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e Historical excursus

e Fine and Wilf theorem (two original but less known proofs)
e Compactness property of systems of word equations

e Encoding of word equations into polynomials

[including a commercial break]



Fine and Wilf: The Periodicity Lemma, Proof 1

Theorem

Let {f,}5° and {gn}5° be two periodic sequences of periods h and
k, respectively. If f, = g, for h+ k — (h, k) consecutive integers n,
then f, = g, for all n. The result would be false if h + k — (h, k)
were replaced by anything smaller.



Fine and Wilf: The Periodicity Lemma, Proof 1

Theorem

Let {f,}5° and {gn}5° be two periodic sequences of periods h and
k, respectively. If f, = g, for h+ k — (h, k) consecutive integers n,
then f, = g, for all n. The result would be false if h + k — (h, k)
were replaced by anything smaller.

Proof.

Use discrete Fourier bases of functions with the period k and h:

v Wj(n) = 7%, j=01,... k-1,
o #(n) = e2mhn, i=01,... h—1.

There are altogether h+ k — (h, k) linearly independent elements in
W U ®. Therefore the interpolation of the shared interval is unique

iff it is of at least that length (with the support in W N ®). o



Fine and Wilf: The Periodicity Lemma, Proof 2

Theorem

Let {f,}5° and {gn}5° be two periodic sequences of periods h and
k, respectively. If f, = g, for h+ k — (h, k) consecutive integers n,
then f, = g, for all n. The result would be false if h + k — (h, k)
were replaced by anything smaller.
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Theorem

Let {f,}5° and {gn}5° be two periodic sequences of periods h and
k, respectively. If f, = g, for h+ k — (h, k) consecutive integers n,
then f, = g, for all n. The result would be false if h + k — (h, k)
were replaced by anything smaller.

Proof.




Compactness property

e Theorem (Compactness property)

Every infinite system of equations in finitely many unknowns is equiv-
alent to a finite subsystem.



Compactness property

e Theorem (Compactness property)

Every infinite system of equations in finitely many unknowns is equiv-
alent to a finite subsystem.
Easily equivalent (1980) to “Eherenfeucht’s conjecture”
(beginning of 1970s - Nowa Ksiega Szkocka, problem 105)

e Theorem

Every language over a finite alphabet has a finite test set (testing
equality of morphisms on the language).

e Proved independently by Albert & Lawrence (1985); and
Guba (1986).

e Core of both proofs: Hilbert's basis theorem.
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‘s (ax bx> [ (ay by> . (az bz>
Cx dy ¢, dy c, dy
azbxcy + axbyc; + bxc,d, = a;bycx + axb,c, + b,cid,
axayb; + axb,d; + byd,d, = aya,bx + ayb,dx + b;dxd,
ayazCx + axc,dx + czdydy, = axayc; + axc,d; + cxd,d;
aybycx + byc,dy + bycxd; = aybyc; + byc;dx + bxc,d,
axdy — bycy =1
aydy, — b,c, =1

ay,d, — b,c, =1



What is the size of the equivalent subsystem?

e The system is independent if it has no equivalent subsystem.
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What is the size of the equivalent subsystem?

e The system is independent if it has no equivalent subsystem.
e Big open question
Is the size of an independent system of equations over n
unknowns bounded?

e Open already for three unknows (trivial for two).
e Unbounded in free groups.

e Lower bound Q(n*) (explicit system by Karhumiki and
Plandowski 1996, Karhumaki and Saarela 2011).



Bounds on the size of independent systems for three unknowns




Bounds on the size of independent systems for three unknowns

Let Eq,...,Eyn, m > 2, be an independent system of equations in
three unknowns having a nonperiodic solution.

e Aleksi Saarela, Systems of word equations, polynomials and
linear algebra: A new approach, European J. Combin. 2015

m < (|E1|x + |E1l,)? + 1 for some pair x, y of unknowns.



Bounds on the size of independent systems for three unknowns

Let Eq,...,Eyn, m > 2, be an independent system of equations in
three unknowns having a nonperiodic solution.

e Aleksi Saarela, Systems of word equations, polynomials and
linear algebra: A new approach, European J. Combin. 2015

m < (|E1|x + |E1l,)? + 1 for some pair x, y of unknowns.

e SH, Jan Zemlitka, Algebraic properties of word equations,
Journal of Algebra 2015

m < 2(|E1|x + |E1|y) + 1 for any pair x, y of unknowns.



Representation by polynomials

Let the alphabet A be a subset of Ny, and let unknowns be
©={xy,z}.

P: A" — Nyla]

203132+ ap — dg + a10 + @ + - - + apa”
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Representation by polynomials

Let the alphabet A be a subset of Ny, and let unknowns be
©={xy,z}.

P: A" — Nyla]

203132+ ap — dg + a10 + @ + - - + apa”

For a morphism ¢ : ©* — A*, let
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Representation by polynomials

S Ex{xy,z} = Z[X,Y,Z]
E: (xyyz, zyyx)

Ser=1— zZy?
Sey=X+XY—-Z-2Y
SE,z - XY2 -1

SE = (SE,Xv SE,ya SE,Z) € Q(X, Y,Z)3
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Representation by polynomials

S Ex{xy,z} = Z[X,Y,Z]
E: (xyyz, zyyx)

Ser=1— zZy?
Sey=X+XY—-Z-2Y
SE,z - XY2 -1

SE = (SE,Xv SE,ya SE,Z) € Q(X, Y,Z)3
Length type L = (L, Ly, L,) € N3. Define #£(L) by morphism

Q. : Z[X, Y, Z] = Q(a)

= by Z ol

X =« Y = «
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Representation by polynomials

o with L(¢) = {[e(x)], |¢(¥)]; l¢(2)]} is a solution of E

if and only if

JE(L(p)) - Z(p) =0.
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Representation by polynomials: Example (by Dirk Nowotka)

Eq :(xyzz, zzxy)

E; :(xyxzz, zzxxy)
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Representation by polynomials: Example (by Dirk Nowotka)

Eq :(xyzz, zzxy)

E; :(xyxzz, zzxxy)

;. a solution of the system without equation E;

©p -
p1:
Y2 -

X+ a y +— bab z+— ab
X+ a y +— babaabab z+— ab
X+ a y +— babab z+— ab
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Ey :(xyzz, zzxy)

E; :(xyxzz, zzxxy)
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Ey :(xyzz, zzxy)

E; :(xyxzz, zzxxy)
T =1—-2%X - XZ?, XY +XYZ -1 2)
Fe, =1+ XY =22 - XZ% X — X272, X?Y + X?°YZ -1 - 2)

If a common non-periodic solution ¢, then .7, (L(y)) and
ZE,(L(p)) are linearly dependent over Q(«).

14



Ey :(xyzz, zzxy)

E; :(xyxzz, zzxxy)

T =1—-2%X - XZ?, XY +XYZ -1 2)
S =1+ XY =22 - XZ? X - X?Z2, X?Y + X?YZ -1 - 2)

If a common non-periodic solution ¢, then .7, (L(y)) and
ZE,(L(p)) are linearly dependent over Q(«).

wp: Xxra ywrrbab zw~— ab
P(p) = (a, b+ aa + ba?, a+ ba)
P(o)=(1,0,1)  P(p) = (0,14 0a? )
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Ey :(xyzz, zzxy)

E; :(xyxzz, zzxxy)

e =01—-2%X - XZ2 XY +XYZ -1-2)
T, =1+ XY = 2% - XZ° X — X?Z2, X?Y + X?YZ -1 - 2)

L(‘P) = (1?372)
P(p)=(1,a,1) P(¢) = (0,1+a?,0)

e (L) =1 -a*,a—a®a* +a® —1-a?)
T (L) =1 —-a®,a—ab,d®+a’ —1—-a?)

_1—a5
C1-—af

Ze(L(¢)) Za(L(p))

ii5)



E; :(xyzz, zzxy)

E; :(xyxzz, zzxxy)

T =1—-2%X - XZ?, XY +XYZ —1-2)
S5 =1+ XY - Z2 - XZ? X - X?Z2, X?Y + X?YZ -1 - 2)
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E; :(xyzz, zzxy)

E; :(xyxzz, zzxxy)
T =1—-2%X - XZ?, XY +XYZ —1-2)
Fe, =1+ XY = 2% - XZ? X — X272, X?Y + X?YZ -1 - 2)
GCD of all three 2 x 2 minors is

7(E1, B) = X(1 + Z)(XY — Z?).
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S =1+ XY =22 - XZ2 X — X272, X?Y + X2YZ -1 - 2Z)
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For what L, the polynomial 7 vanishes under the mapping ;7
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E; :(xyzz, zzxy)

E; :(xyxzz, zzxxy)
T =1—-2%X - XZ?, XY +XYZ —1-2)
S =1+ XY =22 - XZ2 X — X272, X?Y + X2YZ -1 - 2Z)
GCD of all three 2 x 2 minors is
7(E1, B) = X(1 + Z)(XY — Z?).
Q: X ab Y 5 aby Z ot
For what L, the polynomial 7 vanishes under the mapping ;7
L I, = 2L

() + lp(y)l = 2le(2)]
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Prize problem

| will pay 200 € to the first person who gives the answer (with a
proof) to the following question:

Is there a positive integer n > 2 and words uy, up, . . ., u, such that

) )

both equalities

2 22 2
(ule...un) :u1u2...un7
3 3.3 3
(u1u2...un) f— u1u2...un."
hold and the words u;, i =1,...,n, do not pairwise commute (that
is, ujuj # uju; for at least one pair of indices /,j € {1,2,...,n})?

17



Linear spaces of length types

Length types are not individuals; they form cones of dimension
equal to the rank of the solution.

wp: Xxra ywrrbab zw~— ab
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Length types are not individuals; they form cones of dimension
equal to the rank of the solution.

wp: Xxra ywrrbab zw~— ab

Ue: arsa b b
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Linear spaces of length types

Length types are not individuals; they form cones of dimension
equal to the rank of the solution.

Yp: Xr+a yr>bab zw— ab
Ue: arsa b b
Length types of solutions
£ = {L(Wsz0 pp) | k¢ €N}

form a lattice in
((1,1,1),(0,2,1))qp -
Vectors .7, (L) and .7, (L) are linearly dependent (i.e. the GCD

of minors vanishes) for all L € ..

18



Linear spaces of length types

Length types of solutions
&L = {L(Ike o pp) | k.t € N}
form a lattice in
((1,1,1), (0,2, 1)>Q.

Vectors .7, (L) and .7, (L) are linearly dependent (i.e. the GCD
of minors vanishes) for all L € .Z.
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Linear spaces of length types

Length types of solutions
&L = {L(Ike o pp) | k.t € N}
form a lattice in
((1,1,1),(0,2, 1)>Q.

Vectors .7, (L) and .7, (L) are linearly dependent (i.e. the GCD
of minors vanishes) for all L € .Z.

Lemma

Let A € Z"\ {0} have coprime coefficients and let N C N (\) be of
rank n — 1. Then p € Z[X] satisfies Q;(p) = 0 for all L € N if and
only if (X)‘@ — X’\@) ’ p.
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Linear spaces of length types

Length types of solutions
&L = {L(Ike o pp) | k.t € N}
form a lattice in
((1,1,1),(0,2, 1)>Q.

Vectors .7, (L) and .7, (L) are linearly dependent (i.e. the GCD
of minors vanishes) for all L € .Z.

Lemma

Let A € Z"\ {0} have coprime coefficients and let N C N (\) be of
rank n — 1. Then p € Z[X] satisfies Q;(p) = 0 for all L € N if and
only if (X)‘@ — X’\@) ’ p.

A=(1,1,-2) Xp=(1,1,0) X5 =(0,0,2) (XY —2Z?)
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The bound

Each independent equation E; needs its own hyperplane of types
for the solution ;.
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The bound

Each independent equation E; needs its own hyperplane of types
for the solution ;.

How many distinct monomials (X*¢ — X*¢) can divide 7(Ey, E>)?
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The bound

Each independent equation E; needs its own hyperplane of types
for the solution ;.

How many distinct monomials (X*¢ — X*¢) can divide 7(Ey, E>)?

special form of .“F

4

special form of 7

4

bound on the number of minimal mononomials in 7

bound on the number of mononomials (x/\@ — X/\9> dividing 7

20



e Exploit better the special form of 7 to improve the bound.

e Generalize the approach for all ranks, not just n — 1.
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