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G. G. Stokes 1857

VI. On the j)isv:muinuﬁy of Arbitrary Constants which appear in Divergent
Developments. By G. G. Srokgs, M.A,, D.CL., Sec. R.S., Fellow of Pembroke
College, and Lucasian Professor of Mathematics in the University of Cam-
bridge.

[Read May 11, 1857.]

In a paper *On the Numerical Calculation of a class of Definite Integrals and Infinite
Series,” printed in the ninth volume of the Transactions of this Society, I succeeded in

developing the integral f mcm-g{w’ -mw)dw in a form which admits of extremely easy
u a

numerical calculation when m is large, whether positive or negative, or even moderately large.
The method there followed is of very general application to a class of functions which
frequently occur in physical problems. Some other examples of its use are given in the
same paper; and I was enabled by the application of it to solve the problem of the motion
of the fluid surrounding a pendulum of the form of a long cylinder, when the internal friction
of the fluid is taken into account *.

These functions admit of expansion, according to ascending powers of the variables, in
series which are always convergent, and which may be regarded as defining the functions for
all values of the variable real or imaginary, though the actual numerical calculation would
involve a labour increasing indefinitely with the magnitude of the variable. They satisfy
certain linear differential Equati{ms, which indeed frequently are what present themselves in
the first instance, the series, multiplied by arbitrary constants, being merely their integrals.
In my former paper, to which the present may be regarded as a supplement, I have employed
these equations to obtain integrals in the form of descending series multiplied by exponentials.
These integrals, when once the arbitrary constants are determined, are exceedingly convenient
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n ths eample [ (F0,&)  Q=4/3%, &L.(c)
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In thes eample ( (Po,&) Q=4/3% ¢&L.(c))

k—|
= Rp*( T, V) / n "= & V= ceoc

Y192)

" ulé:pbca‘éive ?AHW Wieé/ w

Eq. =3 (Pamkd 2 Bett space)

Mg = {xy§+ X+y+Z = b b ; bec* comstart;

(F/aschka ~Newell Surface )
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n ths eample [ (F0,&)  Q=4/3%, &L.(c)

k=)
Mg = Rep*( T, V) u = &, , V= Coc

%/iz)
mulﬁ:phcafive ghiver Vaciety "

'4'50 l/(4 Q&P(ﬂ V)// H ”/Vaknqu/add,&vle %WW Wf&é/“
\(PB 2008, Hmoe - }’wm«b.awa 2013)
E—g. R=3 (Pamkvé 2 Bett space)

Mg = {xy§+ X+y+Z = b b ; bec* comstart;

(Fleschbn —Hevell Surtace)
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In thes eample ( (Po,&) Q=4/3% ¢&L.(c))
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Mg = Rep*( I, ‘/)/ = £, , V= ceoc
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mulﬁ.phcaf,ve ghiver Vaciety "

A'So (/(4 Q&P (ﬂ V)// H ”/Vakaqu /add:&vle ?ﬁ,t’(’l/‘ Var; Cél "
\(PB 2008, Hmoe - Vwm&awa 2013)

x  _KHE
M > Mg
19 13

Pep (T, V)/,\/ H k(T ’/)/[{H




ﬁ{?ﬁﬁ,@é ( Replace  (rneqr maps ly s/mbo/s)
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Ml such fadorisatim mogs celdte the - qpes—Homitbmian  séructures
~ Count ol fdorgcibins (nlo [weor fachrs) ~> 14
§ smiely B, has  Cn = w () fadesetins (Cobalan po)

- follnis smee L @R Horm Lree duplicel Q{rbm“ ( Lodq/)
- Cn olso couis Bownpladns of (n+2)gom  (Eder 176, Segner 1758)



303,
M~ (a,b) = ab+] p~ (ad)(c4) M (abe,d)
Conbmwnls fudorise:  (a,bcd) = (a,b)(c’,d) c'= (ab)” (ab,c)
= (ab)(c,d) b= (bred)(c,d)”

T (B~ Paluba - Yoamabawa)

Ml such fadorisatim mogs celdte the - qpes—Homitbmian  séructures
— Count all fadridims Gno Imeor @obrs) ~ 14
§ smiely B, has  Cn = w () fadesetins (Cobalan po)

- follnis smee L @R Horm Lree duplicel Q{rbm“ ( Lodq/)
- Cn olso couis Bownpladns of (n+2)gom  (Eder 176, Segner 1758)



‘%%32 C

M~ (a, b) = ab+) A~ (ch)(C,d) M~ (Q,b,c,d)
Conbmwnls fudorise:  (a,bcd) = (a,b)(c’,d) c'= (ab)” (ab,c)
= (ad)(c,d) b= (bed)(crd)”

T (B~ Paluba - Yoamabawa)

Ml such fadorisatim mogs celdte the - qpes—Homitbmian  séructures
— Count all fadridims Gno Imeor @obrs) ~ 14
§ smiely B, has  Cn = w () fadesetins (Cobalan po)

- follnis smee L @R Horm Lree duplicel Q{rbm“ ( Lodq/)
- Cn olso couis Bownpladns of (n+2)gom  (Eder 176, Segner 1758)



M~ (a,b) = ab+) p~ (ad)(c4) M (abyc,d)

CW“MMMtS facborise : (Ql b,C,d) = (Q,b)(c’,ol) ¢’ = (Q:b)_'(ﬁ,b,c)
= (ad)(c,d) b= (bed)(crd)”

T (B~ Paluba - Yoamabawa)

Ml such fadorisatim mogs celdte the - qpes—Homitbmian  séructures
— Count all fadridims Gno Imeor @obrs) ~ 14
§ smiely B, has  Cn = w () fadesetins (Cobalan po)

- follnis smee L @R Horm Lree duplicel Q{rbm“ ( Lodq/)
- Cn olso couis Bownpladns of (n+2)gom  (Eder 176, Segner 1758)
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(5 tohes 185%) Fig. 1. SﬁDP;S diggrom of hiry equatio

/H\ﬁ (B- Yomakawar, argv: 1512)
+ Cam dlefve fuisted, sthes bl |
Systems (amy redudbve 6) ;
(Stobas shrustuses alrsdy baown 6Ln)

1dently have the form represented



/fhm (B- Yomakawar, argv: 51z)
o Cam detme  fuisted. Strhes locw(

o Moduls spaces of Framed Lwisted  Spokes
loos. yctems ane (fusted) quasi- Homilipnam

(5 tohes 185%) Fig. 1. SﬁDP;S diggrom of hiry equatio

1dently have the form represented



(5 tohes 185%) Fig. 1. SﬁDP;S diggrom of hiry equatio

/fhm (B- Yomakawar, argv: 51z)

o Cam detme  wisted Strbes T R e S ot T
S yséwns (O’VV reducbve ) 3 = %
(Stobas shrutones alrady baown 61n)
o Moduli spaces of Lramed tuwisted Shokes
loos. yctems ane (fusted) quasi- Homilipnam
— compleirs prvdedf of MMM"‘,
 symglectic najure of wild "
~ fral) p~ @

33 = fQ:b,CéEhd(” ldéﬁ(acbﬁ 5?0}
/4 ~ (a. b,c) b

Wi &

1dently have the form represented



(5 tohes 185%) Fig. 1. SﬁDP;S diggrom of hiry equatio

/ﬂ/\m (B- Yomakawar, argv: 1512) *

e (o detve fuisted sthes bl 7 el D : %“
$ yséwns (O’VV reducbve ) 3 |
(Stobas shrutones alrady baown 61n)
o Moduli spaces of Lramed tuwisted Shokes
loos. yctems ane (fusted) quasi- Homilipnam
- compiees prvdedf of MMM"‘,
 symglectic najure of wild "
~ fral) p~ @

33 = fQ:b,CéEhd(” ldéﬁ(acbﬁ 5?0}
/4 ~ (a. b,c) b

Can now Jlue fhese AV}/ ﬁn‘ugles (Z’,) :
as before, o cletly
Jadbisatins & Grioggaletoms |

3 — 3,

1dently have the form represented



(5 tohes 185%) Fig. 1. SﬁDP;S diggrom of hiry equatio

f‘ S,

/fhm (B- Yomakawar, argv: 51z)

o (o oletme Twisted Strhes locol 32

o Moduli spaces of Lramed tuwisted Shokes
loos. yctems ane (fusted) quasi- Homilipnam
- compides prvdedf of MMM"J

5)m\pklﬁc najure of wild "

~ fral) p~ @

33 = fQ:b,CéEhd(” la(eﬁ(acbﬁ 5?0}
/4 ~ (a. b,c) b

Can now qlie these Ay Eriopples (3) «
as beﬁmq 2 clotly i
Jachisatns & Croopfulet™s |

3 — 3,

|f d,im(V,)rl thys 5 familer from

crmplex WKB, bt new see how Yo ’.d
Jlue the friongles vin QH Lusim 1 Ently haVE the form represented
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ar‘ S THE RETURN OF THE QUARTIC OSCILLATOR 271

b) 0<y </

I I I I

| l | I
d) mu<yp<T/2

f) miz=yp <3mp

Fig. 19,

—  Stokes lines.
s Cuts,
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