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Setting

o A ={z,y,z} — variables

e ¥ = {a, b} — constants

o (AUX)* x (AUZX)* — equations

e h: (AUX)* — X* constant preserving — solution

@ one-variable case: [ M - set of solutions with 1(z) € M

Examples
e xarbab = abarbx h(z) =corh(zx)=ab
e zxbaaba = aabaxrbx h(z) = aor h(xz) = aaba

e xab = bax [b(ab)*]
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Setting

e Sol(FE) — set of solutions of equation F

e Fi,...Eyn system of equations — independent if b1, ... hy exist
st h; € SOI(EJ) iff i £ j
(h1,...hnN) — independence certificate

e Fj,... Ey independent system with non-periodic solution A —

strongly independent system
(hi,...hn,h) — strong independence certificate

Examples
@ ryz = zyx and TYYyz = ZYYyx strongly independent
certificate ((a, b, abba), (a, b, aba), (a,b,a))
@ r—=candy =candz =¢ independent (not strongly)

certificate ((a, €, ¢), (¢, a,¢), (g,€,a))



Context

Theorem (Laine & Plandowski 2011)
Let E be a one-variable equation.

If Sol(E) infinite, then Sol(E) = [(pq)*p] with pq primitive.
If Sol(E) finite, then |Sol(E)| < 8logn + O(1).



Context

Theorem (Laine & Plandowski 2011)

Let E be a one-variable equation.
If Sol(E) infinite, then Sol(E) = [(pq)*p] with pq primitive.
If Sol(E) finite, then |Sol(E)| < 8logn + O(1).

Theorem (Holub & Zemli¢ka 2015)

A strongly independent system of 3-var equations (no constants) has at
most O(n) equations, where n is the length of the shortest equation.
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Theorem

< SIND-XYZ(c)

SOL-XAB(c) = SIND-XAB(c)
= SIND-XYZ(6¢ + 9)



SOL-XAB(c) = SIND-XAB(c)

Theorem (Dabrowski & Plandowski 2011)

Let I one-var equation and pq primitive. Then

Sol(E) N [(pq) *p]

is either equal to [(pq) T p] or has at most one element.
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SOL-XAB(c) = SIND-XAB(c)

Lemma

Let F'1, ... En strongly independent system of one-var equations.
If N > 3 then no equation has infinitely many solutions.

Suppose Sol(E1) = [(pq)*p].

Suppose Sol(Es) = [(p'q)*p'] and (h1, ha, hs, h4) s. i. certificate
hs, hy4 solutions of E7,

(pg)'p = (P'q")" P and (pg)ip = (p'q’)7'p' with i < j

(pg)’~* = (pg)? ~" implies pg = p'q’ implies p = p’ and q = ¢/
Suppose [(pq)*p] N Sol(E?2) finite

Contains two solutions hg, h4 contradicting previous theorem

(]
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SIND-XAB(¢) < SIND-XYZ(c)

Lemma

Let> = {ay,...ay} constants and
a: {zyuD)* = {z,9,2}*, z—z, a—yz

Let ), ... En strongly independent system of one-var equations.
Then a(E1), . .. a( En ) strongly independent system of three-var
equations (no constants).

o Letf: X* — {a,b}*, a; — a'b.

@ h is non-periodic solution of F, if, and only if,
gn:{z,y, 2} = {a, 0}, x = B(h(x)), yr—a, z—b

is non-periodic solution of a( ).
(gn © @ = B o h and [ injective)
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Budkina & Markov 1973; Spehner 1986

Classification of solutions of three-var equations (no constants):
A: h(z)=a, h(y) =0b, h(z) =c

B: h(zx),h(y),h(z) € a*

C: Leti,j > 0.Then Cyy.(i,7) is set of

h(z) =a, h(y)=da'ba’, h(z) € {a,b}*

where one of h(y) and h(z) begins (ends) with b.
D: Leti,j, k,f,m >0andik =j¢ =0andp,q > 1and
ged(p+ 1,9+ 1) = 1. Then Dyyz (i, 4, k, £, m, p, q) is

h(z) =a, h(y) =d'bla™b)Pa’,  h(z) = a"b(a™b)%a’.

Every strongly independent system of size N over three-variables
(no constants) has a certificate in (C U D)V +1
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Lemma (C)

Let E1, ... En strongly independent system in three variables with

a certificate (h1,...hy41) € Ci\ﬁl-

There is a s. i. system EY, . .. E'y in one variable with | E/,| < |E,|*.

o Leti,jst hyyr € Cayz(i,))
o Then (hi,...hN) € Cay(i, )V

a: {z,y,2}* = {a,b, 2}, x+— a, y — a'ba?, z — 2

hl:{a,b,z}* — {a,b}*, 2+ h,(2) (const. preserving)

@ Then h,, = h!, o awand

o a(E1),...a(EN) s.i. system in one-var, certificate (hf, ... hy )



SIND-XAB(c) = SIND-XYZ(6¢ + 9)

Lemma (D)

Let 'y, ... E4 strongly independent system in three variables with
a certificate (h1, . .. hs). Then at most one of the h; can be in Dy,..



Strongly independent systems of 3-var equations w/o constants

From Lemmas C and D together with [Laine & Plandowski 2011] follows

Theorem

A strongly independent system of 3-var equations (no constants) has at
most 16 logn + O(1) equations, where n is the length of the shortest
equation.
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Theorem
SIND-XAB(c) = SIND-XYZ(6c + 9).

(constants probably not optimal)

@ At most ¢ + 1 solutions in Cy, . by Lemma C
@ Considering all permutations of unknowns, then at most G¢ + 6 in C
@ At most one solution in D, by Lemma D

@ Same for Dy, and D.,, giving three solutions in D



Conclusion

< SIND-XYZ(c)

@ SOL-XAB(c) = SIND-XAB(c)
= SIND-XYZ(6¢c + 9)

@ Size of strongly independent systems in three-vars is in (’)(log n)



