F71SB2 Statistics|| Handout 1(b)

Someresults about infinite series of positive numbers

Sometimes in probability calculations involving eximents, where the outcome space is
countably infinite (i.e. outcomes can be put in-bo®ne correspondence with the natural
numbers) we will encounter infinite series of pasiterms. These look like:
aytataztast ... (nfinite number of tern)s

Given such a series we can definerfigoartial sum (or the sum toterms) as

S = ataptaz... tan

If we were to plos§, againsn we would get something that looked like:

Note thatS, = S.1 + a,, so thinking of this as a staircase, the sizéefl' step isa,. An
interesting question is whether it is possiblednstruct a roof (parallel to the horizontal
axis) such that the staircase never reaches tlie ifowe can do this we say that the
seriesconverges The height of the lowest such roof can be thooglas the sum of the
entire series (or the sum to infinity, of the series).

Some examples:
a) The case whegg = constant. For example:
1+1+1+1+1+ ...

In this case&s, = n. It is clear that the staircase is going to cr@stentually) through any
ceiling of finite height so th&, does not exist.

b) A geometric serieslIn this case, looks likear™. That isa; =a > 0, anda, = an.1.f
wherer>0 is known as the common ratid®Ve can derive a formula for the summto
terms as follows

First note that
S =a+ar+ar’+ . +ar. 1)

Now if we multiply S, by r we obtain



rSy=ar+ar’+ar + .. +ar" 2)
Subtracting (2) from (1) we obtain
S -rS,=@+ar+ar’+.. +ar) —@r+arf+ar’+.. +ar") =a—ar".
It follows that (1¥)S, = a(1 —r"), so that (so long as#1), we get

S = a(l—r )
1-r
Suppose now that||< 1. Then as gets very large" gets closer and closer to zero, and

we see that the numerator of the above exprespimmoaches(1 — 0) =a. It follows
that

S a

, = - (sum to infinity of a geometric series)
-r

c) A series that doesn’t convergehe following (witha, = 1/(n+1),n=1, 2, 3, ....

To see this we note that:
e Thefirsttermis 1/2
* The next 2 terms am1/4, so that their sum s1/2
* The next 4 terms aee1/8 so that their sum 1/2
* The next 8 terms amx1/16 so that their suga 1/2

Now continuing in this way we see that we can grallithe terms in the series into an
infinite number of groups such that the sum of ®mithin any group is at least 1/2.
Therefore we mak8, as large as we like just by takingarge enough.

When we look at expectations of random variableshad encounter this series again.

d) Consider the series

1 1 1 1 1.1, 1
+ + +...+ +.o... = —+=+—+....
1x2 2x3 3x4 nx(n+1) 2 6 12
1 1 1 1

See if you can show th& =1-——. (Hint: ==- )
Y H net n(n+1) n n+1

Hence show th&b. = 1. This series will arise when we consiBetya’s urn



