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What is a Periodic Travelling Wave?
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What is a Periodic Travelling Wave?

Mathematically: a soln of form f(x + ct), with f(.) periodic
Everyday example: Mexican wave

| consider periodic travelling waves in oscillatory reaction-diffusion
equations

du/dt = Dyd?u/ox? + f(u,v)

ov/ot = Dyo*v/ox® + g(u,v)
N————
kinetics have

a stable
limit cycle
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Periodic Travelling Wave Generation
What is a Periodic Travelling Wave?
A Generic Oscillatory Reaction-Diffusion System
Typical Model Solutions

What is a Periodic Travelling Wave?

Mathematically: a soln of form f(x + ct), with f(.) periodic
Everyday example: Mexican wave

Amplitude of limit cycle in kinetics

Theorem (Kopell & Howard, 1973):
An oscillatory reaction-diffusion
system has a one-parameter family
of periodic travelling wave solutions
if the diffusion coefficients are
sufficiently close to one another.

Wave amplitude

Wave speed
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A Generic Oscillatory Reaction-Diffusion System

| consider first a generic oscillator model (“A—w equations”)

ou
ot
ov
ot
r
A(r)
w(r)

d?u
W + )\(r)u — w(r)V
oy

ox?

‘/U2+V2
1-r?

wo + wlrz

+w(r)u+ A(r)v

-/

This is the normal form of an oscillatory reaction-diffusion
system with scalar diffusion close to a supercritical Hopf
bifurcation

Jonathan A. Sherratt
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A Generic Oscillatory Reaction-Diffusion System

| consider first a generic oscillator model (“A—w equations”)

ou
ot
ov
ot
r
A(r)
w(r)

2
a—g + A(r)u — w(r)v Family of periodic travelling
g;( wave solutions

A w(r)u + A(r)v

ox? u=R cos [w(R)t + )\(R)x]

2 2
vuTtv v=R sin [w(R)t + A(R)x}
1-r?

wO+u)1r2 O<R<11

This is the normal form of an oscillatory reaction-diffusion
system with scalar diffusion close to a supercritical Hopf
bifurcation
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Typical Model Solutions

: Egns: ?;[J = gle; + A(r)u —w(r)v
g aa\t/ = gzx\; + w(r)u + A(r)v
’ r = VuZiv?

f Ar) = 1-r?

g w(r) = wo+wir?

% Bessu=v=0 at x=0

Uy =Vx =0 at x =50
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What is a Periodic Travelling Wave?
A Generic Oscillatory Reaction-Diffusion System
Typical Model Solutions

Typical Model Solutions

Dirichlet

boundary conditions
generate periodic
travelling waves

u (with incr time)

u (with iner time)

0 20 40 60 80 100 12
X
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Application to Field Voles in Kielder Forest Field Voles in Kielder Forest

Boundary Condition at the Reservoir Edge

Outline

e Application to Field Voles in Kielder Forest
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Application to Field Voles in Kielder Forest e Vel s [ (IR e

Boundary Condition at the Reservoir Edge

Field Voles in Kielder Forest

Stis 837 3 )

Field voles in Kielder Forest are cyclic (period 4 years)
Spatiotemporal field data shows that the cycles are spatially
organised into a periodic travelling wave, speed 19km/year,
direction 72° from N
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Application to Field Voles in Kielder Forest

Field Voles in Kielder Forest
Boundary Condition at the Reservoir Edge

Boundary Condition at the Reservoir Edge

@ \oles are an important prey species for owls and kestrels

@ The open expanse of Kielder Water will greatly facilitate
hunting at its edge

Common kestrel

Short eared ow!
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Application to Field Voles in Kielder Forest Field Voles in Kielder Forest

Boundary Condition at the Reservoir Edge

Boundary Condition at the Reservoir Edge

@ \oles are an important prey species for owls and kestrels

@ The open expanse of Kielder Water will greatly facilitate
hunting at its edge

@ Therefore we expect very high vole loss at the reservoir
edge, implying a Robin boundary condition

d/ wvole \_ [ large \ [ \vole
dx \ density | — constant density
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Boundary Condition at the Reservoir Edge

@ \oles are an important prey species for owls and kestrels

@ The open expanse of Kielder Water will greatly facilitate
hunting at its edge

@ Therefore we expect very high vole loss at the reservoir
edge, implying a Robin boundary condition

d/ wvole \_ [ large \ [ \vole
dx \ density | — constant density

@ To a good approx, vole density = 0 at the reservoir edge
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Application to Field Voles in Kielder Forest Field Voles in Kielder Forest

Boundary Condition at the Reservoir Edge

Boundary Condition at the Reservoir Edge

@ \oles are an important prey species for owls and kestrels
@ The open expanse of Kielder Water will greatly facilitate
hunting at its edge

@ Therefore we expect very high vole loss at the reservoir
edge, implying a Robin boundary condition

d/ wvole \_ [ large \ [ \vole
dx \ density | — constant density
@ To a good approx, vole density = 0 at the reservoir edge

Our Conclusion: this boundary condition could be responsible
for the observed periodic travelling waves
Question: how does wave speed/amplitude/stability depend
on parameters?
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Amplitude and Phase Equations

Stability in the Periodic Travelling Wave Family
Stability of the Selected Wave

Typical Solution in an Unstable Case

Amplitude and Phase Equations

Analytical Calculation of Wave Amplitude and Stability

To study the A—w equations, it is helpful to replace u and v by
r =+vu2 +v2and 6 =tan"t(v/u), giving

N = I —r624+r(l—r?)
2ry Oy

r + wo —wlrz

9t = 9xx +

Family of periodic travelling wave solutions (0 < R < 1):

r=R u=R cos [w(R)t + A(R)x]
{ )\(R)X] } v =R sin [w(R)t + \/@x}
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Amplitude and Phase Equations

Stability in the Periodic Travelling Wave Family
Stability of the Selected Wave

Typical Solution in an Unstable Case

Analytical Calculation of Wave Amplitude and Stability

Typical Solutions Replotted

Replotting the solutions in terms
of r and 6« shows that the long-
term solutions for r and 8y are
independent of time

u(x.t)

Time incr —>

v(x,t)
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Amplitude and Phase Equations

Stability in the Periodic Travelling Wave Family
Stability of the Selected Wave

Typical Solution in an Unstable Case

Analytical Calculation of Wave Amplitude and Stability

Typical Solutions Replotted

Exact solution:

:: R(X) = rpwtanh (x/x@)

2 V(X)) = tpwtanh (x/\/§>

0 where

—1/2
fptw = {%[1+\/l+gwf}}

u(x.t)

Time incr —>

~ —0.1
3 1/2
‘; . \/lﬁ»gw%fl /
-02 T/thw = —sign(w1) 5 2
R — Vit+§ed
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Amplitude and Phase Equations

Stability in the Periodic Travelling Wave Family
Stability of the Selected Wave

Typical Solution in an Unstable Case

Analytical Calculation of Wave Amplitude and Stability

Typical Solutions Replotted

Exact solution:
the wave amplitude

—1/2
o = {15

is in very good agreement with
that found in simulations

u(x.t)

Time incr —>

v(x,t)
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Amplitude and Phase Equations

Stability in the Periodic Travelling Wave Family
Stability of the Selected Wave

Typical Solution in an Unstable Case

Stability in the Periodic Travelling Wave Family

Analytical Calculation of Wave Amplitude and Stability

Some members of the periodic

travelling wave family are stable as s i e
solutions of the partial differential
equations, while others are
unstable

Wave amplitude

Wave speed

For our A—w system, the stability condition is
1/2




Amplitude and Phase Equations
Analytical Calculation of Wave Amplitude and Stability SELIIE [ {2 (Reileele MV Wewe ey

Stability of the Selected Wave
Typical Solution in an Unstable Case

Stability of the Selected Wave

The stability of the selected wave depends on w;.

This is stable

1/2
2+2w% /

3+ Zw%
< |wi| < 1.110468...
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Amplitude and Phase Equations
Stability in the Periodic Travelling Wave Family

Analytical Calculation of Wave Amplitude and Stability Stability of the Selected Wave
Typical Solution in an Unstable Case

Stability of the Selected Wave

The stability of the selected wave depends on w;.

-1/2
l 8 1.2
r.ptW = {2 |:1 + \/ 1 + Qw%:| } Amplitude of limit cycle in kinetics
This is stable Joof
1/2 Tul /
Cos 2+ 2wf ;
<:> tw - @+ 04 ’,’
P 3+ 2uw? !
ozf | w,=0.6
< |wi| < 1.110468... L ‘ ‘ ! ‘

Wave speed
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Stability of the Selected Wave

The stability of the selected wave depends on w;.

~1/2
1 / P 12
r.ptW = { é |:1 + 1 + Qw%:| } Amplitude of limit cycle in kinetics

This is stable
1/2 E
o s 2+ Zw% g /
tW —— 04 |- "
P 3+ 2w? :
o0 ©,=0.7
< |wi| < 1.110468... T
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Stability of the Selected Wave

The stability of the selected wave depends on w;.

AN -1)2
l 1R
rptW = {2 |:1 + 1 + gw%] } Amplitude of limit cycle in kineties
. . F ;’.’;;;:
This is stable Jool 7

1/2 ol |
o 7 S 2+ wa H |
tW —_— 04 |- “
P 34202 |

| ©,=0.9

& Jwr] <1.110468. .. L '

Wave speed
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Stability of the Selected Wave

The stability of the selected wave depends on w;.

~1/2
1 / P 12
r.ptW = { é |:1 + 1 + Qw%:| } Amplitude of limit cycle in kinetics

This is stable Losl
12 Fosf |
e oo (27 2w? Pl
tW —— 04 |- “
P 3+ Zw% g
r w,=1.1
< |wi| < 1.110468... 3 !
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Stability of the Selected Wave

The stability of the selected wave depends on w;.

~1/2
l 8 1.2
rptW = {2 |:1 + \/ 1 + gw%:| } Amplitude of limit cycle in kineties
1 ——ﬂf”:;:;;;,
This is stable ool T
1/2 Toof |
Cos 2+ 2w2 g1
R4 tw _— o4r 1
P 3+ 2w? |
oep w,=1.3
& |wi| <1.110468... 3 !

Wave speed
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Stability of the Selected Wave

The stability of the selected wave depends on w;.

AN -1)2
l 1R
rptW = {2 |:1 + 1 + gw%] } Amplitude of limit cycle in kineties
1p------ ) PEsEEEEE e
This is stable Lol ®
1/2 Tool |
o s 2+ 2w2 .
tW —_— 04 |-
P 34202 |
o w,=15
& Jwi1] < 1.110468... e

Wave speed
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Analytical Calculation of Wave Amplitude and Stability

Amplitude and Phase Equations

Stability in the Periodic Travelling Wave Family
Stability of the Selected Wave

Typical Solution in an Unstable Case

Typical Solution in an Unstable Case

’%

u (with incr time)

\\N-ff

\\\\‘\\V//

\\\\\, J/ \\\\\\\\v/
Al //f\\\\v/ﬁ

//

0 50

Jonathan A. Sherratt
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A Standard Predator-Prey Model
The Eigenvalue Problem
Numerical Calculation of Eigenvalue Spectrum

Numerical Calculation of Wave Amplitude and Stability Stability in a Parameter Plane

Back to Wave Generation in Predator-Prey Eqns

A Standard Predator-Prey Model

Phase plane of

kiunetics:

Op/ot = DpV?p +akph/(1+kh)— bp
H/_/ _\,_/ v : o125
dispersal benefi t from death

predation £ oam

oz o4 e T
oh/ot = DnpV?h 4rh(1 —h/hy) — ckph/(1 + kh)

dispersal intrinsic predation
birth & death
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A Standard Predator-Prey Model

The Eigenvalue Problem

Numerical Calculation of Eigenvalue Spectrum
Numerical Calculation of Wave Amplitude and Stability Stability in a Parameter Plane

Back to Wave Generation in Predator-Prey Eqns

The Eigenvalue Problem

Reaction-diffusion eqns: uy = Dyuz; + cuz + f(u,Vv)
Vi = DyVzz + cv; +g(u,V)
Periodic wave satisfies: 0 = DyU;; +cU; +f(U,V)
0 = vazz +CVZ +g(U,V)
Consider u(z,t) = U(z) +e™Mu(z) with |[u] < |U|
v(z,t) = V(z) + eMV(z) with V| < |V|
= Eigenfunction eqn: A\u = Dyu,; + cuz + fy(U,V)u +f,(U,V)v
)\V = vazz + CVZ + gu(U,V)U+ gv(U,V)V
Boundary conditions: U(0) = t(L)e"” (0 <~y < 2n)
v(0) = v(L)e'"" (0 <y < 2n)
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The Eigenvalue Problem

Reaction-diffusion eqns: uy = Dyuz; + cuz + f(u,Vv)
Vi = DyVzz + cvz +g(u,V)
Periodic wave satisfies: 0 = DyU;; +cU; +f(U,V)
0 = vazz +CVZ +g(U,V)
Consider u(z,t) = U(z) +eMu(z) with |[U] < |U|
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A Standard Predator-Prey Model
The Eigenvalue Problem
Numerical Calculation of Eigenvalue Spectrum
Numerical Calculation of Wave Amplitude and Stability Stability in a Parameter Plane

Back to Wave Generation in Predator-Prey Eqns
Numerical Calculation of Eigenvalue Spectrum

(based on Jens Rademacher, Bjorn Sandstede, Arnd Scheel Physica D 229 166-183,2007)

© solve numerically for the periodic wave
by continuation in ¢ from a Hopf bifn
point in the periodic wave eqns

O - DUUZZ+CUZ +f(U,V)
O - vazz +CVz+g(U,V)
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The Eigenvalue Problem

Numerical Calculation of Eigenvalue Spectrum
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Numerical Calculation of Eigenvalue Spectrum

(based on Jens Rademacher, Bjorn Sandstede, Arnd Scheel Physica D 229 166-183,2007)

© solve numerically for the periodic wave
by continuation in ¢ from a Hopf bifn
point in the periodic wave eqns

@ for v = 0, discretise the eigenfunction o A §
equations in space, giving a (large) o
matrix eigenvalue problem : ”””””” . ** ”””

AW = DyVz +¢Vy +0u(U,V)Uu+gy(U,V)V, Vv(0)=v(L)e"




A Standard Predator-Prey Model

The Eigenvalue Problem

Numerical Calculation of Eigenvalue Spectrum
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Numerical Calculation of Eigenvalue Spectrum

(based on Jens Rademacher, Bjorn Sandstede, Arnd Scheel Physica D 229 166-183,2007)

© solve numerically for the periodic wave
by continuation in ¢ from a Hopf bifn
point in the periodic wave eqns

@ for v = 0, discretise the eigenfunction
eguations in space, giving a (large)
matrix eigenvalue problem £

© continue the eigenfunction equations
numerically in v, starting from each of
the periodic eigenvalues
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A Standard Predator-Prey Model

The Eigenvalue Problem

Numerical Calculation of Eigenvalue Spectrum
Numerical Calculation of Wave Amplitude and Stability Stability in a Parameter Plane

Back to Wave Generation in Predator-Prey Eqns
Numerical Calculation of Eigenvalue Spectrum

(based on Jens Rademacher, Bjorn Sandstede, Arnd Scheel Physica D 229 166-183,2007)

© solve numerically for the periodic wave
by continuation in ¢ from a Hopf bifn
point in the periodic wave eqns

@ for v = 0, discretise the eigenfunction
eguations in space, giving a (large)
matrix eigenvalue problem H
© continue the eigenfunction equations
numerically in v, starting from each of
the periodic eigenvalues

This gives the eigenvalue spectrum, and hence (in)stability
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A Standard Predator-Prey Model

The Eigenvalue Problem

Numerical Calculation of Eigenvalue Spectrum
Numerical Calculation of Wave Amplitude and Stability Stability in a Parameter Plane

Back to Wave Generation in Predator-Prey Eqns
Numerical Calculation of Eigenvalue Spectrum

(based on Jens Rademacher, Bjorn Sandstede, Arnd Scheel Physica D 229 166-183,2007)

SRV SRR SR Eckhaus
instability

T2 02z 0155 01 005 -0z
Re(\) Re(r)

UNSTABLE STABLE

This gives the eigenvalue spectrum, and hence (in)stability
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A Standard Predator-Prey Model
The Eigenvalue Problem
Numerical Calculation of Eigenvalue Spectrum

Numerical Calculation of Wave Amplitude and Stability Stability in a Parameter Plane

Back to Wave Generation in Predator-Prey Eqns

Periodic Wave Families with Stability

A—w kinetics Predator-prey kinetics

90

Amplitude of limit cycle in kinetics
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A Standard Predator-Prey Model

The Eigenvalue Problem

Numerical Calculation of Eigenvalue Spectrum
Numerical Calculation of Wave Amplitude and Stability Stability in a Parameter Plane

Back to Wave Generation in Predator-Prey Eqns

Stability in a Parameter Plane

By following this procedure at each point on a grid in parameter
space, regions of stability/instability can be determined.

In fact, stable/unstable boundaries can be computed accurately
by numerical continuation of the point at which

Re\ = Im\ = vy = §%Re)\/0+?

(Eckhaus instability point)
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A Standard Predator-Prey Model

The Eigenvalue Problem

Numerical Calculation of Eigenvalue Spectrum
Numerical Calculation of Wave Amplitude and Stability Stability in a Parameter Plane

Back to Wave Generation in Predator-Prey Eqns

Back to Wave Generation in Predator-Prey Eqns

From such simulations, we can easily calculate wave speed vs

parameters
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A Standard Predator-Prey Model
The Eigenvalue Problem
Numerical Calculation of Eigenvalue Spectrum
Numerical Calculation of Wave Amplitude and Stability Stability in a Parameter Plane

Back to Wave Generation in Predator-Prey Eqns

Back to Wave Generation in Predator-Prey Eqns

From such simulations, we can easily calculate wave speed vs
parameters

ES

Our stability calculations
explain the suprising
results from simulations of
periodic wave generation

wave speed, ¢
©
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Back to the Example of Field Voles in Kielder Forest
Numerical Simulation of Field Vole Waves

Conclusions

Outline

e Conclusions




Back to the Example of Field Voles in Kielder Forest
Simulation of Field Vole Waves

Conclusions

Back to the Example of Field Voles in Kielder Forest
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Back to the Example of Field Voles in Kielder Forest
Numerical Simulation of Field Vole Waves

Conclusions

Back to the Example of Field Voles in Kielder Forest

We assume that vole cycles are caused by predation by weasels,
and study using the predator-prey model.
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Back to the Example of Field Voles in Kielder Forest
Numerical Simulation of Field Vole Waves

Conclusions

Numerical Simulation of Field Vole Waves
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Numerical Simulation of Field Vole Waves
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Numerical Simulation of Field Vole Waves
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Numerical Simulation of Field Vole Waves
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Back to the Example of Field Voles in Kielder Forest
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Numerical Simulation of Field Vole Waves
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Back to the Example of Field Voles in Kielder Forest
Numerical Simulation of Field Vole Waves

Conclusions

Movie of Field Vole Wave Simulation

Click here to
play the movie
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Back to the Example of Field Voles in Kielder Forest
Numerical Simulation of Field Vole Waves

Conclusions

Typical Predator-Prey Solution in the Unstable
Parameter Regime
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Back to the Example of Field Voles in Kielder Forest
Numerical Simulation of Field Vole Waves

Conclusions

Movie of Predator-Prey Solution in the Unstable
Parameter Regime

Click here to
play the movie
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Back to the Example of Field Voles in Kielder Forest
Numerical Simulation of Field Vole Waves

Conclusions
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Back to the Example of Field Voles in Kielder Forest
Numerical Simulation of Field Vole Waves

Conclusions

An Application of the Dirichlet Bdy Cond" Formula

Using the formula for Zero amplitude cycle  Small amplitude cycle
the periodic wave =
amplitude generated
by the Dirichlet
boundary condition, we
can predict the stability
of the waves as a
function of ecological
parameters in the
predator_prey mOdel A (Przed birt:/deathsrate) A (Przed birL:/death6raLe)
(close to Hopf
bifurcation)

B (Prey/predator maximum birth rate)

Sherratt How to Generate an Unstable Wavetrain, and Why it Matters for



	Periodic Travelling Wave Generation
	What is a Periodic Travelling Wave?
	A Generic Oscillatory Reaction-Diffusion System
	Typical Model Solutions

	Application to Field Voles in Kielder Forest
	Field Voles in Kielder Forest
	Boundary Condition at the Reservoir Edge

	Analytical Calculation of Wave Amplitude and Stability
	Amplitude and Phase Equations
	Stability in the Periodic Travelling Wave Family
	Stability of the Selected Wave
	Typical Solution in an Unstable Case

	Numerical Calculation of Wave Amplitude and Stability
	A Standard Predator-Prey Model
	The Eigenvalue Problem
	Numerical Calculation of Eigenvalue Spectrum
	Stability in a Parameter Plane
	Back to Wave Generation in Predator-Prey Eqns

	Conclusions
	Back to the Example of Field Voles in Kielder Forest
	Numerical Simulation of Field Vole Waves


