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The Church Project

# |nvestigates foundations, design principles, and
Implementation technigues for programming languages.
Named in memory of Alonzo Church.

# Members most relevant to this research:

Boston Coll. Bob Muller
Boston Univ. Assaf Kfoury, Gang Chen,

Geoff Washburn, lan Westmacott
Harvard Univ. Allyn Dimock, Glenn Holloway

Heriot-Watt Univ. Joe Wells, Torben Amtoft,
Christian Haack
Kansas State Univ. Anindya Banerjee
Wellesley Coll. Lyn Turbak
#® Web address: http://ww. church-project. org/
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The Church Project: Related Work

o )\“IL: explicitly typed calculus, intersection/union
types [Wells et al., 1997, 2002].

# A polyvariant/polymorphic type/flow analysis algorithm
using rank-2 intersection types [Banerjee, 1997].

# Strongly typed representation transformation in an SML
compiler supporting standard, selective, and lightweight
(limited forms) closure conversion and flow-directed
Inlining [Dimock, Muller, Turbak, and Wells, 1997,
Dn‘n“k Westmacott, Muller, T
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# Principal typing algorithm for intersection
types [Kfoury and Wells, 1999].
# Exact complexity of rank-k ACI intersection type
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| nter section Types
Type polymorphlsm by listing usage types [Coppo et al.,

J.HESU Barbanera et dl J.Eﬂﬂ:)]

Why “intersection™? If [¢] and |r]| are program fragment
sets, then [o N 7] = [o] N [7].

Example comparing intersection and V-quantified types:

intersection types: (fn x = x)(int—int)N(bool—bool)
v-quantified types: (fn x = x)’*(@—a)

Example is semantically like Va € {int,bool}.ac — «, but
has significant practical differences.

Benefits of intersection types:

s Type information closer to actual behavior.

s More programs are typable.
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Polymor phism with Intersection Types

int bool bool int

(int X bool) — (bool X int) )
— (fn (}(real7 yreal) :> (y‘real7 Xreal )) ’

m (real Xreal) —(real Xreal)

val swap<
val pair1™**P°°l = (1 true);
val pajr2reatxreal — (2.7.9.9);

(Swap(int Xbool)—(bool Xint) pairi,

swap(real Xreal)— (real Xreal) pa1r2) :

# All types discovered automatically [van Bakel, 1993;

Jim, 1996; Kfoury and Wells, 1999;
Ronchi Della Rocca, 1988].

#® EXxposes usage types throughout.

# Structuring of independent type analyses is the
problem.
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Typability for Various Systems
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(Asymptotic complexity now
known [Kfoury, Mairson, Turbak, ar
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Flexibility of Intersection Types

fun self apply2z = (zz) z;
fun apply £ x = £ x;
fun reverse applyyg=gy;

fun id w = w;
(self apply2 apply not true,
self apply2 reverse apply id false not);

#® The example safely computes (false, true).

#® Urzyczyn [1997] proved this example is not typable in
F., considered the most powerful type system with
universal guantifiers.

# The example is typable in the rank-3 restriction of
Intersection types.
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Troublewith I ntersection | ntroduction

The intersection-introduction rule:

E-M:00 EFM:T

A-INtro
E-M:0NT ( )

Notice: same proof term for premises and conclusion, no
syntax Is introduced. The usual type annotation approach

falls immediately, e.q.:

EFr (Ario.x):(c—0); EF(Axrz):(r—71)

ErF (Ax:|?2?2?.2): (0 = 0) AN (T —7T)

Where | ??7? | appears, what should be written?
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Earlier Approaches
Reynold’s Forsythe [Reynolds, 1996]:
(Ax:oq| - |on. M) : (o1 —=T)N-- A(op —T)
However, it can not make typed version of K have type 7x:

K = (Ax.\y.x)

i = (0= (e =) AT (T = 7))

Pierce [1991] gives a typed version of K the right type:
(for a € {o, 7} \z:a. A\y:a. @) : Tk

However, it can not give the term M the type 7

My = Az Ay z.(zy, x2)

Tf;( (((a—>5)A(ﬁ—>e))—>a%6%(5><6)))

ANy—7)—=r—=7—=(rx7))



Extending An Earlier Approach

# We could go beyond Pierce’s approach to make a typed
version of M, with the right type:

for {|0 — a,k— B,n+— 0,V — €,

0= 9,k = y,n =, v 9] )
M (=) AN(k—v). y:0. )2 k. (zy,z2)

# This is still unsatisfactory:

s Type information for a subterm is not stored at that
location.

s In general, well-typedness of a subterm can not be
determined independently of the larger term it is In.

» No Curry/Howard correspondence (where terms are
proofs).
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Our Earlier \*'* Approach

A typed version of M with type 7 in A\“!L [Wells et al.,
199/]

ANAz: (a—=0)AN(B—¢€) . My:a. z: 0. ((ma)y, (mhx)z)
ATy —= Y. Ay iy Az (zy, x2))

The tree structures of the A“'I term and the usual

typing derivation with intersection types are the same!

We have worked out the rules for correctly carrying out
the usual \-calculus manipulations, but these rules are

very tedious to implement.
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The System \B

Our system \B will be presented mainly by examples.

9

First, an example typing will be worked in both A and
A\B style. Don’t worry if you don’t understand parts.

Then, examples will cover the topics of kinds, type
selection and its parameters and arguments, branching
types, and type equivalence.

Then, the syntax and typing rules will be given, mainly
to point out how most of the rules are the usual ones.

Unfortunately, | will skip the concepts of expansion,
iInner and outer kinds of type selection parameters, and
the precise definitions of type erasure and trivial type
selection parameters and arguments.

Finally, some theorems will be stated.
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Example: An Untyped Term

(Az.z x) (A\y.y)



Example: A Corresponding \“'"-term

(Az.z x) (A\y.y)

@
) / \
AT A
I /7 \
@ )\yT )\yOé
/7 '\ | |
W{\ 7Té\ Yy’ y“
:L.O'I/\T :L.O'I/\T

wherer=a —cocando=7— 71



Example: A Corresponding \°-term

(Az.z x) (A\y.y)

T = a—«
T . .
| | T = {i=7,7]=a}
@ Ay
7\ |



Example: A Corresponding \°-term

(Az.z x) (A\y.y)

@ T = a—«
/ \ O —= T — T

A | = {i=7,j=a}

/@\ AyITy AYYT o Ty — Ty



Example: A Corresponding \°-term

(Az.z x) (A\y.y)

@ T = a—«

/ \ O —= T — T
A | = {i=7,j=a}
/@\ AyITy AYYT o Ty — Ty

2

li=17—->1j=a—a}



Example: A Corresponding \°-term

(Az.z x) (A\y.y)

T = a—«
A g \AP co T
T . .
| | T = {i=7,7]=a}
@ A Ty Ty =y
yITy ~ {i=7—>7T,j=a—a}

join{i = %, j = %}



Example: A Corresponding \°-term

(Az.z x) (A\y.y)

@ T = a—«
VRN o = T—T
)\$| A|P T = {i=7,7]=a}
AN W S I I
Ty ~ {i=7—>7j=a—a}

| | P = join{i = x,j = x}
o v APXy™.1, : VP.(1, — 1)



Example: A Corresponding \°-term

(Az.z x) (A\y.y)

-
VRN o
Ax’® AP
I | Ty
@ Ay Ay yTy
7\ | vy
y'
| | P
e L AP Xy™.7y
Tx

a—
T — T

lt=m7J=0a;

Ty — Ty
li=17—->1j=a—a}
join{i = %, j = %}
VP.(ry — 1)
VP.(1y, — 1)
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Example: A Corresponding \°-term

(Az.z x) (A\y.y)

@ T = a—«Q
y N o = T —T
AxTe AP . .
| | T = {i=7,7]=a}
/ @\ )\yry Ay"vyt o Ty — Ty
[27*} []’*] yTy ~ {7::7'—>T,j:()4—>&}

| | P = join{i = x,j = x}
v APXy™.1, : VP.(1, — 1)
T, = VP(r, — 7))



Nested Branching Types

Consider \““-term
of this shape:

/\

TAVAN

A\ Ax3
/7 \ |

AxTt A2 ™3

71 T2




Nested Branching Types

Consider \““-term
of this shape:

/\

TAVAN

A\ A\x’3
/. \ |
Axr™ Ax 2 '3

™ 1™

In \B, the variable z
IS annotated by this
branching type:

{i:{k:ThZ:TZ}aj:TS}
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Nested Branching Types

Consider \““-term
of this shape:

/\

TAVAN

A\ A\x’3
/. \ |
Axr™ Ax 2 '3
| |
xt 2

In \B, the variable z
IS annotated by this
branching type:

{i:{k:ThZ:TQ}aj:TS}

This type may be
viewed as a tree:

VAN,
AN
71 T2
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Kinds

Consider \““-term
of this shape:

/\

TAVAN

A\ Ax3
/7 \ |
Ax™! Ax 2 x’3
| |
x’ x?
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Kinds

Consider \““-term
of this shape:

/\

TAVAN

A\ Ax3
/7 \ |

AxTt A2 ™3

71 T2

Typing judgments and
kinds (branching shapes):

Er-M:71atk
k € Kind == * | {i=#r;}

Kind k structures indepen-
dent typings of term M.
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Kinds

Consider \““-term
of this shape:

/\

TAVAN

A\ Ax3
/7 \ |
Ax™! Ax 2 x’3
| |
x’ x?

Typing judgments and
kinds (branching shapes):

Er-M:71atk
k € Kind == * | {i=#r;}

Kind k structures indepen-
dent typings of term M.

The kind used for typing

LT

z‘./'\*j
AN
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Type Selection Parameters

P € IndParameter ::= x | join{i = B}/
P € Parameter == P | {i=P}!

Example:
{l =join{j =join{k =%, j=x},i=x},i={j =x* k=x}}
Its tree representation:
[ -1
/ \
~Jjoin
J/ N\t J/ \Fk
join * >|< >|<

k/ \J
* %
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Branching Types

o,r€Ty = a|o—71| {i=n} | VPr
Example:

P={l=join{j=joinlk =, j =%}, t =}, i ={j = *, k= x}}
T={l={j=1k=n,j=mn}i=m}t={j=m, k="5}}

o=VPr1 = v
z./ \
join/\ /\
7.7 N1 ]/\/fj/\’& J/\k

join X T4 T5

k/ \j k/\J
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Type Equivalence

The type reduction rules:

{i = 07;}[ — {i = 7'7;}] - {i=o0; — 7'7;}[
V{Z = PZ}I{Z = 7'7;}] — {Z = VP@.T@}I
V.7 > T

> 1S the reflexive and transitive closure of .
~ |s the reflexive, transitive, and symmetric closure of .
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Type Equivalence

The type reduction rules:

fi=c ¥ = {i=n} ~ {i=0 -7}
V{Z = PZ}I{Z — 7'7;}] — {Z — \V/PZ'.Ti}I
V.1 = T

> 1S the reflexive and transitive closure of .
~ |s the reflexive, transitive, and symmetric closure of .

The type reduction rules “bring a type’s branching shape to
the surface”.
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Example of Equivalent Types

l / \ |
join/ / \

j 7/ N\ J/\k J/\Z J/\k

join * TA Ts

k/ \J k/\]

PN
N WA,

J/Jom\Z ]/.\z
e \

join

k/ \Jj k/ \J’




Type Selection Arguments

A € IndArgument = * | i, A
Ac Argument = A | {i= A}
Example:
[ / \z
(4, k, %) -

J/\/f



Type Selection

select' : Ty x Argument — Ty (partial function)

Example:
o= jom/ \ / \
i/ N\ J/\k J/\Z VAN
VAN /NG

A=|(j,k, *) : select' (1, A) =| 71
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Termsand Typing Rules

M,N €Term == APM | M[A] | \ea™.M | M N | 2"



Termsand Typing Rules

M,N e€Term == APM | M[A] | ™M | M N | a7

Conversion rule:

(~) EFEM:T1atk

. ~ /
EEM matn 1T
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Termsand Typing Rules

M,N e€Term == APM | M[A] | ™M | M N | a7

Conversion rule:

(~) EFEM:T1atk

ErM:7 atk

Standard rules:

(ax) ol E—— If (F:x)and (1 ~ E(x))
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Termsand Typing Rules

M,N e€Term == APM | M[A] | ™M | M N | a7

Conversion rule:

EFEM:T1atk
(=) EEM rate T
Standard rules:
(ax) ol E—— If (F:x)and (1 ~ E(x))

(=) FElx ol M :1atk
—:
! EFE XN M:0—7atk

EFEr-M:0—7atk; EFN:0atk
(—e) :
EFEr-MN:Tatk
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Termsand Typing Rules (cont.)

V-rules:

EHFM:T1atk

- i _ !
B+ MA 7 atr If (select'(7, A) =7')

(Ve)

) expand(E, P) = M : 7 at | P]
| E+APM :VPrat |P|




Term Reduction

Substitution:

(AP.M)[z := N] _ AP (M[z := expand(N, P)))

Reduction rules:

Br)  (A".M)N) — (Mlz:= NJ)



Term Reduction

Substitution:
(AP.M)|x := N| : AP. (M |z := expand(N, P)])

Reduction rules:

Br) (A" M)N) — (M[z:= N])
(BA) (AP.M)[A] — AP'.((select®(M, A%))[A?]),

If match(P, A) = (P, A%, A?) and P, A not trivial
(%) (AP.M) — M, if Pistrivial

(%4) (M[A]) — M, If Aistrivial



Theorems

Theorem (Subject Reduction).

If (M — N)and (EF M :7atk),then (FF N : 7 at k).

Type erasure: |- |: Term — UntypedTerm

Theorem (Soundness of Reduction).
If M — N, then |M| —* |N|.

Theorem (Completeness of Reduction).
If M is well-typed and |M| — |N|, then (M —* N).
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More Theorems

Theorem (Correspondence with Intersection Types).
There exist straightforward translations from typing

derivations in \B to typing derivations in a standard system
of intersection types and vice versa.

Corollary (Strong Normalization).

If M is a well typed \B-term, then M and | M| are strongly
normalizable.

If pure A-term M Is strongly normalizable, then there exists
a well typed A\B-term M’ such that |M'| = M.
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Other Related Work

# Venneri succeeded in completely removing the
Intersection introduction rule, but this was for
combinatory logic [Venneri, 1994;

P P P PP

called Intersection Logic (IL) which is similar to \B, but
has nothing corresponding to our explicitly typed terms
or our type equivalences.

PP NP

# Capitani et al. [2001] have designed a system called HL
(Hyperformulae Logic) similar to IL, although it seems
to be less complicated. HL also has nothing
corresponding to our explicitly typed terms or our type
equivalences.
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Future Work

# Extend to handle subtyping.

o Extend with support for an equivalent of the w type

constant of some systems with intersection types.

# Extend with union types.

# Integrate with features like the expansion variables of

System | [Kfoury and Wells, 1999].

# Extend with many other real language features.

Implement in a compiler.
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Conclusions

» )\Bis the first explicitly typed calculus with the power of
Intersection types which has the Curry/Howard
correspondence (the structure of typed terms
corresponds to the structure of the proofs they
annotate) and does not duplicate subterms.

# Lots of nice theoretical properties have been verified for

A\B: subject reduction, soundness and completeness of
typed reduction w.r.t. 5-reduction on the corresponding
untyped A-terms, correspondence to traditional
Intersection types (in unpublished long version).

# Inlogic, \B terms may be useful as typed realizers of
the so-called strong conjunction, but we do not plan to
Investigate this ourselves.
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Outer Kinds of Parameters

|- | : Parameter — Kind

k] == loin{i=P}] ==  [{i=R}]={i=[~]}

Example:
[  -_1 :
RN VAN
join - *
j 7/ Nt Jj/ \k i/ \k
join * * * * *

k/ \J
k %



| nner Kinds of Parameters

[-] : Parameter — Kind

[¥] =%, [join{i=P} = {i=[R]"}, [{i=PR}1={i=

Example:
[ -1 [ . 4
N - 7N\
J./ \t J/\/f J/\Z J/\k

join *

k/ \J k/\]
ES ES
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