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Theorem J

For every virtually special group, compressed knapsack is in NP.

@ virtually special: finite extension of a subgroup of a right-angled Artin
group

o compressed knapsack: equation g;* - -- g;* = g, where g1,..., 8k, &
are given by SLPs over ¥ U ¥ 1.
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For every virtually special group, compressed knapsack is in NP.

@ virtually special: finite extension of a subgroup of a right-angled Artin
group
o compressed knapsack: equation g;* - -- g;* = g, where g1,..., 8k, &

are given by SLPs over ¥ U ¥ 1.
Definition

Let A be an alphabet and / € A x A be irreflexive and symmetric. The
group G(A, ) is defined as

G(A,I) =<(A | ab = ba ((a,b) € l)).
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For every virtually special group, compressed knapsack is in NP.

Theorem J

@ virtually special: finite extension of a subgroup of a right-angled Artin
group

o compressed knapsack: equation g;* - -- g;* = g, where g1,..., 8k, &
are given by SLPs over ¥ U ¥ 1.

Definition
Let A be an alphabet and / € A x A be irreflexive and symmetric. The
group G(A, ) is defined as

G(A,I) =<(A | ab = ba ((a,b) € l)).

Groups of the form G(A, /) are called right-angled Artin group.
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Semilinear sets
@ A subset of N¥ of the form

n
L= vo—i-Zx,-v,- X1,...,Xp €N
i=1

with vo, vi, ..., v, € N¥ is called linear.
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Semilinear sets
@ A subset of N¥ of the form

n
L= vo—i-Zx,'v,- X1,y.--,Xp EN
i=1

with vo, vi, ..., v, € N¥ is called linear.

@ A subset of NX is semilinear if it is a finite union of linear sets.

Examples: non-negative solutions of linear diophantine equations

A set is semilinear if and only if it is first-order definable in (N, +, >,0).

Theorem (Ginsburg-Spanier 1966) J
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Semilinear sets
@ A subset of N¥ of the form

n
L= vo—i-Zx,'v,- X1,y.--,Xp EN
i=1

with vo, vi, ..., v, € N¥ is called linear.
@ A subset of N¥ is semilinear if it is a finite union of linear sets. )

Examples: non-negative solutions of linear diophantine equations

Theorem (Ginsburg-Spanier 1966)
A set is semilinear if and only if it is first-order definable in (N, +, >,0). J

Equivalence is effective — decidability
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Theorem

Let ui,up,...,up € G(A, D\{1}, vo,v1,...,vo € G(A,I) and let xy, ..., xp
be variables ranging over N. Then, the set of solutions of the exponent
equation

Vouy ViU vo - iyt vy =1

is semilinear.
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Algorithm for compressed knapsack
o Consider right-angled Artin groups
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Theorem
Let ui,up,...,up € G(A, D\{1}, vo,v1,...,vo € G(A,I) and let xy, ..., xp
be variables ranging over N. Then, the set of solutions of the exponent
equation

Vouy ViU vo - iyt vy =1

is semilinear. Moreover, if there is a solution, then there is a solution where
the x; are exponential in the size of SLPs for uy, up, ..., Up, Vo, V1, - -+, Vn.

v

Algorithm for compressed knapsack
o Consider right-angled Artin groups
o Guess binary representation of solution of g*--- g;* = g

o Construct an SLP for g;*--- gk g™!

o

Lohrey and Schleimer (2007): compressed word problem for each
right-angled Artin group in P.
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Trace monoids

Definition
o Let A be an alphabet and / < A x A irreflexive and symmetric.

Lohrey, Zetzsche (Uni Siegen, LSV Cachan) Knapsack in Graph Groups Les Diablerets 2016 5/13



Trace monoids

Definition
o Let A be an alphabet and / < A x A irreflexive and symmetric.

@ Let =, be the smallest congruence on A* with ab =, ba for all
(a,b) € I.

Lohrey, Zetzsche (Uni Siegen, LSV Cachan) Knapsack in Graph Groups Les Diablerets 2016 5/13



Trace monoids

Definition
o Let A be an alphabet and / < A x A irreflexive and symmetric.

@ Let =, be the smallest congruence on A* with ab =, ba for all
(a,b) € I.
@ The trace monoid M(A, ) is defined as

M(A,l) = A*/=,.
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Trace monoids

Definition
o Let A be an alphabet and / < A x A irreflexive and symmetric.

@ Let =, be the smallest congruence on A* with ab =, ba for all
(a,b) € I.
The trace monoid M(A, 1) is defined as

M(A,l) = A*/=,.

@ [u]; denotes the congruence class of u e A*.
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@ Let =, be the smallest congruence on A* with ab =, ba for all
(a,b) € I.
The trace monoid M(A, 1) is defined as

M(A,l) = A*/=,.

[u]; denotes the congruence class of u e A*.
We consider M(A*!, /£1), where

AT —(atl a7l ae A}, 1 = {(at!, btY) | (a,b) € I}
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Trace monoids

Definition
o Let A be an alphabet and / < A x A irreflexive and symmetric.

@ Let =, be the smallest congruence on A* with ab =, ba for all
(a,b) € I.
@ The trace monoid M(A, ) is defined as

M(A,l) = A*/=,.

@ [u]; denotes the congruence class of u e A*.
e We consider M(A*!, /%), where

AT —(atl a7l ae A}, 1 = {(at!, btY) | (a,b) € I}

@ A trace t is irreducible if there is no decomposition t = [uaa~lv], for
ae AT u v e (ATh)*
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We call a trace t connected if there is no factorization t = uv with
u+#1+#vand ulv.
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We call a trace t connected if there is no factorization t = uv with
u+#1+#vand ulv.

Lemma

Fix the alphabet A. Let p,q,u,v,s,t € M(A, ) withu # 1 and v # 1
connected. Then the set

{(x,y) e Nx N| pu*s = qv”'t}

is semilinear.
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We call a trace t connected if there is no factorization t = uv with
u+#1+#vand ulv.

Lemma

Fix the alphabet A. Let p,q,u,v,s,t € M(A,I) withu #1 and v # 1
connected. Then the set

{(x,¥) e Nx N | pu*s = gt}

is semilinear.

@ Techniques from recognizable trace languages:

e Construct finite automaton for [pu*s]; N [qv*t];.
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Levi's Lemma
Lemma

Let ui,...,Um,v1,...,vqa € M(A,I). Then uyus---um = viva--- v, if and
only if there exist w;j € M(A,I) (1 <i<m, 1< < n) such that

® Ui = wWi1Wjo--Wj, foreveryl <i<m,
® Vi = wijWy - Wpj forevery 1 <j < n, and
) (W,ka’g)ElIfl<1<k<mandn21>€>1
v
Vn le” W2,n W3’n Wm,n
V3 || W13 | W23 | W33 | ... | Wn3
Vo || Wi | Woo | W32 | ... | Wm2
Vi || wia | Wo1 | W31 | ... | Wmy
o [ [ [ | o |
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Let uy, up, ..., u, € IRR(ATL 1) be irreducible traces.
The sequence vy, ua, ..., uy is I-freely reducible if it can be reduced to the
empty sequence ¢ by the following rules:

@ uj, uj — uj, uj if U,‘/UJ'
U oy =yl
o uj,up —~eif ui=u;"in G(A )

4 u,-—>5ifu,~=5.
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Let uy, up, ..., u, € IRR(ATL 1) be irreducible traces.
The sequence vy, ua, ..., uy is I-freely reducible if it can be reduced to the
empty sequence ¢ by the following rules:

@ uj, uj — uj, uj if u,-IuJ-

o uj,ui —>eifu= uj_1 in G(A, 1)

o uy—cifu=ce.
Lemma
Let n>2 and uy, up, ..., u, € IRR(AEL ). If tqua---u, =1 in G(A, 1),
then there exist factorizations uj = u;1 - -- ujk, such that the sequence

U171, ey U]_J(17 U271, ey U27k2, ey u,,71, ey u,,’kn

is |-freely reducible. Moreover, >\7_; ki < 2" —2.
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Lemma

Let v = y1---ym be an equation where u is a concrete connected trace.
It is equivalent to a disjunction of statements

m m
Ix1, ..., Xm = 0: X=ZX,'~|-C A /\y,-zp,-ux"s,-,
i=1 i=1

where
@ pj,s; are concrete traces of length polynomial in m and |u|

@ c is a concrete number, polynomial in m
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Theorem

Let ui,un,...,un € G(A, D\{1}, vo,vi,...,va € G(A,I) and let xi, ..., xn
be variables ranging over N. Then, the set of solutions of the exponent
equation

Vou ViU vy - il v, =1

is semilinear. Moreover, if there is a solution, then there is a solution where
the x; are exponential in the size of SLPs for ui, up, ..., Un, Vo, Vi, ..., Vy.

v
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o Consider vo - u* - vy - 132 - vo- - uf vy =1
e By preprocessing, all factors ui*, u3?, ..., uX", vo, ..., v, are

irreducible, connected
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o Consider vo - u* - vy - 132 - vo- - uf vy =1

e By preprocessing, all factors ui*, u3?, ..., uX", vo, ..., v, are
irreducible, connected

@ Apply exponential refinement to obtain /-freely reducible sequence.
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o Consider vo - u* - vy - 132 - vo- - uf vy =1

e By preprocessing, all factors ui*, u3?, ..., uX", vo, ..., v, are
irreducible, connected

@ Apply exponential refinement to obtain /-freely reducible sequence.

Consider all possible refinements and all possible reduction sequences.
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o Consider vo - u* - vy - 132 - vo- - uf vy =1

e By preprocessing, all factors ui*, u3?, ..., uX", vo, ..., v, are
irreducible, connected

@ Apply exponential refinement to obtain /-freely reducible sequence.

Consider all possible refinements and all possible reduction sequences.

We obtain a disjunction of statements:
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o Consider vo - u* - vy - 132 - vo- - uf vy =1

e By preprocessing, all factors uy*, u3?, ..., uf", v, ..., v, are
irreducible, connected

@ Apply exponential refinement to obtain /-freely reducible sequence.

Consider all possible refinements and all possible reduction sequences.

@ We obtain a disjunction of statements:
(a) uf =yi1Yik (f) yij = 2z;
(b) vi=zi1 -z (&) zij =2
-1
() ¥ij = Yk (h) commutation relations
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o Consider vo - u* - vy - 132 - vo- - uf vy =1
e By preprocessing, all factors uy*, u3?, ..., uf", v, ..., v, are
irreducible, connected
@ Apply exponential refinement to obtain /-freely reducible sequence.
@ Consider all possible refinements and all possible reduction sequences.
@ We obtain a disjunction of statements:
(@) uf =yi1 - Yik (f) vij =21

(b) vi=2zi1--zy (&) zij=2z)

() ¥ij = Yk (h) commutation relations
@ Replace z,; by concrete traces.
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o Consider vo - u* - vy - 132 - vo- - uf vy =1

e By preprocessing, all factors uy*, u3?, ..., uf", v, ..., v, are
irreducible, connected

@ Apply exponential refinement to obtain /-freely reducible sequence.
@ Consider all possible refinements and all possible reduction sequences.
@ We obtain a disjunction of statements:

(@) v =yi1Yik

() ¥ij = Yk (h) commutation relations
@ Replace z,; by concrete traces.
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o Consider vo - u* - vy - 132 - vo- - uf vy =1

e By preprocessing, all factors uy*, u3?, ..., uf", v, ..., v, are
irreducible, connected

@ Apply exponential refinement to obtain /-freely reducible sequence.
@ Consider all possible refinements and all possible reduction sequences.
@ We obtain a disjunction of statements:

(@) v =yi1Yik

() ¥ij = Yk (h) commutation relations
@ Replace z,; by concrete traces.

X
@ Replace u;' = yj1--yixk
k

i
Xij
Xi=Ci+ ) Xij N VYij=Pijui"Sij
j=1
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o Consider vo - u* - vy - 132 - vo- - uf vy =1

e By preprocessing, all factors uy*, u3?, ..., uf", v, ..., v, are
irreducible, connected

@ Apply exponential refinement to obtain /-freely reducible sequence.
@ Consider all possible refinements and all possible reduction sequences.
@ We obtain a disjunction of statements:

() ¥ij = Yk (h) commutation relations
@ Replace z,; by concrete traces.

i
@ Replace u;' = yj1--yixk
ki
— - Xij
Xi=Ci+ ) Xij N VYij=Pijui"Sij
j=1
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o Consider vo - u* - vy - 132 - vo- - uf vy =1

e By preprocessing, all factors uy*, u3?, ..., uf", v, ..., v, are
irreducible, connected

@ Apply exponential refinement to obtain /-freely reducible sequence.
@ Consider all possible refinements and all possible reduction sequences.
@ We obtain a disjunction of statements:

-1 : .
() ¥ij = Yk (h) commutation relations
@ Replace z,; by concrete traces.

@ Replace u}’ = yi1-- ik

ki
_ _ Xi.j
Xi=Ci+ ) Xij N VYij=Piju;"Sij
j=1
@ Guess which x; are positive — eliminate commutation relations
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o Consider vo - u* - vy - 132 - vo- - uf vy =1

e By preprocessing, all factors uy*, u3?, ..., uf", v, ..., v, are
irreducible, connected

@ Apply exponential refinement to obtain /-freely reducible sequence.
@ Consider all possible refinements and all possible reduction sequences.
@ We obtain a disjunction of statements:

—1
(c) yij = Yk,1
@ Replace z,; by concrete traces.
@ Replace u}’ = yi1-- ik
ki
_ _ Xi.j
Xi=Ci+ ) Xij N VYij=Piju;"Sij
j=1
@ Guess which x; are positive — eliminate commutation relations
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@ The only remaining statements are of the form:
) ki
(@) xi=ci+ 211 %
) Xi,j _ —1/ -1 —1
(b") piju;”sij = s (U )% py
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@ The only remaining statements are of the form:
) ki
(@) xi=ci+ L1 %
' Xij -1/, -1 —1
(b") piju;sij = s p (U )% Py

@ Now we apply the fact that sets
{(x,y) e Nx N | pu*s = qv't}

are semilinear.
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@ The only remaining statements are of the form:
: k;
(@) xi = ci+ 211 xi
(b) piju;”sij = scj () by
@ Now we apply the fact that sets
{(x,y) e Nx N | pu*s = qv't}

are semilinear.

@ Replace (a') and (b') by linear diophantine equations.
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@ The only remaining statements are of the form:
) ki
(@) xi=ci+ L1 %
' Xij -1/, -1 —1
(b") piju;sij = s p (U )% Py

@ Now we apply the fact that sets
{(x,y) e Nx N | pu*s = qv't}

are semilinear.
@ Replace (a') and (b') by linear diophantine equations.

@ Result of von zur Gathen and Sieveking (1978) yields a small solution.
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Transfer results

Theorem
The class of groups with knapsack in NP is closed under

e Taking finite extensions
o HNN-extensions over finite associated subgroups

e Amalgamated products with finite identified groups
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Transfer results

Theorem

The class of groups with knapsack in NP is closed under
e Taking finite extensions
o HNN-extensions over finite associated subgroups
e Amalgamated products with finite identified groups

For finite extensions:
o Generalize problem: vouyvy - - uf vy = 1
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e Amalgamated products with finite identified groups

For finite extensions:
o Generalize problem: vouyvy - - uf vy = 1

o Guess coset of vouy'vy---uXvifor 1 <i<n

Lohrey, Zetzsche (Uni Siegen, LSV Cachan) Knapsack in Graph Groups Les Diablerets 2016 13 /13




Transfer results

Theorem

The class of groups with knapsack in NP is closed under
e Taking finite extensions
o HNN-extensions over finite associated subgroups
e Amalgamated products with finite identified groups

For finite extensions:
o Generalize problem: vouyvy - - uf vy = 1
o Guess coset of vouy vy - - - u,-X‘v; forl<i<n
@ Set of x; that comply with this choice is ultimately periodic

Lohrey, Zetzsche (Uni Siegen, LSV Cachan) Knapsack in Graph Groups Les Diablerets 2016

13 /13



Transfer results

Theorem
The class of groups with knapsack in NP is closed under

e Taking finite extensions
o HNN-extensions over finite associated subgroups

e Amalgamated products with finite identified groups

For finite extensions:
o Generalize problem: vouyvy - - uf vy = 1
o Guess coset of vouy vy - - - u,-X‘v; forl<i<n
@ Set of x; that comply with this choice is ultimately periodic

For free products:

Lohrey, Zetzsche (Uni Siegen, LSV Cachan) Knapsack in Graph Groups Les Diablerets 2016

13 /13



Transfer results

Theorem

The class of groups with knapsack in NP is closed under
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o HNN-extensions over finite associated subgroups
e Amalgamated products with finite identified groups

For finite extensions:

o Generalize problem: vouyvy - - uf vy = 1

o Guess coset of vouy vy - - - u,-X‘v; forl<i<n

@ Set of x; that comply with this choice is ultimately periodic
For free products:

o Adapt algorithm of Benois (1969) for rational subsets
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Transfer results

Theorem

The class of groups with knapsack in NP is closed under
e Taking finite extensions
o HNN-extensions over finite associated subgroups
e Amalgamated products with finite identified groups

For finite extensions:
o Generalize problem: vouyvy - - uf vy = 1
o Guess coset of vouy vy - - - u,-X‘v; forl<i<n
@ Set of x; that comply with this choice is ultimately periodic
For free products:
o Adapt algorithm of Benois (1969) for rational subsets
@ Saturation procedure that successively adds transitions to automaton

Lohrey, Zetzsche (Uni Siegen, LSV Cachan) Knapsack in Graph Groups Les Diablerets 2016 13 /13




Transfer results

Theorem
The class of groups with knapsack in NP is closed under

e Taking finite extensions
o HNN-extensions over finite associated subgroups

e Amalgamated products with finite identified groups

For finite extensions:
o Generalize problem: vouyvy - - uf vy = 1
o Guess coset of vouy vy - - - u,-X‘v; forl<i<n
@ Set of x; that comply with this choice is ultimately periodic
For free products:
o Adapt algorithm of Benois (1969) for rational subsets
@ Saturation procedure that successively adds transitions to automaton

@ Choose suitable class of automata such that adding transitions still
leads to knapsack instances: knapsack automata.
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