes [AKR07] ?

λσ→ λσ∧ λx λex

SR yes yes [VAK10b] yes [LLDDvB2004] ?

SE no yes yes [LLDDvB2004] ?

PT yes [VAK08] ? ? ?

SN no [Mellies95] no yes [LLDDvB2004] yes [Kesner09]

WN yes [Gou98] ? yes [LLDDvB2004] ?
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The λx-calculus rewriting rules [Lins86, BR95]

x〈x := N〉 −→ N (xv)

x〈y := N〉 −→ x if x 6≡ y (xvgc)

(λx .M)〈y := N〉 −→ λx .M〈y := N〉 (xab)

(M1 M2)〈y := N〉 −→ (M1〈y := N〉 M2〈y := N〉) (xap)

where x 6≡ y and x /∈ FV (N) in (xab)
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