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Theorem

For every virtually special group, compressed knapsack is in NP.

virtually special: finite extension of a subgroup of a right-angled Artin
group

compressed knapsack: equation g x1
1 ¨ ¨ ¨ g

xk
k “ g , where g1, . . . , gk , g

are given by SLPs over ΣY Σ´1.

Definition

Let A be an alphabet and I Ď Aˆ A be irreflexive and symmetric.

The
group GpA, I q is defined as

GpA, I q “ xA | ab “ ba ppa, bq P I qy.

Groups of the form GpA, I q are called right-angled Artin group.
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Semilinear sets

A subset of Nk of the form

L “

#

v0 `

n
ÿ

i“1

xivi

ˇ

ˇ

ˇ

ˇ

ˇ

x1, . . . , xn P N

+

with v0, v1, . . . , vn P Nk is called linear.

A subset of Nk is semilinear if it is a finite union of linear sets.

Examples: non-negative solutions of linear diophantine equations

Theorem (Ginsburg-Spanier 1966)

A set is semilinear if and only if it is first-order definable in pN,`,ě, 0q.

Equivalence is effective Ñ decidability
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Theorem

Let u1, u2, . . . , un P GpA, I qzt1u, v0, v1, . . . , vn P GpA, I q and let x1, . . . , xn
be variables ranging over N. Then, the set of solutions of the exponent
equation

v0ux1
1 v1ux2

2 v2 ¨ ¨ ¨ u
xn
n vn “ 1

is semilinear.

Moreover, if there is a solution, then there is a solution where
the xi are exponential in the size of SLPs for u1, u2, . . . , un, v0, v1, . . . , vn.

Algorithm for compressed knapsack

Consider right-angled Artin groups

Guess binary representation of solution of g x1
1 ¨ ¨ ¨ g

xk
k “ g

Construct an SLP for g x1
1 ¨ ¨ ¨ g

xk
k g ´1

Lohrey and Schleimer (2007): compressed word problem for each
right-angled Artin group in P.
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Trace monoids

Definition

Let A be an alphabet and I Ď Aˆ A irreflexive and symmetric.

Let ”I be the smallest congruence on A˚ with ab ”I ba for all
pa, bq P I .

The trace monoid MpA, I q is defined as

MpA, I q “ A˚{”I .

rusI denotes the congruence class of u P A˚.

We consider MpA˘1, I ˘1q, where

A˘1 “ ta`1, a´1 | a P Au, I ˘ “ tpa˘1, b˘1q | pa, bq P I u.

A trace t is irreducible if there is no decomposition t “ ruaa´1v sI for
a P A˘1, u, v P pA˘1q˚.
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We call a trace t connected if there is no factorization t “ uv with
u ‰ 1 ‰ v and uIv .

Lemma

Fix the alphabet A. Let p, q, u, v , s, t PMpA, I q with u ‰ 1 and v ‰ 1
connected. Then the set

tpx , yq P Nˆ N | puxs “ qv y tu

is semilinear.

Techniques from recognizable trace languages:

Construct finite automaton for rpu˚ssI X rqv ˚tsI .
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Levi’s Lemma

Lemma

Let u1, . . . , um, v1, . . . , vn PMpA, I q. Then u1u2 ¨ ¨ ¨ um “ v1v2 ¨ ¨ ¨ vn if and
only if there exist wi ,j PMpA, I q p1 ď i ď m, 1 ď j ď nq such that

ui “ wi ,1wi ,2 ¨ ¨ ¨wi ,n for every 1 ď i ď m,

vj “ w1,jw2,j ¨ ¨ ¨wm,j for every 1 ď j ď n, and

pwi ,j ,wk,`q P I if 1 ď i ă k ď m and n ě j ą ` ě 1.

vn w1,n w2,n w3,n . . . wm,n
...

...
...

...
...

...

v3 w1,3 w2,3 w3,3 . . . wm,3

v2 w1,2 w2,2 w3,2 . . . wm,2

v1 w1,1 w2,1 w3,1 . . . wm,1

u1 u2 u3 . . . um
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Let u1, u2, . . . , un P IRRpA˘1, I q be irreducible traces.
The sequence u1, u2, . . . , un is I -freely reducible if it can be reduced to the
empty sequence ε by the following rules:

ui , uj Ñ uj , ui if ui Iuj

ui , uj Ñ ε if ui “ u´1
j in GpA, I q

ui Ñ ε if ui “ ε.

Lemma

Let n ě 2 and u1, u2, . . . , un P IRRpA˘1, I q. If u1u2 ¨ ¨ ¨ un “ 1 in GpA, I q,
then there exist factorizations ui “ ui ,1 ¨ ¨ ¨ ui ,ki such that the sequence

u1,1, . . . , u1,k1 , u2,1, . . . , u2,k2 , . . . , un,1, . . . , un,kn

is I -freely reducible. Moreover,
řn

i“1 ki ď 2n ´ 2.
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Lemma

Let ux “ y1 ¨ ¨ ¨ ym be an equation where u is a concrete connected trace.
It is equivalent to a disjunction of statements

Dx1, . . . , xm ě 0: x “
m
ÿ

i“1

xi ` c ^

m
ľ

i“1

yi “ piu
xi si ,

where

pi , si are concrete traces of length polynomial in m and |u|

c is a concrete number, polynomial in m
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Theorem

Let u1, u2, . . . , un P GpA, I qzt1u, v0, v1, . . . , vn P GpA, I q and let x1, . . . , xn
be variables ranging over N. Then, the set of solutions of the exponent
equation

v0ux1
1 v1ux2

2 v2 ¨ ¨ ¨ u
xn
n vn “ 1

is semilinear. Moreover, if there is a solution, then there is a solution where
the xi are exponential in the size of SLPs for u1, u2, . . . , un, v0, v1, . . . , vn.
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Consider v0 ¨ ux1
1 ¨ v1 ¨ ux2

2 ¨ v2 ¨ ¨ ¨ u
xn
n ¨ vn “ 1

By preprocessing, all factors ux1
1 , ux2

2 , . . . , uxn
n , v0, . . . , vn are

irreducible, connected

Apply exponential refinement to obtain I -freely reducible sequence.

Consider all possible refinements and all possible reduction sequences.

We obtain a disjunction of statements:

(a) uxi
i “ yi,1 ¨ ¨ ¨ yi,ki

(b) vi “ zi,1 ¨ ¨ ¨ zi,li

(c) yi,j “ y ´1
k,l

(f) yi,j “ z´1
k,l

(g) zi,j “ z´1
k,l

(h) commutation relations

Replace zk,l by concrete traces.

Replace uxi
i “ yi ,1 ¨ ¨ ¨ yi ,ki

xi “ ci `
ki
ÿ

j“1

xi ,j ^ yi ,j “ pi ,ju
xi,j
i si ,j

Guess which xi are positive Ñ eliminate commutation relations
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The only remaining statements are of the form:

(a’) xi “ ci `
řki

j“1 xi,j

(b’) pi,ju
xi,j
i si,j “ s´1

k,l pu
´1
k qxk,l p´1

k,l

Now we apply the fact that sets

tpx , yq P Nˆ N | puxs “ qv y tu

are semilinear.

Replace (a’) and (b’) by linear diophantine equations.

Result of von zur Gathen and Sieveking (1978) yields a small solution.
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Transfer results

Theorem

The class of groups with knapsack in NP is closed under

Taking finite extensions

HNN-extensions over finite associated subgroups

Amalgamated products with finite identified groups

For finite extensions:

Generalize problem: v0ux1
1 v1 ¨ ¨ ¨ u

xk
k vk “ 1

Guess coset of v0ux1
1 v1 ¨ ¨ ¨ u

xi
i vi for 1 ď i ď n

Set of xi that comply with this choice is ultimately periodic

For free products:

Adapt algorithm of Benois (1969) for rational subsets

Saturation procedure that successively adds transitions to automaton

Choose suitable class of automata such that adding transitions still
leads to knapsack instances: knapsack automata.
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