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Vegetation Patterns
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Typical Solution of the Model
Homogeneous Steady States

Vegetation Patterns

Low rainfall:

High rainfall:
uniform vegetation

patterned vegetation

Very low rainfall:
no vegetation

Average patch width 50 m
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Vegetation Patterns

Bushy vegetation in Niger Mitchell grass in Australia
(Western New South Wales)

@ Banded vegetation patterns are found on gentle slopes in
semi-arid areas of Africa, Australia and Mexico

@ Plants vary from grasses to shrubs and trees
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Why Do Plants Form Patterns?
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fraction aerial vegetation coverage

More plants = more roots and organic matter in soil
= more infiltration of rainwater
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Pattern Wavelength: A Quantitative Statistic

@ The wavelength of vegetation bands is probably the most
accessible quantitative statistic for vegetation patterns.

Get the world's geographic information at your
fingertips
T :

@ Our topic: how to predict pattern wavelength using
mathematical models
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Mathematical Model of Klausmeier

Rate of change = Rainfall — Evaporation — Uptake by + Flow

of water plants downhill
Rate of change = Growth, proportional — Mortality + Random
plant biomass to water uptake dispersal

ow/ot = A—w— wiP + vow/ox

ou/dt = wu? — Bu+ 02u/ox?
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Mathematical Model of Klausmeier

Rate of change = Rainfall — Evaporation — Uptake by + Flow

of water plants downhill
Rate of change = Growth, proportional — Mortality + Random
plant biomass to water uptake dispersal

ow/ot = A—w—wu? + vdw/dx

du/dt = wu? — Bu+ 02u/ox?

The nonlinearity in wu? arises because the presence of plants
increases water infiltration into the soil.
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Mathematical Model of Klausmeier

wu? =

.y . (infiltration
w-u ( rate )

infiltration capacity (ml min™)

0 02 0.4 0.6 0.8 1
fraction aerial vegetation coverage

The nonlinearity in wu? arises because the presence of plants
increases water infiltration into the soil.
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Mathematical Model of Klausmeier

Rate of change = Rainfall — Evaporation — Uptake by + Flow

of water plants downhill
Rate of change = Growth, proportional — Mortality + Random
plant biomass to water uptake dispersal

ow/ot = A—w— wiP + vow/ox

ou/dt = wu? — Bu+ 02u/ox?

Parameters:  A: rainfall B: plant loss v: slope
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Typical Solution of the Model in Two Dimensions

u$0 u=u,

T
A

Distance uphill, x Distance uphill, x

Distance along contours, y
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Homogeneous Steady States

@ The starting point for mathematical study of vegetation
patterns is to determine homogeneous steady states

@ Recall the model equations:
ow/ot = A—w—wu?+ow/ox
du/dt = wu? — Bu+ 8%u/ox®

For homogeneous steady states A = w + wu?, Bu = wi?
Su=0,w=A or uw=B A-w-B?/w=0
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Homogeneous Steady States

@ The starting point for mathematical study of vegetation
patterns is to determine homogeneous steady states

@ Recall the model equations:
ow/ot = A—w—wu?+ow/ox
du/dt = wu? — Bu+ 8%u/ox®

For homogeneous steady states A = w + wu?, Bu = wi?
Su=0,w=A or uw=B A-w-B?/w=0

@ For all parameter values, there is a stable “desert” steady
stateu=0,w=A
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Homogeneous Steady States

@ The starting point for mathematical study of vegetation
patterns is to determine homogeneous steady states

@ Recall the model equations:
ow/ot = A—w—wu?+ow/ox
du/dt = wu? — Bu+ 8%u/ox®
For homogeneous steady states A = w + wu?, Bu = wi?
Su=0,w=A or uw=B A-w-B?/w=0
@ For all parameter values, there is a stable “desert” steady
stateu=0,w=A

@ When A > 2B, there are also two non-trivial steady states
satisfying w?> — Aw + B> =0, u = B/w
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Stability of Homogeneous Steady States |

@ Patterns can arise when a homogeneous steady state is
unstable

e

@ To determine stability:
(i) Linearise the model about the steady state
owjot = —(1+ ud)W — 2B0 + vow/ox
ou/ot = AW + Bl + 020/ 0x?
W=w-—ws, U=u-—us)

MNP AA AW IV
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Stability of Homogeneous Steady States |l

@ To determine stability:
(i) Linearise the model about the steady state
(i) Consider sinusoidal solutions:

(0, W) = (us, ws)+ (0, w) - e - SiN(2rfx)
s, Ws <~ COos
steady small  9roWth 0 et mode

state  constants ordecay frequency f

Substituting into the model gives A(f) (“dispersion relation”)

Frequency
0 0.05 0.1 0.15

U e e N S ——

Growth rate
s
Y
T

(i) The steady state is unstable if Re A(f) > 0 for some f
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Stability of Homogeneous Steady States ||

The steady state loses stability as rainfall A is decreased

Decreasing rainfall, A

Growth rate, A

Frequency, f Frequency, f Frequency, f

A. Sherratt
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Stability of Homogeneous Steady States IV

In many cases the pattern wavelength corresponds to the most
unstable frequency (wavelength=1/frequency).

Frequency
0 0.05 0.1 0.15

O2FT—T— T T
3 r :
g or
5 :
8 0.2 : Most
] F f unstable

—0.4 - : mode
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Stability of Homogeneous Steady States IV

In many cases the pattern wavelength corresponds to the most
unstable frequency (wavelength=1/frequency).

Decreasing rainfall, A

The dashed red
line is the
most unstable
frequency

Frequency, f Frequency, f

When A is just small enough for patterns, the most
unstable frequency gives a reliable guide to wavelength.
For smaller A, wavelength selection is more complicated.
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Banded Patterns on Slopes Move Uphill

@ On slopes, water flow downhill causes striped patterns
which move uphill
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Travelling Wave Equations

The patterns move at constant shape and speed
= u(x,t)=U(z2), w(x,t) = W(z2),z=x —ct

=0
0

d?U/dz? + cdU/dz + WU? — BU
(v+c)dW/dz + A— W — WU?

Patterns are periodic (limit cycle) solutions of these equations

Calculation of all possible patterns is done in three steps.

Jonathan A. Sherratt
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Detailed Calculation of Possible Wavelengths Banded Patterns on Slopes Move Uphill
Travelling Wave Equations
Pattern Stability

Step 1: Calculate the Locus of Hopf Bifurcations

Patterns are periodic (limit cycle) solutions of the equations

d?U/dz® + cdU/dz + WU? - BU = 0
(v+c)dW/dz+A-W - WU? = 0

Patterns lie on a solution branch that starts at a Hopf
bifurcation point (in most cases)

Step 1: Calculate the locus of Hopf bifurcations in the A—c
plane
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Step 1: Calculate the Locus of Hopf Bifurcations
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Step 2: Calculate Some Branches of Pattern Solutions
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Step 2: Calculate some branches of pattern solutions. These
end at a homoclinic solution
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Step 3: Calculate the Locus of Homoclinic Solutions

-
»
)

A

Step 3: Calculate the homoclinic locus, approximated by the
locus of patterns of a fixed, very long period
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Step 3: Calculate the Locus of Homoclinic Solutions
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Step 3: Calculate the homoclinic locus, approximated by the
locus of patterns of a fixed, very long period
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Pattern Stability

Not all of the possible patterns are stable as solutions of the
model equations.

40 -]
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Pattern Stability

Not all of the possible patterns are stable as solutions of the
model equations.

Busse
Balloon

Wavelength

40 -]

A Rainfall
The parameter region with stable patterns is known as the
“Busse balloon”.
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Pattern Stability

Not all of the possible patterns are stable as solutions of the
model equations.

Busse
Balloon

Key Result

For many rainfall levels,
there are stable patterns
with a range of wavelengths.

Wavelength

Rainfall
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Detailed Calculation of Possible Wavelengths Banded Patterns on Slopes Move Uphill
Travelling Wave Equations
Pattern Stability

The Eigenvalue Problem

PDE model: us = uz; + cuy + f(u, w)
w; = vWz + cvz + g(u, w)

Periodic wave satisfies: 0 = U, + cU; + f(U, W)
Consider u(z,t) = U(z) + eMu(z) with |U] < |U|
w(z,t) = W(z)+ eMw(z) with [w| < |W]|
= Eigenfunction eqn: \u = u,; + cu, + f,(U, W)u + f, (U, W)w
Boundary conditions: u(0) = t(L)e"” (0 <~ < 2n)
w(0) = w(L)e" (0 <~ < 2n)
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PDE model: u; = uz; + cu; + f(u, w)
w; = vWz + cvz + g(u, w)

Periodic wave satisfies: 0 = U, + cU; + f(U, W)
Consider u(z,t) = U(z) + eMu(z) with |t] < |U|
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Periodic wave satisfies: 0 = U, + cU; + f(U, W)
Consider u(z,t) = U(z) + eMu(z) with [t] < |U|
w(z,t) = W(z)+ eMw(z) with [w| < |W]|
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The Eigenvalue Problem

PDE model: u; = uz; + cu; + f(u, w)
w; = vWz + cvz + g(u, w)

Periodic wave satisfies: 0 = U, + cU; + f(U, W)
Consider u(z,t) = U(z) + eMu(z) with |U] < |U|
w(z,t) = W(z)+ eMw(z) with [w| < |W]|
= Eigenfunction eqn: \u = u,; + cu, + f,(U, W)u + f, (U, W)w
Boundary conditions: T(0) = t(L)e” (0 <~ < 2n)
w(0) = w(L)e" (0 <~ < 2n)
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Detailed Calculation of Possible Wavelengths Banded Patterns on Slopes Move Uphill
Travelling Wave Equations
Pattern Stability

The Eigenvalue Problem

Eigenfunction eqn: A\t = u,,; + cu, + (U, W)u + f, (U, W)w

Here 0 < z < L, with (T, w)(0) = (4, w)(L)e" (0 < v < 2n)
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The Eigenvalue Problem

Eigenfunction eqn: A\t = u,,; + cu, + (U, W)u + f, (U, W)w

Here 0 < z < L, with (T, w)(0) = (4, w)(L)e" (0 < v < 2n)

m

Re()\) <0

T

u(zt) or w(zt)
u(zt) or w(zt)
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The Eigenvalue Problem

Eigenfunction eqn: A\t = u,,; + cu, + (U, W)u + f, (U, W)w

Here 0 < z < L, with (T, w)(0) = (4, w)(L)e" (0 < v < 2n)

Re(\) >0

T

u(zt) or w(zt)
u(zt) or w(zt)
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Numerical Calculation of Eigenvalue Spectrum

(based on Jens Rademacher, Bjorn Sandstede, Arnd Scheel Physica D 229 166-183, 2007)

@ solve numerically for the periodic wave
by continuation from a Hopf bifn point
in the travelling wave egns

O == Uzz+CUz+f(U’W)
0 = vWo+cW,+g(U W) (z=x—ct)

Jonathan A. Sherratt Predicting Pattern Wavelength Using Mathematical Models



Detailed Calculation of Possible Wavelengths Banded Patterns on Slopes Move Uphill
Travelling Wave Equations
Pattern Stability

Numerical Calculation of Eigenvalue Spectrum

(based on Jens Rademacher, Bjorn Sandstede, Arnd Scheel Physica D 229 166-183, 2007)

@ solve numerically for the periodic wave N — ]
by continuation from a Hopf bifn point - . | ?
in the travelling wave egns t

@ for v = 0, discretise the eigenfunction
equations in space, giving a (large)
matrix eigenvalue problem

Im(eigenvalue)
°

L

3

o
T
.

Re(eigenvalue)

NI = Ug+ Cly + (U, W)U+ £, (U, W)W, T(0) =u(L)e”

AW = vW;+cw;y+ gu(U, W)u + guw(U, W)w, w(0)=w(L)e"
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Numerical Calculation of Eigenvalue Spectrum

(based on Jens Rademacher, Bjorn Sandstede, Arnd Scheel Physica D 229 166-183, 2007)

@ solve numerically for the periodic wave ol
by continuation from a Hopf bifn point ——— ‘
in the travelling wave egns S~

@ for v = 0, discretise the eigenfunction
equations in space, giving a (large)

°

Im(eigenvalue)

matrix eigenvalue problem 7
© continue the eigenfunction equations - ‘
numerically in v, starting from each of T e

the periodic eigenvalues
NI = Ug+ Cly + (U, W)U+ £, (U, W)W, T(0) =u(L)e”
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Numerical Calculation of Eigenvalue Spectrum

(based on Jens Rademacher, Bjorn Sandstede, Arnd Scheel Physica D 229 166-183, 2007)

@ solve numerically for the periodic wave ol
by continuation from a Hopf bifn point ——— ‘
in the travelling wave egns - ‘

@ for v = 0, discretise the eigenfunction
equations in space, giving a (large)
matrix eigenvalue problem

© continue the eigenfunction equations -

numerically in v, starting from each of Retcigeavalue)
the periodic eigenvalues

°

Im(eigenvalue)

&

This gives the eigenvalue spectrum, and hence (in)stability
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Numerical Calculation of Eigenvalue Spectrum

(based on Jens Rademacher, Bjorn Sandstede, Arnd Scheel Physica D 229 166-183, 2007)

‘ ‘ ‘ , ‘ ‘ ‘ ,
[N S . ' B H
: 04 | - 0
-~ i ™~
05 1
PN . ! _o2p
L R
¥ 1 Eckhaus H
g i -02
. ‘ instability .
-1 /y' . /,
-1.5 -1 -0.5 0 -8 4

Re(eigenvalue) Re(eigenvalue)

STABLE UNSTABLE

This gives the eigenvalue spectrum, and hence (in)stability

A. Sherratt Predicting Pattern Wavelengtl ing Mathematical Models
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Stability in a Parameter Plane

By following this procedure at each point on a grid in parameter
space, regions of stability/instability can be determined.

In fact, stable/unstable boundaries can be computed accurately
by numerical continuation of the point at which

Re\ = Im\ =y = 9?Re) /012 =0

(Eckhaus instability point)
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Stability in a Parameter Plane
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The Onset of Patterning

At high rainfall levels, vegetation is uniform.
The transition to patterns is a “tipping point”

Tipping
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Effects of Changing Rainfall Levels

The Onset of Patterning

At high rainfall levels, vegetation is uniform.
The transition to patterns is a “tipping point”

Tipping
point

Rainfall

Time

The tipping point occurs when the homogeneous steady state
becomes unstable.

Jonathan A. Sherratt

Predicting Pattern Wavelength Using Mathematical Models



The Onset of Patterning
Desertification
Effects of Changing Rainfall Levels History-Dependent Patterns
Mathematical Explanation of Hysteresis
Ecological Conclusions

The Onset of Patterning
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Mathematical Explanation of Hysteresis

Wavelength changes abruptly at the edge of the Busse Balloon.

Busse
Balloon

Wavelength

Rainfall

The Busse Balloon can be calculated using the software
package WAVETRAIN (www.ma.hw.ac.uk/wavetrain)
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Ecological Conclusions

The mathematical model has predicted answers to the following
key ecological questions:

@ At what rainfall level is there a switch from uniform
vegetation to patterns?

@ At what rainfall level is there a transition to desert?

@ What determines the wavelength of vegetation bands?

Wavelength depends on both parameters and patterning
history.
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The Origin of Vegetation Patterns

Vegetation patterns develop via either degradation of uniform
vegetation, or colonisation of bare ground.
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The Origin of Vegetation Patterns

Vegetation patterns develop via either degradation of uniform
vegetation, or colonisation of bare ground.
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For degradation of uniform vegetation, pattern wavelength can
be calculated via the stability of the homogeneous steady state:
wavelength=1/(most unstable frequency).
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Downhill <— Uphill
Very low rainfall: an isolated vegetation patch dies out

Time Slightly larger rainfall: both edges move uphill

Larger rainfall: the patch expands both uphill and downhill
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