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Exercise 1. Type checking for append: experimenting with demo and reading the
“manual” type checking from the exercise sheet.

Exercise 2. Type checking conspack : Int x L, (Int) — L,+;(Int):

conspack(z, ) =
match [ with | nil = cons(z, ()
| cons(hd, tl) = let y = = — hd
in if y then let I’ = conspack(z, tl)
in cons(hd, ")
else cons(z, 1)

(1) The AHA-language code for conspack is

letfun comspack(x, 1) : Int L(Int, n) -> L(Int, n+l1) =
match 1 with

| Nil -> Comns(x, 1)

| Cons(h, t) ->

let w=-(x,h) in
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2 ANSWERS

if w then Cons(h, conspack(x, t))
else Cons(x, 1) fi
in conspack(2, Cons(1l, Cons(2, Cons(3, Nil))))
(2) Manual type-checking:

(a) The body of the function is a pattern-matching expression. Therefore, we have
to prove two subgoals that correspond to the nil- and cons-branches respec-
tively.

Applying the MATCH-rule first yields the NiL-branch subgoal:

n=0; z:Int,l:L,(Int) Fx cons(z,l):L,+1(Int)
(b) Continue with the nil-branch. The expression in the previous subgoal is cons(z, [),
so we apply the CoNs-rule. We obtain the following subgoal:

n=0Fn+1=n+1
which is trivially true.
(c) Now follow the cons-branch defined by the MATCH-rule applied to econspack-

z:Int, I:L,(Int) Fxlet y =2 — hd inif ... then else :L,(Int)

This is a let-construct, so we apply the LET-rule to obtain two subgoals, cor-
responding to the let-binding and the let-body respectively.
(d) In the let-binding we have a subgoal

z:Int, hd:Int by z — hd:T’
where 77 is an unknown type, which we will reconstruct on the next step using
the appropriate axiom. In the context we omit the program variables, on which
the expression in the subgoal does not depend.

(e) The expression in the binding clause is an integer expression, so we apply
BINOP. We obtain

k7’ =Int
Now the type 77 is reconstructed and may be used in the let-body.
(f) In the let-body we have a subgoal with an if-expression. We apply the Ir-rule
and obtain two subgoals corresponding the true- (when y # 0) and false- (when
y = 0) branches.
The “true” subgoal is

z:Int, [:L,(Int), hd:Int, tl:L,_1(Int) Fx let I’ = conspack(z, tl) in cons(hd, ') :L,41(Int)
(g) The subgoal in the let-binding is
z:Int, tl:L,_(Int) Fx conspack(z,tl):7’
(h) Applying function-application rule yields 7° = Ln—1)+1(Int).
(i) The subgoal in the let-body is

I':Ln—1)41(Int), hd:Int Fyx cons(hd,l’):L,11(Int)
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(j) Applying cons-rule yields - n+1 = (n — 1) + 1 + 1 which is trivially true.
(k) The “false” subgoal is

z:Int,l:L,(Int) Fyx cons(z,l):Ly+1(Int)
(1) Applying the CoNs-rule yields

Fn+l=n+1
which is trivially true.

Exercise 3. Type checking sqdiff : L, () X Lin(a) — Li—pm)2(La()):
Sqdlﬂ:(ll, lg) =
match I with | nil = cprod(k, k)
| cons(hdy, tl1) = match l with | nil = cprod(i1, 1)
| cons(hda, tl2) = sqdiff (¢, tl2)
Manual type-checking:

(1) The body of the function is, again, a pattern-matching expression. We consider two
subgoals that correspond to the nil- and cons-branches respectively.
Applying the MATCH-rule first yields the NiL-branch subgoal:

n=0; h:Ly(a), b:Ln(a) s cprod(k, k): L(n—m)Q(LZ(a))
(2) Continue with the nil-branch. The expression in the subgoal the function call
cprod(la, lz), so we apply the function-call rule and obtain the following equations:

n=0F(n—m)?=m?
n=0F2=2
which are trivially true.
(3) Now follow the cons-branch defined by the MATCH-rule applied to ecprod. This is

again a pattern matching. Consider its nil-branch:

m=0; h:Ly(a), b:lp(a) Fxcprod(l, i):L_my(L2(a))
(4) Continue with this nil-branch. The expression in the previous subgoal the func-
tion call cprod(l;, 1), so we apply the function-call rule and obtain the following
equations:

which are trivially true.
(5) The subgoal in the cons-branch is

tll . Ln_l(a)7 tlg : Lm_l(a) l_E cprod(tll, tlg) : L(n—m)2 (Lg(a))
(6) Applying function-application rule yields two equations
F(n—m)*=((n—1)—(m-1))?
F2=2
which are obviously true.
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Exercise 4. Type checking of scalar_prod:

scalar_prod(ly, k) =
match [ with | nil = match l with | nil = cons(0, nil)
| cons(hds, tly) = scalar_prod(li, ;) (* nontermination *)

| cons(hdy, tl1) = match Iy with | nil = scalar_prod(/;, ) (* nontermination *)
| cons(hda, tly) = let | = scalar_prod(tly, tl2)
inlet y = hdy * hds
in replace(y, 1)

where replace : Int x L, (Int) — L,(Int) is defined by

replace(z, 1) =
match [ with | nil = nil
| cons(hd, tl) = cons(z + hd, tl)

(1) The AHA-language presentation of these programs, for type checking scalar_prod :

L,(Int) x L,(Int) — Li(Int), is
letfun replace(x, 1): Int L(Int, n) -> L(Int, n) =

match 1 with

| Nil -> Nil

|Cons(h, t) -> Cons(+(x,h), t)
in

letfun scalarprod(l, 11)
match 1 with

| Nil —>

match 11 with

| Nil -> Cons(0, Nil)

| Cons(hh, tt) -> scalarprod(l, 11)

| Cons(h, t) ->

match 11 with

| Nil -> scalarprod(l, 11)

| Cons(hh, tt) -> replace(*(h, hh), scalarprod(t, tt))
in scalarprod(Cons(3, Nil), Cons(2, Nil))

: L(Int, n) L(Int, n) —> L(Int, 1) =

Manual type checking:
(a) Applying the match-rule to the body of scalar_prod yields two subgoals. The

first one corresponds to the nil-branch, which is in its turn, again, a pattern
matching. We apply the match-rule again and obtain two subgoals. In the

nil-branch we have

n=0; l:L,(Int), k:L,(Int) kx5 cons(0,nil):L;(Int)
(b) The expression cons(0, nil) is the sugared version of the let-bindings

let ' = nil in let z =0 in cons(z, ')

One can easily show that its type is Li+o(Int). Therefore, we obtain the

trivially true equation -1 =14 0.
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(c) The cons-branch of the nil-branch of the body of scalar_prod is the function call
scalar_prod(l;, ), which yields the non-terminating computation. In any case,
we have to check its type either. Applying the function-call rule we obtain

n=0+F Ll(Int) = Ll(Int)
which is trivially true.
(d) Now consider the cons-branch of the body of scalar_prod. It is, again, a pattern-
matching. First we type check its nil-branch, which yields a non-terminating
computation.

n=20; :L,(Int), k:L,(Int) Fx scalar_prod(l,k):L;(Int)

(e) Applying the function-application rule to the subgoal above we obtain, as ear-
lier, n = 0F Li(Int) = Ly(Int), which is trivially true.
(f) Consider the subgoal in the cons-branch of the cons-branch of the body:

li:Ly(Int), k:L,(Int), let [ = scalar_prod(#l1, tl2)
tli:Lyp—1(Int), tly:L,—1(Int), Fy in let y = hdy * hds :Ly(Int)
hdy:Int, hdy:Int in replace(y, [)

(g) The binding in the outer let-expression generates the subgoal

tly:Lp—1(Int), tlo:L,—1(Int) Fx scalar_prod(#ly, tl2) 7’
(h) Applying the function application rule we obtain 77 := Ly (Int).
(i) The binding in the inner let-expression generates the subgoal

hdy:Int, hds:Int by hdy * hdy: 7"
(j) Applying the binary-operation rule we obtain 7/7 := Int.
(k) For the let-body we have the subgoal

[:Li(Int), y:Int Fx replace(y,!):Li(Int)

(1) The function-application rule yields F L;(Int) = L;(Int), which is trivially
true.

(2) The AHA-language presentation for type checking scalar_prod : L,,(Int)xL,,(Int) —
Li(Int), is the same as for the typing scalar_prod : L, (Int) x L,(Int) — L;(Int),
except the letfun row, where scalar_prod is defined. Of course, now it is
letfun scalarprod(l, 11) : L(Int, n) L(Int, m) -> L(Int, 1)

The manual type-checking is similar to the one for the typing scalar_prod : L, (Int)x

L,(Int) — Li(Int):

(a) Applying the match-rule to the body of scalar_prod yields two subgoals. The
first one corresponds to the nil-branch, which is in its turn, again, a pattern
matching. We apply the match-rule again and obtain two subgoals. In the
nil-branch we have

n=0,m=0; :L,(Int), k:Ly(Int) Fx cons(0,nil):L;(Int)
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(b) The expression cons(0, nil) is the sugared version of the let-bindings
let I/ = nil in let z = 0 in cons(z, ')

One can easily show that its type is Lijyo(Int). Therefore, we obtain the
trivially true equation n=0,m=0F1=1+40.

(¢) The cons-branch of the nil-branch of the body of scalar_prod is the function call
scalar_prod(ly, k), which yields the non-terminating computation. In any case,
we have to check its type either. Applying the function-call rule we obtain

n=0F L;(Int) = L;(Int)
which is trivially true.
(d) Now consider the cons-branch of the body of scalar_prod. It is, again, a pattern-
matching. First we type check its nil-branch, which yields a non-terminating
computation.

m =0; l;:L,(Int), b:L,(Int) Fx scalar_prod(ii,k):L;(Int)
(e) Applying the function-application rule to the subgoal above we obtain, as ear-
lier, m = 0+ L;(Int) = Li(Int), which is trivially true.
(f) Consider the subgoal in the cons-branch of the cons-branch of the body:

li:L,(Int), k:Ly(Int), let [ = scalar_prod(tl1, tl2)
tly: Lnfl(Int), tly: mel(Int), Fsin let y = hdq * hdo :L1(Int)
hd;:Int, hdy:Int in replace(y, 1)

(g) The binding in the outer let-expression generates the subgoal

tly:Lp—1(Int), tlo:Ly—1(Int) by scalar_prod(tly, tl2) 7

(h) Applying the function application rule we obtain 77 := L;(Int).
(i) The binding in the inner let-expression generates the subgoal

hdi:Int, hdy:Int b, hdy * hde: 7"
i) Applying the binary-operation rule we obtain 7/° := Int.
(i) Applying y-op
(k) For the let-body we have the subgoal

[:L1(Int), y:Int Fyx replace(y,!):L;(Int)
(1) The function-application rule yields - Li(Int) = L;(Int), which is trivially
true.

Exercise 5. Infer the size annotations for append for d = 2.

(1) The input of the inference procedure is append : Ly(a) x Lin(a) — Lyzgm)(@),
that is we supply the procedure with the underlying type and the list of the size
variables, n, m assigned to the input types of append. The task is to reconstruct
p’(n,m), assuming that the degree d of the polynomial p* is d = 2.
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(2) A quadratic polynomial (d = 2) of two variables has siz coefficients: p’(n,m) =

(4)

()

a20n2 +a02m2 +aiinm-+aign+agim-+agy. Therefore, to compute these coefficients,

we must have the values p(ny,m1),...,p(ne, mg) of the polynomial in some six 2-
dimensional nodes, (ni,m1),...,(ng, meg) such that the system
2 2
agon; + apami + appmami + arona + aormi + agp = p(ni, my)
2 2
azong + agemg + aiineme + aone + apime + app = p(ne, me)
where aoq, ag2, ai1, aig, ag1, apo are variables, has a unique solution.
The system above has a unique solution if the nodes (ni,m1),..., (ng, mg) satisfy

the NCA-configuration for six 2-dimensional nodes. E.g. three of them lie on a line
on the Cartesian plane, two of them lie on another line, which is parallel to the first
line, and the third one lies on yet another parallel line. We take (1,1), (2,1),(3,1)
lying on y = 1, then (1,2),(2,2) lying on y = 2 and (1, 3) lying on y = 3.

Now we generate six pairs of input lists for append with these pairs of lengths:

1], [2] with the lengths (1, 1) resp.,

,2], [3] with the lengths (2,1) resp.,

,2,3], [4] with the lengths (3, 1) resp.,

|, [2,3] with the lengths (1,2) resp.,

,2], [3,4] with the lengths (2, 2) resp.,

|, [2,3,4] with the lengths (1, 3) resp.

Now we run append on these data:

input lengths | input list 1 | input list 2 | output of append | length of the output
1) [1] 2] [1,2] 2
1) [1,2] 3] 1,2,3) 3
1) [1,2,3] 4] [1,2,3,4] 4
,2) 1] 2, 3] [1,2,3] 3
,2) [1,2] [3,4] [1,2,3,4] 4
,3) [1] [2,3,4] [1,2,3,4] 4

(1,
(
(
(
(
(

(6

(7)

2
3
1
2
1
)

(:‘

sing the table above, we generate a system of linear equations w.r.t. the coefficients
a10, ao1, aoo-

axp +ap2 +ay1 +apop +a  +apg =2
dazg +ap2 +2a11 +2a10 +apn  +ap =3
9az0 + ap2 +3a11 +3a0 +ann +ap =
azo +4aox +2a11 +ao +2a01 +ag =
dagy + 4aox +4ann + 2ai0 +2a01 +app =
ax +9ap2 +3a11 +awp +3a1 +ap =4

Solve the system above. The solution is a1g = ag1 = 1 and agy = age = a11 = agy =
0. Therefore, as for d = 1, we obtain p’(n, m) = n + m. We have already checked
that append : Ly, () X Ly(«) — Lyym (@) is a correct type.

Exercise 6. Inferring annotations for conspack.
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(1) The presentation of conspack in the AHA-language for inferring its size annotations
in the demo is the same as the code for type checking, except that we delete size
variables from types, so we have only underlying types in the signatures.

(2) Manual inference.

(a) Assign the size variable n to the input list and assume the degree d = 1 of the
polynomial size function of conspack. Therefore, the polynomial size function
is of the form p(n) = an + b and we need to find its coefficients a and b.

(b) The polynomial p(n) = an + b is defined by two different points on its graph.
Let, e.g., n; =0 and ns = 1.

(¢) Generate two pairs input data where the length of the input lists are n; = 0
and ny = 1 respectively. E.g. take as the first input the pair 1,[] and as the
second input the pair 1, [1].

(d) “Run” the program on these pairs. The program outputs [1] of the length 1 on
the first pair and [1, 1] of the length 2 on the second pair.

(e) Based on the size information from the tests, construct the system of linear
equations w.r.t. a, b:

b=1
at+ b=2
(f) Solving this system gives a = 1 and b = 1, therefore p(n) =n + 1.
(g) Type check conspack : Int x L,(Int) — L,4+1(Int). As we have seen earlier,
this type is accepted.

Exercise 7. Inferring annotations for sqdiff.

(1) Inferring annotations for sqdiff in the inference part of demo (there it is called
usqdiff).

(2) Manual inference of annotations for sqdiff, assuming d = 2.
(a) The inference is very similar to the annotation inference for append, assuming
that d = 2, where d is the degree of the corresponding polynomial size function.
The input of the inference procedure is

sqdiff : L (@) X Lin(@) = L2 ) (L2 (a))

P5(n,m)
that is we supply the procedure with the underlying type and the list of the size
variables, n, m assigned to the input types of append. The task is to reconstruct
p’(n,m) and pj(n, m) assuming that the degree d of the polynomials p’ and pj
isd=2.

(b) A quadratic polynomial (d = 2) of two variables has siz coefficients: p’(n,m) =
ason?® + agem?® + ayinm + aon + agim + ago. Therefore, to compute these
coefficients, we must have the values p(ni,m1),...,p(ng, mg) of the polynomial
in some six 2-dimensional nodes, (ni,m1),...,(ng, mg) such that the system

2 2 _
agoni + apemi + apimimi + aon + aonma + agp = p(ny, my)

2 2 _
azong + agamg + aiingme + aone + apime + agp = p(ne, Me)
where asq, ag2, a11, @10, ag1, ago are variables, has a unique solution. Similar
holds for p3.
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(c) The system above has a unique solution if the nodes (ny,m1),..., (ng, meg)
satisfy NCA-configuration for six 2-dimensional nodes. E.g. three of them lie
on a line on the Cartesian plane, two of them lie on another line, which is
parallel to the first line, and the third one lies on yet another parallel line. We
take (1,1), (2,1),(3,1) lying on y = 1, then (1,2),(2,2) lying on y = 2 and
(1,3) lying on y = 3.

(d) Now we generate six pairs of input lists for sqdiff with these pairs of lengths:

[1], [2] with the lengths (1,1) resp.,

[1,2], [3] with the lengths (2, 1) resp.,

[1,2,3], [4] with the lengths (3, 1) resp.,

[1], [2,3] with the lengths (1,2) resp.,

[1,2], [3,4] with the lengths (2,2) resp.,

[1], [2,3,4] with the lengths (1, 3) resp.

(e) Now we run sqdiff on these data:

' the outer the inner

i?ggtths input list 1 | input list 2 | output of sqdiff Olfe ?}ih Olfe ?}ih
output output

(1,1) [1] 2] [ 0 ?

(2,1) [1,2] 3] [[2, 2] 1 2

(3,1) [1,2,3] [4] [2,2],[2,3],3,2], [3,3]] | 4 2

(1,2) [1] 2, 3] [[3, 3]] 1 2

(2,2) [1,2] [3,4] I 0 ?

(1,3) 1] [2,3,4] [3,3],[3, 4], [4,3], [4,4]] | 4 2

(f) Using the table above, we generate a system of linear equations w.r.t. the
coefficients aqg, ag1, ago:

axp +ap2 +ay1 +apo +a1 +ap =0
dazg +ap2 +2a11 +2a10 +apn  +app =1
9a20 +ap2 +3an1 +3a10 +apn  +apn =4
axy +4ape +2a11 +an +2a1 +ap =1
dasg + 4aga +4ai1 4+ 2a10 +2a01 +app =0
ax +9ap2 +3a11 +awo +3a1 +apw =4

(g) Solve the system above. The solution is a19g = ag1 = agp = 0 and agy = ag2 = 1,
a11 = —2. Therefore, we obtain p’(n,m) = n? +m? — 2nm = (n —m)?.

(h) To complete computations for the inner-size function p}(n,m) we need to per-
form two more tests instead of the ones that deliver undefinedness for pj(n,m).
Let us run the program on the pairs of length (4,1) and (3,2). Proceed as
above (for p’(n,m)) to obtain pj(n,m) = 2.

(i) We have already checked that sqdiff : L, (a) x Lin(a) — L_my2(L2(a)) is a
correct type.

(3) Inferring annotations for sqdiff assuming that d =1 (should fail).
(a) The input of the inference procedure is sqdiff : Ly, () XL (@) — Ly, m)(Lp;(n m) (@),
that is we supply the procedure with the underlying type and the list of the

size variables, n, m assigned to the input types of sqdiff assuming d = 1.
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A linear polynomial (d = 1) of two variables has three coefficients: p’(n,m) =
aign + agrm + agg. Therefore, to compute these coefficients, we must have
the values p(ni,m1),p(n2, ma), p(ns, ms) of the polynomial in some three 2-
dimensional nodes, (ni,m1), (na, ms), (n3, ms) such that the system

ajon1  + apimi +agg = p(n1,m1)

ajonz  + apima  + agy = p(n2, ma)

ajonz + ap1mz + agp = p(nz, m3)
where aqg, ag1, ago are variables, has a unique solution. Similar holds for
pg(n,m).

(b) The system above has a unique solution if the nodes (n1,m1), (n2, ma), (n3, ms)
satisfy NCA-configuration for three 2-dimensional nodes. E.g. two of them lie
on a line on the Cartesian plane and the third one lies on another line and does
not lie on the intersection of these two lines. We take (1,1) and (2, 1) lying on
y =1 and (1,2) lying on y = 2.

(c) Now we generate three pairs of input lists for sqdiff with lengths (1,1), (2,1)
and (1,2) respectively. Since sqdiff is shapely it does not matter what we put
as elements in these lists. For instance, it may be arbitrary integer numbers.
So, we generate three input pairs:

e [1], [2] with the lengths (1,1) resp.,

e [1,2], [3] with the lengths (2,1) resp.,

e [1], [2,3] with the lengths (1,2) resp.
(d) Now we run sqdiff on these data:

input lengths ‘ input list 1 ‘ input list 2 ‘ output of sqdiff ‘ outer length of the output

(1,1) [1] 2] I 0
(2,1) [1,2] 3] [[2,2]] 1
(1,2) 1] 2, 3] (13, 3] 3

(e) Using the table above, we generate a system of linear equations w.r.t. the
coefficients aqg, ag1, ago:

aip  +apr  +ap =2
2a10 +apr  +agp =
ayp  +2a01 +ap =3

(f) Solve the system above. The solution is ajg = ag1 = 1 and ago = 0. Therefore
p’(n,m) =n+m.

(g) Check the typing sqdiff : L, () X Ly () — Lptm(L2(e)). Type checking fails.
E.g. in the nil-branch of the body of sqdiff, applying the function-application
rule on cprod(l, k), we obtain n = 0 - n 4+ m = m? which is not valid.

Exercise 8. Inferring the size annotations for scalar_prod.

(1) Manual inference of the typing scalar_prod : L, (Int) x L,(Int) — Li(Int) is very
similar to the inference for conspack.
(a) Assign the size variable n the input list and assume the degree d = 1 of the
polynomial size function of scalar_prod. Therefore, the polynomial size function
is of the form p(n) = an + b and we need to find its coefficients a and b.
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(b) The polynomial p(n) = an + b is defined by two different points on its graph.
Let, e.g., n1 =0 and ne = 1.

(c) Generate two pairs of input lists where the length of the input lists are n; =0
and ny = 1 respectively. E.g. take as the first input the pair [],[] and as the
second input the pair [1], [2].

(d) “Run” the program on these pairs. The program outputs [0] of the length 1 on
the first pair and [2] of the length 1 on the second pair.

(e) Based on size information from the tests, construct the system of linear equa-
tions w.r.t. a, b:

b=1
at+ b=1
(f) Solving this system gives a = 0 and b = 1, therefore p(n) = 1.
(g) Type check scalar_prod : L, (Int) X L,(Int) — L;(Int). As we have seen earlier,
this type is accepted.

(2) The AHA-language presentation for scalar_prod for the inference part of the demo is
the same as for its checking part, except that we remove the size annotations from the
types. We have inferred the less precise typing scalar_prod : L, (Int) X L,,(Int) —
L;(Int), because the implemented procedure assigns automatically different vari-
ables n and m to the first and the second input lists respectively and starts with
the degree dy =0 < 2.

How to force the inference procedure not to infer the less precise type scalar_prod :
L,(Int) X L;,(Int) — Li(Int) and infer the precise type scalar_prod : L, (Int) X
L,(Int) — Li(Int)?

First, force the inference procedure to start with the degree d > 1. Then then
the inference procedure will not find any test data, which lengths satisfy NCA con-
figuration and on which the program terminates. This is because all 2-dimensional
points where scalar_prod terminates lie on one line, m = n. Thus, the less precise
type may not be inferred.

Second, to infer the precise type scalar_prod : L, (Int) x L,(Int) — L;(Int), we
may allow a user to assign size variables to input types manually.

Exercise 9. Inferring and checking the size annotations for filter.

(1) First, parsing the code for filter, we obtain the rewriting rules for its size function:

= feitter(0) — 0
n>1 F fker(n) = 1+ friwer(n — 1) | foitrer(n — 1)

(2) We assume the degree d = 1 for a polynomial lower pfiter min(n) and an upper
Dfilter max (1) bounds of fier(n). Thus we need to know values of pfier min(n) =
Amin™ + bmin and Pritter max(7) = Gmaxn + bmax in two different points. Let it be the
points n; = 1,ng = 2.

(3) Compute fiter(n) in these points.

FiI‘St, ffilter( ) = {1 + fﬁlter ) fﬁlter )} {1 O}
Second, ffilter( ) = {1 + ffllter( ) ffllter(l)} - {27 170}'
(4) We have that Prilter mm( ) 0 Prilter m1n(2) O Drilter max(l) = 17 Drilter max(2) =2.
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(5) Using the obtained pair of points on the graph of pfiiter min We obtain that pfier min(n) =
0. Using the obtained pair of points on the graph of pfiter max We obtain that
Dfilter max(n) =n.

(6) Now we need to check that pfier min(n) = 0 and Pfier max(n) = n are correct lower
and upper bounds. Proof of that amounts to proof of correctness of the following

typing:

filter : ( — Bool) x Ly(a) — Lyiyo.,o, (@)

(7) The proof of correctness reduces to the proof of the following predicates:
en=0F3i.0<i<nAi=0 (from the nil-branch),
en>10<i/<n—-1F3FH.0<i<nAi=1+7 (from the true-branch),
en>10<i¢/<n—-1F3. 0<i<nAi=1 (from the false-branch).

It is easy to see that these predicates holds.

Exercise 10. Inferring and checking the size annotations for tails.

(1) First, parsing the code for tails, we obtain the rewriting rules for its size functions:

H ftails 1(0) —0
n>1 F ftails 1(”) — 1+ ftails 1(” - 1)

and

n>1 F fuis 2(n) — fiais 2(n — 1) (xthe sizes of lists in the tail of the outputx)
n>1 F fiis 2(n) — n (xalternatively, the size of the head of the outputs)

(2) We assume the degree d = 1 for a polynomial lower prails 1 min(n) and an upper
Prails 1 max (1) bounds of fiais 1(n). Thus we need to know values of piajis 1 min(1) =
a1 min”™ + b1 min and Prajls 1 max(7) = @1 max? + b1 max in two different points. Let
it be the points n; = 1,n9 = 2.

The similar holds for fijis 2(n).

(3) Compute frajls 1(n) in these points.

FiI‘St, ftails 1(1) =1+ ftails 1(0) =1+0=1.

Second, ftails 1(2) =1+ ftails 1(1) =1+1=2.
(4) Now, compute fiajs 2(n) in these points.

FirStv ftails 2(]-) =1

Second, ftails 2(2) = {ftails 2(1)7 2} = {17 2}

(5) For fiijs 1(n) (from its values in two points) we compute that praiis 1 min(n) =
Prails 1 max(n) = ftails l(n) =n.

(6) For the inner-size function, we have that prajs 2 min(1) = 1, Drails 2 min(2) = 1,
Prails 2 max(l) = 17 Prails 2 max(Q) =2.

(7) Using the obtained pair of points on the graph of piails 2 min We obtain that piajis 2 min(n) =
1. Using the obtained pair of points on the graph of pPuils 2 max We obtain that
Prails 2 max(n) =n.

(8) Now we need to check if we obtained correct upper and lower bounds. Proof of that
amounts to proof of correctness of the following typing:

tails : Ln(a) = Ln(Lgiyoe,o, (@)
(9) The proof of correctness reduces to the proof of the following predicates:
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e n=0Fn=0 (from the nil-branch),

en>1Fn=1+(n—1) (from the cons-branch, for the outer-size function
ftails 1);

en>1,1<¢<n—-1F31<i<nAi=1 (from the cons-branch, for the
inner-size function fiajs 2, the sizes if the lists in the tail of an output).

en>1F3i.1<i<nAi=n (from the cons-branch, for the inner-size function
Jrails 2, the size of the head of an output).

It is easy to see that these predicates holds.



