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A CONSTRUCTION OF SUBSHIFTS AND
A CLASS OF SEMIGROUPS

TOSHIHIRO HAMACHI AND WOLFGANG KRIEGER

ABSTRACT. Subshifts with property (A) are constructed from a class of di-
rected graphs. As special cases the Markov-Dyck shifts are shown to have
property (A). The R-graph semigroups, that are associated to topologically
transitive subshifts with Property (A), are characterized.

1. INTRODUCTION

Let ¥ be a finite alphabet, and let S be the shift on the shift space %%,
S((zi)iez) = (Tiv1)iez, (2:)icz € B°.

An S-invariant closed subset X of X% is called a subshift. For an introduction to
the theory of subshifts see [Ki] or [LM]. In [Kr2] a Property (A) of subshifts was
introduced that is an invariant of topological conjugacy. Also in [Kr2] a semigroup
was constructed that is invariantly attached to a subshift with property (A). Pro-
totypes of subshifts with Property (A) are the Dyck shifts [Krl]. To recall the
construction of the Dyck shifts, let N > 1, and let o~ (n),a’(n),0 < n < N, be
the generators of the Dyck inverse monoid (the polycyclic monoid [NP]) Dy, that
satisfy the relations

1, ifn=m,
m) = :

0, ifn#m.
The Dyck shifts are defined as the subshifts

Dy C ({a=(n):0<n<NYU{at(n):0<n< N})?Z
with the admissible words (o;)1<i<r,I € N, of Dy, N > 1, given by the condition
(1) IT o #o.
1<i<I

The Dyck inverse monoid Dy is associated to the Dyck shift Dy .

We recall from the notion of a partitioned directed graph and of an R-
graph. Let there be given a finite directed graph with vertex set 3 and edge set £.
Assume also given a partition

E=E UET.
With s and ¢ denoting the source and the target vertex of a directed edge we set
E(qr)={e €& :s(e7)=q, tle”) =1},
EX(q,0) ={e €&t :s(eh) =1, t(eh) =q}, q,t €.
We assume that £7(q,t) # 0 if and only if £¥(q,t) # 0,q,t € B, and we assume
that the directed graph (3,£7) is strongly connected, or, equivalently, that the

directed graph (3, ET) is strongly connected. We call the structure (3,€7,E1) a
partitioned directed graph. Let there further be given relations

R(q,v) CE (q,¢) x £ (a,¥), g, v e,
1
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and set
R= U R(q,t).
q,t€P
We call he resulting structure, for which we use the notation Gz (3,£7,ET). an
R-graph.

We also recall the construction of a semigroup (with zero) Sg (3,7, ) from
an R-graph Gr (B, E,ET) as described in [Kr4]. The semigroup Sg(PB,E,ET)
contains idempotents 1,,p € °B, and has £ as a generating set. Besides 13 =1,,p€
B, the defining relations are:

frg"=1q, fTe&(ar),g" €E7(q,0).(f7,97) € R(a.v), qrEP,
and
lge" =e 1, =€, e €& (q,v),
leet =etly=e", et €&F(q,v), q,veP,

fngr — 1C|5 lf (f_ag+) ER(q’t)a
0, if(f7,9%) ¢R(a,x), f7e& (ax),9" €EF(ax), q,veP,
and
1,1. =0, q,rveP,q#r
We call Sg(,£7,ET) an R-graph semigroup.

Special cases are the graph inverse semigroups of finite directed graphs G =
(B, &) (JAH],LL Section 10.7.]). With the edge set £ = {e; : e, € &} of a copy
of (B, &), and with the edge set ET = {e; : es € &} of the reversal of (B, &), the
graph inverse semigroup Sg of (9, &) is the R-graph semigroup of the partitioned
graph (B, &5, EF) with the relations

R(q,¢v) = {(e5,el) 1 eo € &, 5(e0) = q,t(es) =1}, q,t €.
For the R-graph semigroups with underlying graph a one-vertex graph see also
[HK| Section 4].

In [HI] a criterion was given for the existence of an embedding of an irreducible
subshift of finite type into a Dyck shift and this result was extended in [HIK] to a
larger class of target shifts with Property (A). These target shifts were constructed
by a method that presents the subshifts by means of a suitably structured irre-
ducible finite labeled directed graph with labels taken from the inverse semigroup
of an irreducible finite directed graph, in which every vertex has at least two incom-
ing edges. This method was extended in [Kr4] by the use of R-graph semigroups.
Following [HIK] [Kr4] we describe this construction. Given an R-graph semigroup
Sr(P,E7,ET), denote by Si (B, E7) (S (B, ET)) the subset of Sk (P, £, ET) that
contains the non-zero elements of the subsemigroup of Sz (,E~,ET) that is gen-
erated by £7(ET). Let there be given a finite strongly connected labeled directed
graph with vertex set V and edge set X, and a labeling map A that assign to every
edge o € ¥ a label

(G1) No) € Sx(B.E7)U{1ly,p € PIUSE(B,E).
The label map A extends to finite paths (0;)1<i<s in the graph (V,3) by
Moicicr) = [ o)
1<i<I

Denoting for p € P by V(p) the set of V' € V such that there is a cycle (0;)1<i<1, ] €
N, in the graph (V,X) from V to V such that

M(oi)i<i<t) = 1y,

we require the following conditions (G 2 - 5) to be satisfied:
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(G 2) Vip) #0, peP,

(G 3) {V(p) : p € P} is a partition of V,

(G 4) For V € V(p),p € B, and for all edges o that leave V,1,A(0) # 0, and for all
edges o that enter V, A(0)1, # 0,

(G5)For f € SR(P,E,ET),q,v € P, such that 14f1, # 0, and for U € V(q), W €
V(t), there exists a path b in the labeled directed graph (V, %, \) from U to W such
that A(b) = f.

A finite labeled directed graph (V,X,\), that satisfies conditions (G 1 - 5),
gives rise to a subshift X (B,X,\) that has as its language of admissible words
the set of finite paths b in the graph (V,X,\) such that A(b) # 0. We call
the subshift X (9,3, \) an Sg(B,E~,ET)-presentation. Using the identity map
ide-ug+ on ETUET C Sr(B,E7,ET) as label map, one obtains particular cases of
Sr (B, E7, ET)-presentations that we denote by X (E7UET B, idg- g+ ). In the case
of the inverse semigroups Sg of strongly connected finite directed graphs G these
Sg-presentations are Markov-Dyck shifts [M]. Also the Markov-Motzkin shifts [KM]
of strongly connected finite directed graphs G are Sg-presentations.

Given finite sets £~ and £ and a relation R C £~ x T, we set

ETMR)={e €& {e}xETCR}, ETR)={eT€&T:& x{eT} CR}.

For a partitioned directed graph (,£~,E1) denote by P the set of vertices
in P that have a single predecessor vertex in £, or, equivalently, that have a single
successor vertex in £T. For p € PM) the predecessor vertex of p in £, which is
identical to the successor vertex of p in £, will be denoted by 7(p). For an R-graph
Gr(B,E7,ET) we set

tr= U € Ru.p), &= U ERub).»).
peP®) pep®)
and
B = {p € B R(n(v).p) = £ (0lp).p) < £ (nlp). p)}-
We formulate three conditions (I), (IT) and (III) on R-graphs Gr(B,E,ET).
Condition (II) comes in two parts (II—) and (IT4) that are symmetric to one an-
other:

(I) For p € PO\ PL), E=(R(n(p), p)) = 0, or EF(R(n(p),p)) = 0.

(II-) There is no cycle in the directed graph (3,£7) that contains only edges
in &5 and that contains at least one edge e~ € £ such that t(e”) € P \‘,B%)

(IT+) There is no cycle in the directed graph (3, £T) that contains only edges
in &} and that contains at least one edge e* € £ such that s(et) € PO \‘B%)

(ITI) For q,t € PM) | q # t, there does not simultaneously exist a path f~ in oy
from ¢ to v and a path f* in 573 from q to t, such that there is at least one edge

e~ in f~ such that t(e”) € P \ZB%), or there is at least one edge e™ in f* such
that s(e™) € PO \‘)3%).

We show in Section 2 that an Sg(%,E~,ET)-presentation has Property (A) if
and only if the R-graph Gg (B, E~,ET) satisfies Conditions (I), (II) and (III). In
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particular the S (B, £, ET)-presentations X (-~ U ET, idSRmr,ﬁ)) have Prop-
erty (A) if and only if the R-graph Gr (%, £, ET) satisfies Conditions (I), (IT) and
(III). This implies that Markov-Dyck shifts of strongly connected finite directed
graphs have Property (A4). Also the Markov-Motzkin shifts of strongly connected
finite directed graphs have Property (A).

In Section 3 we describe how one can obtain from an R-graph Gr (,E,ET),
that satisfies conditions (I), (IT) and (III), an R-graph G5 (B, £-,E") such that the
R-graph semigroup Sz (B, &, EA*‘) is associated to any Sg (B, £, £T)-presentation.
The procedure first produces an intermediate directed graph by identifying edges
in the directed graph G (B, £~,ET), and then contracts the rooted subtrees of the
intermediate directed graph to their roots. Here Sz (%, & -, 5*) is a homomorphic
image of Sg (B, E,ET).

In Section 4 we look at examples of R-graphs with two or three vertices, that
give rise to a subshift whose associated semigroup is the semigroup of an R-graph
with one vertex.

In Section 5 we consider the Markov-Dyck shifts of directed graphs with three
vertices whose associated semigroup is the graph inverse semigroup of a directed
graph with two or three vertices. Given finite sets £~ and £ and a relation
R CE xET, we set

QL(e7)={et €&t :(e,e")eR}, e €&,
Qpef)={e €& :(e7,e")eR}, et el™.

In Section 6 we prove that an R-graph semigroup Sz (,£7,E7) is associated
to a topologically transitive subshift with Property (A) if and only if the R-graph
Gr(PB,E7,E7) satisfies the following conditions (a), (b), (¢) and (d). Condition (a)
and (b) come in two symmetric parts parts, (a—) and (a+), and also Condition (b)
comes in two symmetric parts parts, (b—) and (b+):

() Qb £ @), eneeE e A6, qref
(a+)  Qpgole™) #Q7(E), et et e&f(rq), et £t gredP
(b—)  There is no non-empty cycle in £x.

(b+)  There is no non-empty cycle in £.

(¢)  Forpe PW such that n(p) #p, £~ (R(n(p),p)) =0, or £~ (R(n(p),p)) = 0.

(d) For q,v € PM) | q # t, there do not simultaneously exist a path in £ from
g to v and a path in 57{ from q to t.

2. Sr(PB,E,ET)-PRESENTATIONS

For a semigroup (with zero) S, and for F' € S we set
I'(F)={(G7,G")eSxS:G FG* #0},
and we call T'(F") the context of F'.
Lemma 2.1. Let Gr(B,E7,ET) be an R-graph such that
PO\ PR 0.

Letp € ‘)3%), and let M € N be the mazimal length of a path in £~ that ends at p

and that enters only vertices in ‘,B%) For an mo € [1,M], let h™ be a path in ET
of length m, that begins at p, and let h™ be a path in E~ of length mo that ends at
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p. Also let f~ be a path in £~ that ends at p and fT be a path in ET that begins
at p. Then the context of f~ fT is equal to the context of f~hTh™ fT.

Proof. The lemma reduces to the case that the paths f~ and f* are empty. What
is to be proved is that the context of h™h™ is equal to the context of 1,. Let
Pm, 1 < m < M, be the vertices that are entered by a path in £ of length M that
begins at p. The proof is based on the observation that for a path ¢~ in £~ of
length m, that begins at p, and a path g™ in £ of length m, that ends at p, one
has

(2.1) g hThTgt =1, =g g".
For a path
9 = (em)i<m<m(-), m(=) €N,
in £~ that ends at p, and a path
9" = (eh)igmem(r), m(+) €N,
in £ that begins at p, one has, in case that m(—), m(+) > M, that

g9 =0 ] et II en

1<m<m(=)—M 1<m<m(+)
and by (2.1)
g hth gt =
C II et I eornC II et II en)=
1<m<m(=)—M 1<m<m(+) 1<m<m(-)-M lsmsm(+)

C I ete..C I e=C T et JI en)-

1<m<m(+) 1<m<m(—)-M 1Sm<m(=)-M  1<m<m(+)
Also one finds in the case that m(—) < M or m(+) < M, that the pair (¢, g7) is
in the context of h*h™ and also in the context of 1,. O

Lemma 2.2. Let Gr(B,E7,ET) be an R-graph that satisfies conditions (1), (II)
and (III), such that

(2.2) PO\ PR £ 0,

and let q,v € PWM), q # . Then at most one of the following cases (A—), (A+) and
(B) can occur

(A+) There exists a path in £ from q to t.
(A—) There ezists a path in E5 from q to t.
(B) There exists a vertex p € P together with a path

g =

6;;)1943@, I, eN,
mn 5;{ from q to p, and a path

g =(e;, h<iy<ry, Iy €N,
in Ex from p to t, such that

(2.3) s(ef,) # ter).

In case (B) the vertex p is uniquely determined by the vertices q and t.
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Proof. That (A—) and (A+) cannot occur simultaneously is Condition (III).
We prove that (B) cannot occur simultaneously with (A+). For this we note
first, that, as a consequence of (2.2), there cannot simultaneously exist a path

fm=C(e] h<i<r., I-€N,
in £ from q to t such that

ey ) e, 1<i_<I,
and a path

= (ezt)lgugu, I eN,
in 57'5 from q to t, such that

sef) ePR), 1<iy <I.

For, in this case one could choose edges € € &%(s(e; ), t(e; )),I- >i_ > 1, to
obtain a path

fr= (’5:;)1,21;217
in E;Q from t to g, in this way producing a cycle in E;Q, all of whose vertices are in

‘)3%), contradicting (2.3) by the irreducibility assumption on the partitioned graph
(B, &7, EN).

As a consequence of Condition (II) one can consider the path
— (ot
ht = (ef Ji<ij<n,
of maximal length H, in £%(€7) that starts at q and also the path
h™ = (ef Nici_<nm_,
of maximal length H_ in €5 (ET) that ends at v. The vertex set
[Her) 1< iy < Hy)
is uniquely determined by q and the vertex set
{s(e;j ):1<i_<H_}

is uniquely determined by t. The case (B) occurs if and only if these two vertex
sets intersect. We assume that this is the case and we observe that there is then
a unique vertex p in the intersection such that, with the indices i$ € [1, H{] and
i® € [1, H_] given by

one has that
(2.4) s(e;ri) #t(ef).
Assume now that there is a path
fr=(ef h<iv<r,, Iy €N,
in £4(£7) from q to v. I} > 4% would violate Condition (III), since the paths

(ei)iigugu,
and
(ei )ie<i_<H
would both start at p and end at v. Iy = iS would violate Condition (II-), and

I, < i° is impossible by (2.4). It follows that (B) cannot occur simultaneously with
(A+). The proof that (B) cannot occur simultaneously with (A—) is symmetric. 0O
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We introduce notation and terminology for subshifts. Given a subshift X c %%
we set

T = (25)icj<k, T E€X,i,k€Z,i<k,
and
X[i,k] = {z[i,k] X e X},i, keZ,i <k.
7, denotes the period of a periodic point p of X.
We set

[(a) = U {(by¢) € Xjimn,ip X Xk kgm) © (b,0,¢) € Xjizn km) s
n,meN
ac X[i7k],i,k €Z,i < k.

and call I'(a) the context of a. We set

L) (a) ={b € Xk ppn) : (a;0) € Xpj hin) )
neN,a€ X,k €Z,i < k.

I'~ has the symmetric meaning. We set

wt(a) = U ﬂ ﬂ {b€ Xppin @ (ca0) € X,

neNneN ceT;, (a)
aGX{iyk],’i,kGZ,’i < k.

w™ has the symmetric meaning.
Given a subshift X C ¥ we define a subshift of finite type (more precicely, an
n-step Markov shift) A, (X) by

Ap(X) = m({z €EX:zicw (@p—ny) Nz e€X:z €w (T(ii4n)}) ne€EN,
i€z
and we set
AX) = | An(X).
neN

We denote the set of periodic points in A(X) by P(A(X)). The subshifts X C X%:
that we consider in this paper are such that P(A(X)) is dense in X. We introduce
a preorder relation 2 into the set P(A(X)) where for ¢, € P(A(X)) means that
there exists a point in A(X) that is left asymptotic to the orbit of ¢ and right
asymptotic to the orbit of r. The equivalence relation on P(A(X)) that results

from the preorder relation 2 we denote by ~.
We recall from [Kr2] the definition of Property (A). For n € N a subshift X ¢ %2,

has property (a,n, H), H € N, if for h,h > 3H and for I_, I, I_ I, € Z, such that
I, —I_,I, —1_>3H,

and for

a€Ay(X)_ 1, ac A”(X>(f,j+]7
such that

A(I_,I_+H] = &(i,ﬁH]v A1 —H,I4] = &(f+7H,I~+]’

one has that a and @ have the same context. A subshift X C %% has property (A)
if there are H,,n € N, such that X has the properties (a,n, H,),n € N.

Theorem 2.3. For a R-graph Gr(PB,E7,ET), Sr(B,E~,ET)-presentations have
property (A) if and only if Gr(B,E™,ET) satisfies Conditions (I), (II) and (III).
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Proof. Assume that the R-graph Gr(P,£7,ET) does not satisfy Condition (I).
Then let

(2.5) pep®\pQ,
and let
(2.6) e” €& (p), et c&F(p).

Choose vertices U € V(p), W € V(n(p)) and choose a cycle b in the directed graph
(V,%) from U to U such that A(b) = 1,. It is

(2.7) V" e L(AL(X(Z,0), n>40b), meN.

Also choose a path b~ in the directed graph (V, %) from U to W such that A(b~) =
e~ and also a path b from U to W such that A(b*) = e*. By (2.6) and (2.7)
(2.8) VOTHTE € L(AL(X(Z,0)), n>L€(b),007),L0bT), m € N.
By (2.5) there are

em €& (mp).p), € €& np)p),
such that
(2.9) e et =0.

Choose a path b~ in the directed graph (W, %) from U to W such that /\(g’) =e"
and a path b™ from V to U such that A\(b™) = €*. By (2.6) and (2.9)

ABTE™O b b0 T) = 1), ADTV0T) =0,  meN,
which means that
L(b™b_by b™) # T(b*™), m € N,

and in view of (2.6) and (2.8) it follows that the subshift X (3,3, A) does not have
Property (A).

Assume that the R-graph G (P,E~,ET) does not satisfy Condition (IT-), and
let (e}, Jkez/kz, K € N, be a cycle in £7, where
(2.10) e, €&z, keZ/KL.
Set

pr=t(ey), keZ/KL.

We note that due to the irreducibility assumption on the partitioned directed graph
(B,E7,ET), one has that P = {py : k € Z/KZ}. Also let

(2.11) po € PO\ BY).
Choose vertices
Vi € V(pr), ke€eZ/KZ.

Choose a cycle b in the directed graph (V,X) from Vj to Vj such that A(b) = 1,,.
One has

(2.12) b e L(AL(X(Z,N), n>L0b) meN.
Choose paths by in the directed graph (V, %) from Vi_1mod ) to Vi, k € Z/KZ,
such that
ANby) =€, keZ/KZ,
One has by (2.10) that
(2.13) b ((br)o<k<i )b™ € LIAR(X(E, X)), n = U(bk), k € Z/KZ,
n > 4(b) m € N.
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By (2.11) there are

€ €& (R(P-1(mod k) P0)); €7 € ET(R(P-1(mod K)>P0)),
such that
(2.14) et =
Choose a path b~ in the directed graph (V, %) from V_;(mod k) to Vo such that
AbT)=e,
and choose also a path bt from Vo t0 V_1(mod i) such that
A(bT) =¢t.
Then by (2.8) and (2.14)
Ab-b™((bk)osk<r)b™b4) = 1p yoareys AB-D*"b1) =0, meN,
which means that
L™ ((br)o<k<x)b™) # T(B>™), m €N,
and in view of (2.12) and (2.14) it follows that the subshift X (, %, \) does not
have Property (A).

The proof, that the subshift X (3,2, ) does not have Property (A), if the R-
graph Gr (B, E7,ET) does not satisfy Condition (II+), is symmetric.

Assume that the R-graph G (B,E7,ET) does not satisfy Condition (IIT), and
let there be given q,t € P, q # ¢, and a path (e, Ji<k_<k_,K_€N,in & from
q to t, where
(2.15) e, €&q, 1<k <K_,

and assume for a k° € [1, K_] that
(2.16) pre € PO\ PR

Let there also be given a path (€:+)1§k+SK+v K, €N, in £F from q to t, where
(2.17) er, €&&, 1<k <Ky
Set

Po =Py =4, Px =P, =t

and
pk7 ) 1§k— <K—a

tex
Pk+ (: I <ky <Ky
1<

We choose € € ET(p, 1,05 ), k_ < K_, such that

e € =1, 1, 1<k <K_,
and €;+ € 5‘(132;,;3;6:71), 1 < ky < K. such that
een, =Ly, 1<ky <K
By (2.16) there are €™ € £~ (Pro _1,Ppo )y €™ € ET(Pro 1, Pyo ) such that
(2.18) e et =0.
Choose vertices
Vq € V(q)a ‘/I‘ S V(t)a
and vertices

‘/;3;7 Gv(p;7>a 1§k7 <K*a
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and
Vpa eV(pr,), 1<ky <Ky

Choose a cycle by in the directed graph (V,%) from Vg to V; such that A(bg) =
14, and also a cycle by from V; to V; such that A(bg) = 14, Also choose paths
by 1< k- < K_, in the directed graph (V,X) from V- to Vp; such that

— k_—1 —

Aby )=ep » 1<k <K_,

and also paths ba, 1<ky <Ky, from th to th such that
o —1 ot

b ) =ef s 1<k <Ky
As a consequence of (2.15) and (2.17) one has
(2.19) b?((b;ﬁ)lgkigKi)bT S E(AH(X(Z,)\))), n > f(b; ), 1<k_<K_

(220)  bg (b, ry < B € LIAR(X (D, V), n > 4], ),1 < ky < Ky

+

Choose paths 5;7, 1 < k- < K_, in the directed graph (V,X) from Vj,, to
Voo _, such that

Ao )=¢€f, 1<k_-<K_,

and also paths E,; A<k <Ky fromV + toV + such that
+ Pr, Pry—1

Aby,) =%, 1<ky <Ky

One has
A~ ((05 ke <k_<ic ) (g, )i, 2k 21)
ba' (b )<k <k )b
(b Vic_zh_zko ),0T) =
e I ent II &nC II e ), meN
kY <k <K_ Ky>ky>1 1<k_<k®
By (2.18)

AT (0 kg <ko<r (b, VK4 >ky>1)
by (b, i<k, <, b

((0f )k 250 )07) =0, meN,
One sees from this that

C(bg (b )<k < )07) # DO () 1<k, <x, bY), meN,

+

and in view of (2.19) and (2.20) it follows that the subshift X (9, %, \) does not
have Property (A).

The proof, that the subshift X (3,3, \) does not have Property (A), if, with a
kS € [1, K], the assumption (12) is replaced by

pl € BO\BR,

is symmetric.
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For the converse consider an R-graph Gr(B,E7,ET) that satisfies conditions
(I) and (III) and that has no cycle in £} nor in 5. For a given Sg(P,E~,ET)-
presentation X (%, X, \) we determine for n € Nand Q_,Q" € Z,Q, — Q_ > 2n,
the blocks

(0g)o-<q<q; € X(E, M) (@@,

such that

(2.19) (Uq)Q7+n<q§Q+ € W+((0q)Q7<qSQ7+n)a
and

(2.20) (04)@-<q<@s—n E W ((0¢)Q_—n<q<qy)-

One has p(—),p(+) € B, J_(-), J+ (=), J-(+), J4(+) € N, and
el () eEr Ji(=) = ji(=) >0,
(—)68_, O<j—(_)§J—(_)a
6;‘:(4_)(“‘) €&, Ji(+) 2 i (+) >0,
(+)

e () eE™, 0<j(+) <J-(+),
such that
M(og)q <q<q +n) = ( H e;;(i))lp(,)( H 6;7(7))’
J4(=)254+(=)>0 0<j—(=)<J_(-)
AM(og)@: —n<q<qy) = ( H €L(+))1p(+)( H eji(ﬂ),
Jp(+)=j+(+)>0 0<j—(+)<JI—(4)

and one also has p € P, J_, J; € N, and

e;‘; Eg-"_’ J—‘r Zj+>05

e €&, 0<j<J,

such that
)‘((UQ)Q+<¢1§Q+) = ( H e;;(f))lp(*)

J4(=)2j+(=)>0

CII eont I &)

J4>54+>0 0<j_<J_

Lot I @)

0<j—(H)<J_(+)
As a consequence of (2.19)
p(-) e P,
and
ef €&k Jr >4 >0,

and a s a consequence of (2.20)

p(+) e P,
and
e; €&p, 0<j-<J,

There are the following cases (A), (B) and (C)

(A) J_=0,J:>0

(B)J_ >0,J. =0

(C),J_=Jr=0o0rJ_>0,Jy =0.

Given that the R-graph Gg(B,E~,ET) satisfies Conditions (I), (II) and (IIT),
we see from Lemma (2.2) that p(—) and p(+) determine which one of these cases
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occurs, and from Lemma (2.1) one sees that the context of (04)q_<q<q, is always
determined by the pair

I gobeobot 1T e

J4(=)2j+(=)>0 0<j— (+)<T—(+)
which means that this context is determined by the segments (04)0_ <q<Q_+n
and (0¢)Q_—n<q<@,- We have shown that the subshift X (9,3, \) has Property
(a,n,n).

To conclude the proof, observe that in the case that the R- graph Gr (B, £7,ET)

is such that P = ‘,B%), the subshift X (3, X, \) is the edge shift of the directed graph
(V,X), and as a topological Markov shift it has Property (A). O

3. THE R-GRAPH SEMIGROUP ASSOCIATED TO AN
Sr(P,E~,ET)-PRESENTATION
Following the terminology that was introduced in [HI| we say for an R-graph
and an Sg (P, ET, €~ )-presentation X (P, 3, \) that a periodic point in A(X (X, \))
is neutral if there exist I € Z and p € P such that A(p[; 14x,)) = 1p. and we say
that a periodic point in A(X (X, \)) has negative (positive) multiplier if there exist
I€Z and p € P such that A(pr.r1s,) € Sg (B, EF,E7)(SHB.ET.€7)).

Lemma 3.1. Let Gr(B,E7,ET) be an R-graph, that satisfies Conditions (II) and
such that

(3.1) TA\PR #0.
and let X (B, 2, N) be an Sp(B,E~,ET)-presentation. Then a periodic point of
X (B, X, ) is in A(X (B, 2, N)) if and only if it is neutral.
Proof. Let
(32) p e AX(R, ).
and let I € Z be such that

A1, 147,)) €SEB,EENU{L, :p e BIUSH (B, E7,ET).
If here

AP(1,147,)) € 573(’»13, E7,E),

then it follows from (3.2) that A(p(; 74x,)) is given by a cycle in the directed graph

&~ that goes from p to in p, all of whose edges are in £, contradicting Condition
(II-) and (3.1). For the case that

AD[1,147,)) € SH(B.E7,ED),

one has the symmetric argument.
For the converse, note that A(p(7 74x,)) = 1p, implies p € A (X (X, ). O

Given finite sets £~ and £~ and a relation R C £~ x £, we introduce an equiv-
alence relation ~ (R, —) into £, where e~ ~ (R, —)e if and only if Qf(e7) =
QL5 (€7),e7, e~ € £7. An equivalence relation ~ (R,+) on £ is defined symmet-
rically.

From an R-graph Gr (B,E,ET) we derive an R-graph G5 (B, 575, 5;{), by iden-
tifying edges that are (R, —)-equivalent, that is, by setting

~

Ex(g,v) = [€7(0,0)]v(r—), @, v ER,
= Ex(a.v),

q,t€P
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and by identifying edges that are ~ (R, +)-equivalent, that is, by setting
gﬁ(q’t) = [ng(q’t)]N(R,Jr)a qatema
+ _
r =

~

setting
s(le”lur,—) =s(e7), tleTlur,—y) =tle7), e €&,
s(lef]umr, ) = s(e?), te o)) =tle7), efecr,
R={(le7nm ) [Tl 1) t (€7 €7) € R).
We note that ‘)3%) is the set of vertices in P that have a single incoming edge in
5;, or, equivalently, that have a single outgoing edge in 5;, and we set

En()={e e t@) e PV}, &t(1)={et €& :s(@t) e R}

For an R-graph Gr (F,ET,E7) such that P\ ‘)3%) # () we denote for p € P\ ‘)3%)
by P, the set of target vertices of the paths (including the empty path) in 57;(1),
that have p as source vertex (Symmetrically, I3, can be defined as the set of source
vertices of the paths (including the empty path) in 57‘5(1), that have p as target
vertex). {P, : p € P\ ip%)} is a partition of 3. We note that the set P\ ‘,B%)
is the set of roots of the subtrees (degenerate and non-degenerate) of the (possibly

degenerate) directed graphs (‘B,E;{(l)) and (ip,@;(l)), that are reversals of one
another, and that are the union of their sub-trees (degenerate and non-degenerate).

Theorem 3.2. Let Gr(P,E7,ET) be an R-graph, that satisfies conditions (I). (II)
and (III) and let

P\BR #0.

Let X (B, 2, ) be an Sr (B, E~, ET)-presentation, let q,r be neutral periodic points
of X(B, X, N), and let q,v € P, and I(q),I(r) € Z be such that

P(g) 1@ +m(@)] = Lar  PU(r)1(r)4m(r)] = Lo

Then it is ¢ = r if and only if q and v are in the same element of the partition
{By:p e PAPR}-
Proof. Assume that p~ ¢q. Let N € N and
(3.3) 2@ 2D e AN(X(Z,N),
and let

I-(q,r),I+(q,r), 1-(r,q),14(r,q) € Z,

I(q,r) <Ii(q.r), 1-(r,q) <Iy(rq),

be such that

( 1T) _ ( 1T) _
x(im,f,(q,r)] = A(—o0,1(9)] :C(%r(q,r),oo) = T(I(r),00)>

(r,a) _ (r,q) _
x(fio,f,(r,q)] = T(—o0,1(r)]> x([f(r,q),oo) = d(i(q),00)-

By (3.3)
(g,m) (r,q)
(3-4) (@0 14 (g TUE IO AN T B (g ,00)) € X (55 A),
and
r,q) (q,7
(3:5) @2 1 g @@+ N 7@ (0 g),00)) € X (B N).

As a consequence of (3.3) there are also
p(‘]ar) € ma J- (qu)v‘]+ (qu) € N7
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and
e;;(q,r) (qu) € 574?; J+ (qu) > j+ (qu) > 07

e_j_,(qﬂ‘) (q’T) € 57;’ 0< j— (q,?") S J- (qﬂ“),
such that

(q,r)
(3.6) )\(x(L(q.T),M(W)])

ICI( H e;; (‘Lr))lp(q,ﬂ( H eji(qyr) (qu))ltv

J4+(g,m) >3+ (q,7)>0 0<j—(g,7)<J-(q,7)

and there are also
p(raq)ema J—(TaQ)aJ-l‘(TaQ)ENa

and
e;‘:(r,q)(q’ T) € 57—5’ J+(T’ q) Z j+(7", q) > 0;
€ (rg(@7) €ER, 0<j(rq) < J(r,q),
such that
(r.q) _
BT A s ) =
1. ( H e;r+ (7,9)) Lo ( H €5 (ra) (r,q))14.
I (r,q) 25+ (r,9)>0 0<j—(r,q)<J-(r,q)
By (3.4), and in case that Jy(q,r) > Jy(r,q)
14( 11 et (@,7) Lyt ( €7 (@7 Le
J+(q;r)=5+(q,r)>0 0<j—(q,7)<J—(q;r)
U 1 S (o)) €5 oy (D) 1a =
Jy (r,q) >4 (r,9)>0 0<j—(r,q)<J-(r,9)

L0 JI @)ty

J4+(q,m)>35+(q,7)>0

( 11 G am@Mhen( TI e g o)is £0.
0<j—(q,r)<J-(q,7)—J+(r,q) 0<j—(r,q)<J—(r,9)

From this it follows by Condition (I) that
(€5, (@:7))1s (a2 (a.1)>0
is a path in £7(1) from q to p(@), and
(€ )o<i- (g 2a-ar) =74 ra)s (€ o<y <a-ra))

is a path in fj“(l) from p(®™) to v that passes through p(»? and one sees that
p(@™) p(9 and q are in the same element of the partition {PBp : p € P\ ‘)3%)}.
By the same argument for the case that J;(q,7) < J4(g,7), and by the symmetric
argument that uses (3.7), one sees that in fact p(&™) p("9 and q and ¢ are in the
same element of the partition {P, : p € P\ m%)}

For the proof of the converse let p € P\ 533%) and let q,v € P,. There is a

path (/e;:(q)).]+(q)2j+(q)>0 in £%(1) from q to p, a path (€ (r))o<j_(r)<s_(r) in
€7 (1) from p to t, a path (é}i(r
(€5 (@)o<j_(ry<i_(q In £-(1) from p to g. Choose a vertex V(p) € V(p) and choose

))J+(T)2j+(r)>0 in g"’(l) from t to p, and a path

i@ €&y T+(@) 2 4(0) >0
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and choose a path b*(g) in the directed graph (V,X) from the target vertex of
q(—0,1(q)) t0 V(p), such that
A0t (q) = H e;;(q)a
J+(9)=7+(q)>0
and choose
(T) _(r)? 0< j—(r) < J_(T)
and also a path b~ (r ) from V(p) to the source vertex of q(;(;),o), such that

A= T e,

0<j—(r)<J—(r)

eé*
)

choose

(7‘) € e]+(r)’ Ji(q) > j(r) >0
and choose a path b*( ) in the directed graph (V,3) from the target vertex of
q(=o0,1(q)) t0 V(p), such that

AT (r) = H el ()
J4(r)2j+(r)>0

and choose

ej ()66] (q)? 0<j-(q) <J-(q)

and also a path b~ (¢q) from V/(p) to the source vertex of q(;(g),oc), such that
A~ (q) = 11 e; (),
0<j—(9)<J-(q)
Then
(q(—oo,l(q)] ) b+ (q)7 b~ (T)v T(I(T),oo)) € A(X(Ev )‘))5
(T(—oo,l(r)] ) bt (r)ﬂ b~ (Q)a q([(q),oo)) € A(X(Ev )‘)) U

We recall at this point the construction of the associated semigroup. For a
property (A) subshift X C %% we denote by Y (X) the set of points in X that
are left asymptotic to a point in P(A(X)) and also right-asymptotic to a point in
P(A(X)) . Let y,y € Y(X), let y be left asymptotic to ¢ € P(A(X)) and right
asymptotic to r € P(A(X)), and let § be left asymptotic to § € P(A(X)) and right
asymptotic to 7 € P(A(X)). Given that X has the properties (a,n, Hy),n € N, we
say that y and y are equivalent, y ~ y, if ¢ & ¢ and r ~ 7, and if for n € N such
that ¢, 7, §,7 € P(A,(X)) and for I,J,1,J € Z,I < J,I < J, such that

Y(—o0,I] = 4(—c0,015 Y(J,00) = T'(0,00)>

Y(—oo,] = U=00,00r  Y(J,00) = T(0,00)5
one has for h > 3H,, and for

a € Xr—hgsn) @€ Xf_p jins
such that
Q(1-H,,J+H, = Y(I—-H,,J+H,]> d(j,Hijan] = g(ian,JJan]a
A(I—h,I—h+H,) = d(f—h,f—h—i—Hn)’

A(J+h—Hp,J+h] = Q(Jyrh—H, J+h]
and such that

ar—n,1 € An(X)1-n,1y  @j_n € An(X)(jon g -
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a(,g+n) € An(X)(gatn Aej jpn) € An(X) (G janp
that a and a have the same context. To give [V (X )]~ the structure of a semigroup,
let u,v € Y(X), let u be right asymptotic to ¢ € P(A(X)) and let v be left
asymptotic to r € P(A(X)). If here ¢ = r, then [u]~[v]~ is set equal to [y]~ where

y is any point in Y such that there are n € N, I, J,f, JeZ, 1< JI<J,suchthat
q,7 € A,(X), and such that

U(T,00) = q(I,00)7 V(=o00,J] = T(=c0,J]

Y(—oo,i+H,] = W(—oo,I+H,]>  Y(j-H, c0) = V(J—Hn,0)>
and
Yiig) € An(X) 7 g
provided that such a point y exists. If such a point y does not exist, [u]~[v]~ is set

equal to zero. Also, in the case that one does not have g > r, [u]~[v]~ is set equal
to zero.

From an R-graph Gr (B, ET,E7) such that P\ Pr (1) # 0, setting
B=P\Pr(l), £ =& \&(1), EF=ET\EL),

and L L
R=RI(E \Er(1) x (€7 \Ex(1)),
one obtains a R-graph Gz (%, g ’,EJF) with source and target maps

5:ETUET o, T:EUET P,

given by N N
s(e7) =p, e €&, peP,s(e) € Py,
s(et) =p, €+€g+,p€‘)~3,s(€+)€‘)3p,
@)=p, e €& ,peP,te)eP,,
i) =p, e"eEtpePtiE)eP,

Theorem 3.3. Let Gr(B,ET,E7) be an R-graph, such that

T\RR #0.
that satisfies conditions (I), (II) and (II1), and let X (B, 3, \) be an Sr (P, E,E1)-
presentation. Then the semigroup Sﬁ(‘fj, g‘, §+) is associated to X (B,3, \), and
X (B, %, \) has an Sﬁ(‘fj, £, g"’)-pr@sentation.

Proof. There is a homomorphism ¥ of Sg(,£,£T) onto Sz (53, £7,ET) that is
given by setting

P(1y) =1y, p' e, Pe‘ﬁv

U(e™) =1, e” € {s(e7),tle")} CP(p), peFP,
U(e) =1y, e e & {s(e?),ten)} CPp), pePp,
Ve )=¢, e" €&, e €&,

T(et) =et, etegt, etecgt,

An application of Theorem 2.3 and of Lemma 3.1 and Theorem 3.2 yields that there
is an isomorphism v of [Yx(x )]~ onto Sz (B, &, §+) such that for a y € Yx (s x
that is left asymptotic to a periodic point ¢ € A(X (3, A)) and right asymptptic to
a periodic point r € A(X (X, X)), and such that more precisely, with I, J € Z,I < J,
such that

Y(—c0,I] = 4(—c0,1]5 A(Q[I,I—Hrq]) = 1q7
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Yo0) = T(ao0)s Mr(gg4m,)) = 1o,
one has
Y(lyl=) = ¥(Myp,))-
An Sz (B, £, ET)-presentation of X (X, )) is given by X (B, %, Uo \). O

4. EXAMPLES 1

We introduce notation for relations. Given finite non-empty sets £~ and £~ and
a relation R C £~ x £, we set
D™ (R) = ged {card([e” | (r,—)) : e~ € E7},
DT (R) = ged {card([e]w(r,4)) € € E7}
We denote by p(£7,E%) the set of relations R C £~ x £F such that

ged{card(le”]v(r,-)), card([e” ] (»,~))} = D™ (R),
e,e €&, [e7 o) #FlE ur—)s
ged{card([e"]w(r +)), card([€"] (=, +))} = DT(R),
et et e [ef]um) # [ ur, 4
and by pO(£7,E%) the set of relations R C £~ x £* such that
E7(R)=ET(R) =0,
and we set
pV(EET) = (R € pA(E7,E%) - D-(R) = D*(R) =1},
and
POV(ET,ET) = pO(E7, ) Npt(E,EN).
Given disjoint finite sets £~ and £, subsets £ C £7,EF C €T, and a relation
R C £~ x ET, we speak of a subrelation R N (£ x £F) of R, provided that

U QL(e7) c&f, U Qz(eM) C &
e—€&; etegd
We say that a relation is irreducible if it does not possess a proper subrelation. For
a subrelation
Ro=RN(E; x &)

of the relation R C £~ x £T we define its complementary relation R © R, by

ROR.=RN(E\E) x (ET\ EN)).
Given a finite index set 7 and disjoint finite sets £ ,&",i € Z, together with

[ A

relations R; C &; x S;F,i € 7, we say that the relation

Pr=UrclJ&) xJea

i€l i€ i€ i€z
is the Kronecker sum of the relations R;,i € Z. Every relation is the Kronecker
sum of its irreducible subrelations, which are uniquely determined by it. B

For finite sets £7,E1 and £7,£T and relations R CE~ xET and R C £~ x ET
their Kronecker product
RORC(E-xE)x (Et x &)

is given by

R @R ={((e”,e7),(e",e")): (e",e") eR,(€",eT) e R}.
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For finite sets £7, & and a relation R C £~ x £ we define for n € N a relation
R C (E7)2/ME x (E1)2/"E by setting

R —

U N {(e)iezmz (€)iczmz) € (€)X (EX)M 2 (e ef,) € R}
k€Z/nZ i€Z/nT

For finite sets £~,E+ and £, ET we say that a relation R C £~ x £F is isomor-
phic to a relation R C £~ x £T if there exist bijections
(U :5_—>g_, w+:5+—>g+,
such that
R= (" x¢")(R).

The isomorphism class of a relation R determines the isomorphism class of the
relation R(™ n € Z.

Let = denote a system of representatives of the isomorphism classes irreducible
relations on finite sets. We describe the isomorphism type of a relation R C £~ xET
by a vector (ugr,(R))r,cz, where ugr,(R) is the multiplicity of the irreducible
subrelations of R that are isomorphic to R..

We note, that for the set of (isomorphism classes of) relations, the (class of the)

empty relation acts as the zero element.

For a subshift X denote its set of orbits of length n by O,(X),n € N. To a
subshift X C XZ there are invariantly attached the sets (97(1_)()( ) of O € O,(X)
such that for all O’ € UpenO,,(X) there is a point on X that is left asymptotic to
O’ and right asymptotic to O,n € N. Invariantly attached sets O,(,Jr)(X),n e N,
are defined symmetrically. We set

2 (X)NOoP(X)),

0, (X) = 07(X)\ (Of
O (X) = O (X)\ (O7(X)nOP (X)), neN,

f
and
o-(X)=J o0, (X), otx)= ] orX).
neN neN
For k,1 € N we denote by O, (X)(Of (X)) the set of O~ € O (X) (0T € O] (X))
such that X has a point that is left (right) asymptotic to O~ (O™) and right(left)
asymptotic to a point in O} (X)( Oy (X)). One has the relations

Rii(X) C O (X) x O (X)

where O~ € O, (X) and Ot € O} (X) are related if X has a point that is left
asymptotic to O~ and right asymptotic to OT. (For R, , we write R,.)

One has for Sg-presentations X (X,, A) of R-graphs the set O~ (X (X, B, A))
(OT(X(Z,%,)))) coincides with the set of periodic orbits of X that have have
negative (positive) multiplier precisely if there is no cycle in €5 (€7). In this case
therefore the set of neutral periodic orbits, and the set of orbits with positive
multiplier, and, symmetrically, with negative multiplier, are invariantly attached
to the Sg-presentations X (3,9, \) (compare [HIK| Section 4]). We denote the
number of orbits of length n with a negative multiplier by I, and the number of
neutral orbits of length n by I9,n € N.

In the way of examples we look now at certain special types of R-graphs with
one, two or three vertices, that satisfy conditions (I), (1) and (I1I). A one-vertex
R-graph Gr ({p}, £, ET) such that

R(p,p) € pP(E,ET),



A CONSTRUCTION OF SUBSHIFTS AND A CLASS OF SEMIGROUPS 19

we denote by G[p], setting
X(Glp]) = X(E7UET {p}ide-ve+).

The relation R(p,p) is isomorphic to the relation Ry (X (G[p]), and its isomor-
phism class is therefore an invariant of the subshifts X (G[p]).
We note that

(4.1) 1y (X(Glp])) = Iy (X(Gp]) (I (X(G[p]) — 1),

(4.2) (X (Glp])) = card(R1(X (G[p)))-

The semigroup that is associated to the subshift X (G[p]) is isomorphic to the
R-graph semigroup of a one-vertex R-graph with a relation that is isomorphic to

R(p,p).
By Glp, q] we denote an R-graph G ({p,q},E~,ET) such that

£ (a,9) =0,

and

(4.3) E7(p.a) #0, R(p,q)=E(p.q) x E(p, ),

and such that
& (q,p) # 0,

and, in case that £~ (p,p) # 0,

(4.4.2) R(q,p) € pV(E7(,9),EF(,p)),

and, in case that £~ (p,p) = 0,

(4.4.b) R(a,p) € pOV(E(a,p),E7(a,p),

setting

X(g[pa q]) = X(gi U 5+7 {pa q}a idS*LJg*)-
The relation R(p,p) is isomorphic to the relation Rq(X(G[p,q]), and its iso-
morphism class is therefore an invariant of the sushifts X(G[p,q]). For an R-
graph G[p,q] denote by Oy (G[p, a])(O3 (Glp, a])) the set of O~ € Oy (X(Glp.a)))

(O € OF (X(G[p,q]))) that contain the points that carry a bi-infinite concatena-
tion of a word in £~ (p,q)E~ (q,p) (E1(q,9)ET(p,q)), and consider the relation
Q(Glp. a]) = Ra(X (G, a))) N (O (Glp. a]) x O3 (Glp. a)).
It is
W(R2(X(Glp,a])) © Qa(Glp. a])) = $u(R1 (X (Glp.a)) ),
which implies that the isomorphism class of the relation Q2(G[p, q])) is an invariant
of X(Glp,q]). By (4.3) and (4.4.a - b)

Q:(Glp, a))) € p (€ (Glp, a]). £¥(Glp, a])),

and therefore it follows that

card(E7(p,q)) = D™ (Q2(Glp, a])), card(E¥(p,q)) = DF(Qa2(Glp, ),
and

1(Q2(G[p, q])
Q2(Gp, a])) D (Q2(G[p.a]))’

and it is seen that card(€~(p,q)) and card(E1(p,q)) as well as the isomorphism
class of the relation R(q,p) are invariants of the subshifts X (G]p, q]).
We note that

(4.5) Iy (X (Glp,al)) > I (X(Glp, a) (I (X (Glp,a])) — 1),

H(R(@P)) = B
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(4.6) I3(X(Glp, a))) = card(R1 (X (G[p, a))))+
card(Q(X(G[p, )
D= (Q2(X(Glp, a])) D+ (Q2(X (Glp, a]))
D™ (Q(X(Glp, a)))) DT (Q(X(G[p.a])),

(4.7) Q(X(Glp,a)) € p° (03 (Glp,a)), 03 (Glp. a)))-

The semigroup that is associated to the subshift X (G[p, q]) is isomorphic to the
R graph semlgroup of a one-vertex R-graph with a relation that is isomorphic to

R(p.p) © R(a,p).
By G+[p, q,t] we denote an R-graph Gz ({p,q,t},E~,ET) such that

E(q,q)=0, & (ve)=0, & (p,r)=0, & (v,q9) =0,

and

(4.8) E7(p.a) #0, R(p,q)=E(p.q) x E(p, ),
(49) gi(qat) 7é @a R(qat) = gi(qat) X 5+(q,t),
and

(4.10) R(a,p) € p¥(E7(a,p), ET(q,p)),
(4.11) R(v,p) € pV(E7(,p),E7(x,p)),
setting

X(ng[pa q, t]) = X(57 U SJra {pv 9, t}a idS*U$+)'
The relation R(p,p) is isomorphic to the relation R1 (X (G[p, q,t]), and therefore
its isomorphism class is an invariant of the subshifts X (G [p, g,t]). For an R-graph

g+ [pa q, t] denote by O; (g+ [pa q, t])(O;(g-l‘ [pa q, t])) theset of O™ € O; (X(g‘i‘ [pa q, t]))

(O € OF (X(G4[p,q,t]))) that contain the points that carry a bi-infinite concate-

nation of a word in £~ (p, 9)€~(q,p) (ET(q,p)ET(p,q)), and consider the relation
(

Q2(g+[p7q7t]) =Rz X(ng[paqat])) n (OQ_(QJr[paqat]) X Og_(ng[paqat])
It is
IU’(RQ(X(Q-F[pa qat])) © QQ(g-i-[paq’t]) = %M(Rl(X(g+[paq’t]))<2>)a

which implies that the isomorphism class of the relation Q2(Gy[p,q,t])) is an in-
variant of the subshifts X (G[p, q]). By (4.8) and (4.10)

Qa(G1[p,,1])) € p™(E7(Gp,al), T (G [p, a, 1))
and it follows therefore that

card(€” (p,q)) = D™ (Q2(G+[p,a.7])), card(E¥(p,q)) = D*(Q2(G[p, a,7])),
" (Q(G[p.0.%)
1(Q2(Glp, g,

R 3 = 3
HREP) = D=0, .4, 0) DF (G o0 1)
and it is seen that card(£~(p,q)) and card(€~(p,q)) as well as the isomorphism
class of R(q,p) are invariants of the subshifts X (G4[p, g, t]).

For an R-graph G[p, q,t] denote also by O3 (G4 [p,q,t])(OF (G[p, q,t])) the set
of O~ € O3 (X(G+lp,q,t])) (OF € OF(X(G+[p,q,1]))) that contain the points
that carry a bi-infinite concatenation of a word in £~ (p, q)E~(q,t)E~ (¢, p)(ET (v, p)
ET(q,v)ET(p,q)), and consider the relation

QB(ng[pa qad) = R3(X(g+[p7qvt])) n (O:;(g[pa qat]) X O:;r(ng[quvt])
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It is
1(R3(X(G1[p,a,1]))0Qs(G 4 [p, 0,7])) =
sH(RU(X(Glp,0,1) ™)+
card(€~ (p, q))card(E" (p, ) (R (X (G [p, a.])) +
1(Q2(G+[p, a4, 1)) @ Ri(X (G [p, 4, 1)),

which implies that the isomorphism class of the relation Qs(G4[p,q,t])) is an in-
variant of the subshifts X (G[p, q,t]). By (4.9) and (4.11)

Q3(g+[pa q, t])) € pA((c/’*(g[p, q])7 5+(g+[pa q, t]))

and it follows therefore that
card(£” (p,q))card(E™ (q,7)) = D™ (Q3(G+
card(£* (p, q))card(£* (g, v)) = D* (Qs(G

1(Qs(G+[p, g, t])
HREP) = 50G o 01D H(Qy(Gr 0,0
and it is seen that card(£~(q,t)) and card(£7(q,t)) as well as the isomorphism
class of R(q, p) are invariants of the subshifts X (G4[p, g, t]).
We note that

(4.12) Iy (X(Glpsa,1)) > I (X (G [p, a, e) (I (X (G [ps g, ¢])) — 1),

and

(4.13) I3 (X(G+[p, q,1])) > card(Ra(X (G [p, a,1])))+
card(Qs (X (G[p, g,t])))

D= (Qa(X (G [p, a4, ¢1) DF(Q2(X (G [p, 4, ¥])))

D™(Q2(X(G+[p,q,t]))) DT (Q2(X (G [p, 9,1]))),

+

(4.14) Qa(X(G+lp, a,1])) € p°(O5 (G [p. 4,1])), OF (G [p. a,1])).

The semigroup that is associated to the subshift X (G [p, q,t]) is isomorphic to
the R-graph semigroup of a one-vertex R-graph with a relation that is isomorphic

t0 R(p, p) & R(q,p) & R(x,p).
By Golp, g, t] we denote an R-graph Gz ({p,q,t},E~,ET) such that

5_(q?q) = ®) g_(t’ t) = @’ g_(p)t) = ®) g_(t’ q) = ®) g_(q)p) = @’

and

(4.15) E7(p.a) #0, R(p,q) =& (p,q) x £ (p,0),
(4.16) E7(a,r) #0, R(q,r)=E (q,1) x E7(q,v),
and

£ (v,p) # 0,
and such that, in case that £~ (p,p) = 0,
(4.17.a) R(x,p) € pOV(E7(x,p), €7 (v, p),
and in case that £~ (p,p) # 0,
(4.17.b) R(x,p) € p¥ (€7 (v,0),£7(a,)),
setting

X(QO[pa qat]) = X(g_ U g+a {pa qat}vidS*Uf)*)‘
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Proposition 4.1. Let there be given R-graphs
Golp,a,v] = Gr({p,q,t},E7,€7)

and B L
Golp,4,7))) = Gz ({p,q,7},£7,£7).
For the subshifts X (Golp,q,t]))) and X(Go[p,q.7]))) to be topologically conjugate,

it is mecessary and sufficient that the relations R(p,p) and R(p,p) are isomorphic,
that the relations R(v,p) and R(T,p) are isomorphic, and that

(4.18) card(€” (p, q))card(£ (g, t)) = card(E~ (p, §))card (€~ (3,7)),
(4.19) card(£* (q,v))card(£¥ (p, q)) = card(£* (§,7)card (¥ (p, 7)),
(4.20) card(E™ (p, q))card(E (p,q)) = card(E (p,q))card(ET(p, q))-
Proof. Note that in the statement of the proposition (4.19) can be replaced by
(4.21) card(£7(q,¢))card(E¥ (g, t)) = card(E~(q,7))card(E7(q,7)).

Set

X = X(Golp,9,1]).
The relation R(p,p) is isomorphic to the relation R;(X) and therefore its iso-
morphism class is an invariant of the subshift X.
Also set
Apg = card(E~ (p,q)), A= card(€7 (g, 1)),
Ag, = card(EF(q,v), Ay, = card(ET(p,q)),
We divide the proof of necessity into two cases. We consider first the case that X
has fixed points.
The set Oy, (X) contains precisely the orbits in O € Oy (X) whose points carry

a bi-infinite concatenation of a word in £ (p,p)E~ (p, )T (p, q). It is

card(03 (X)) = card(E_(p,p))A;qA;q,

and it follows that A, ;A , is an invariant of the subshift X.

For the R-graph Golp,q,t] denote by O3 (Golp,q,t])(OF (Golp, q,t])) the set of
O~ € 0;(X) (OF € OF (X)) that contain the points that carry a bi-infinite
concatenation of a word in £~ (p,q)€(q,v)E (v, p) (ET(t,p)EF(q,v)ET (p,q)), and
consider the relation

Q3(go[pa q, t) = RB(X) N (O:;(g()[pa q, t]) X O;(go[p, q, t]))
It is
u(R3(X) © Qs(G+0[p, a,1])) = 5u(R1(X) ™) + Ay A7 qu(R1(X)),
and it follows that the isomorphism class of the relation Qs(Go[p, q,t])) is an invari-
ant of the subshift X. By (4.15 - 16) and (17.a)
Q3(g0[pa q, t])) € pA(O?y_(QO[pa q, t])a O;_(QO[F') q, t]))

and it follows therefore that
A;qA;r = Di(Q3(QO[p7 q, t]))v A;r,tA;r,q = D+(Q3(go[p7 q, t]))v
and it is seen that A, ;A . and A;itA;q are invariants of the subshift X. Also

(Q3(90[p7 qv t]))
u(R(x,p)) = B2 :
Ap,qu,rA;:_,rA;—;q

and it is seen that the isomorphism class of the relation R(t,p) is an invariant of
X.
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Consider the case that X has no fixed points. In this case by (4.16) and (4.17.b)
Rs(X) € p™(05 (X), 0F (X)),

and
Ap qu_t = D_(R3(X))’ A::}_tA;_q = +(R3(X))’
and
R
HRGe ) = G

and it is seen that Ay ;A- . and A;ttA;ﬁq as Well as the isomorphism class of the
relation R(t,p)) are invariants of the subshift X, It is

Ay AL+ ATAL L = 13(X) — card(R(x, p)),

which implies that Ap_qA+ + A Ag
Ig(X) {AP q p q(Ap qA;rq )(Ap qA;rq 2)}+ Ap qA;q(At;qA;q — 1)+

§{Aqr (A AJr - )(A AJr - )}+Aq,r A;r(A;rA;it_1)+

Ay Ay A;rtA;fq(quA;rquA*A O

gcard( (t, p))(card(R(x, p)) — 1)(card(R(x, p)) — 2)+

card(R(x,p))* (A, JAT L+ ATLAL D) 4 2 card(R(x,p)) A, g Ag cAd Af

card(R(t, p)) A, A:{q,

and it follows from the invariance of Ay Ay ., AF Al and of A; Ay + Af AL

that also A, Ap q is an invariant of the subshlft X This proves necessity.
To prove sufﬁmency it is enough to consider the case that

q.c» 1S an invariant of X. Also

p= 5) q= aa T=r,
and that
E(pp)=E (0,p), ET(p,p)=ET(pp), R(p,p) = R(p,p).

5_(qat) :g_(qat)’ 6+(q’t) :g+(qat)’ R(q’t) :ﬁ(qat)-
By (4.18 - 21) we can choose bijections

Teae : ET(0,0E(a,1) > E7(q, 1€ (,7),
Me,ap : €7(0,0E7 (b, q)—>5+(q,t)5 (p, ),
Mo.ap : € (0, )ET(p,a) = € (0, 0)E T (p, ),
Moae s € (1,0 (a,1) = € (1, 0)E (a,1).

A topological conjugacy of X (Go[p, q,t)]) onto X QO [p,q,T]) is given by the map-
ping that replaces in the points of X (Go[p,q]) a word in E1(q,vt)E (q,t) by its
image under 7 4., a word in 7 (q,t)E1(p, q) by its image under 7, 4., a word in
E(p,q)€T(p,q) by its image under 7, 4,5, and a word in £~ (p,q)E (q,t) by its
image under 7y g ¢- (I

We note that
(4.22) 15 (X (Golp. q.t])) = I; (X (Golp, a,¢]))(I7 (X(Golp,a,7])) — 1),

(4.23) 13(X (Golp, 4,v])) > card(R1(X (Golp, g, ])))-

The semigroup that is associated to the subshift X (Golp, q,t]) is isomorphic to
the R-graph semigroup of a one-vertex R-graph with a relation that is isomorphic

to R(p,p) ® R(r,p).
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By G4 [p, q0, q1] we denote an R-graph Gz ({p, q0,91},E,ET) such that
E(q0,q1) =0, &£ (d1,90) =0

and

(424) R(paqO) :gi(p’qo) Xng(paqO)’ R(paql) :57(%‘]1) Xng(paql)a

(4'25) R(qup) € pv(gi(qup)’ng(qup))’ R(Ch,p) € pV(f/’*(ql’p), 5+(q1,p)),
such that

57(p5q0> #Qv Si(pach)) #ma
and such that the pair

(card(€™ (p, q0)), card(E™ (p, d1)))

is lexicographically larger than the pair

(Card(ng (pa qO))a card(EJr(p, Cll))),
setting

X(ng[pv 90, ql]) = X(57 U SJra {pv 9o, ql}v idS*UE*)'
The relation Ry (X (G+[p, qo, q1])) is isomorphic to the relation R(p, p), and there-
fore its isomorphism class is an invariant of the subshifts X (G+[p, qo,q1]). For an

R-graph G [p, qo, d1] denote by O\ (G+[p,do, a1]) (O;)(G+[p,q0,41]))) the set of
O~ € O3 (X(G+[p, q0,91])) that contain the points that carry a bi-infinite concate-
nation of a word in £~ (p, q0) £ (g0, p) (£~ (p,91)E~ (q1,p)), and set

(G lp, g0, q])) =
RQ(X(g-i-[pa qo, ql])) N (O(_o)(g-i-[pa quql])) X OEB)(g-i-[pa qo0, lh]))),

(G lp, g0, q])) =
RQ(X(g-i-[pa qo, ql])) N (O(_U(g-i-[pa quql])) X Oa)(gﬁ-[pa qo0, lh]))),

and

Q3(G+[p. 0. a1))) = Q57 (G-[p. g0, a1])) U QS (G [p. do. a1))-
It is
1(R2(X (G4 [p, q0, 91]) © Q2(G+[p, d0, q1]))) = 3 (R1(X (G4 [p, do, q)) ),

which implies that the isomorphism class of Qa2(G4[p,do,q1])) is an invariant of
X (G+[p,q0,91]))- Also observe that by (4.25) the sets

O(_o)(ng[pa qo, q1]>a OEB)(ng[pa qo, ql])a
and

O(_l)(g+[pa qo, ql])a Oa)(gﬁ‘[pa qo, Cll]);

are uniquely determined as the sets O(B), O(JFO), and O(l), Ozrl),

O(O) U 0(1) = O(O) (g-i- [pa qo, ql]) U 0(1) (g-i- [pa qo0, ql])’
OEB) U Ozrl) = OEB) (G4 [p,90,q1]) U Ozrl)(ng [P, qo0, q1]),

such that

and
(O(_o) X O?(_))) N Q(ng[pv qo, ql])) € pA(O(_O)v OEB)))
(Oq) X O()) N QG+ [p,90,a1))) € P2 (O, OF),

and it follows that also the isomorphism classes of the relation ng)(ng [p,q0,91]))
and of the relation Q™ (G, [p, qo, q1])) are invariants of X (G4 [p, qo, q1])). By (4.24)

card(€™ (p,q0)) = D™ (Y (G [p, q0, 1)),



A CONSTRUCTION OF SUBSHIFTS AND A CLASS OF SEMIGROUPS 25

card(€¥ (p,q0)) = D (QY (G [p, 90, 1)),
card(€~ (p,q1)) = D~ (S (G [p, 40, 1)),

card(E¥ (p,q1)) = D(Q5” (G4 [p, 90, 1)),
and

(95" (G+[p., g0, 01])))

R 9 = :
M) = L PG a0, 0D QP (G oo ar))
(1)
w(R(q,p)) = Qs " (G+1p, 90, 91))))

D= (95" (G[p., 0, 41)))) D+ (O (G [p, g0, 1))

and therefore also the isomorphism classes of the relations R(qo,p) and R(q1,p)
are invariants of X (G4 [p, qo, q1]))-
We note that

(4.27) Iy (X(G+[p,q0,a1])) > 11 (X(G+[p, g0, 1)) (11 (X (G+[p, 90, 91]) — 1),

(4.28) Q2(X(G+[p, 90, 01])) & = (O3 (G [p. do, a1))), O3 (Gt [p. do, a1)))-

The semigroup that is associated to the subshift X (G [p, qo, q1]) is isomorphic to
the R-graph semigroup of a one-vertex R-graph with a relation that is isomorphic

to R(p, p) & R(d0, p) & R(a1, p)-
By Golp, 90, q1] we denote an R-graph Gr ({p, q0,q1},E~,ET) such that

5_(q05 ql) = @, 6_(q15 qO) = @,
and

g_(paqo) 7&@7 5_(Palh)7é®;

(429) R(paqO) :g_(p7q0) X5+(paq0)7 R(pvql) :5_(Palh) ><5+(137Q1)7

(4.30) R(q0,9) € pV(E7(90,9),ET(d0,p)),  R(q1,p) € pV(E7(q1,9),EF (a1,p)),
and such that

card(€7 (p,q0)) = card(€7 (p, 1)),  card(E7(p,q0)) = card(E7 (p, 1)),
setting
X(QO({pv qo, Ch}) = X(57 U SJra {pv qo, ql}v idg*U$+)'

Proposition 4.2. Let there be given R-graphs
gO[pa qo, ql] = gR({pa qo, Cl1}7 57) ng)

and
gO[ﬁaﬁOval] = gﬁ({ﬁaﬁOaal}v 577 5+>
For the subshifts X (Go[p,q0,q1]) and X(gofﬁ, qo, q1]) to be topologically conjugate

it is necessary and sufficient that the relation R(p,p) is isomorphic to the relation

R(p,p) and that
1(R(do,p)) + n(R(a1,p)) = 1(R(do,p)) + 1(R(d1,p))-

Proof. We prove necessity. We denote the common value of card(€~(p,qo)) and
card(E~(p,q1)) (card(ET(p,q0)) and card(ET (p,q1))) by A~ (AT ). The relation
R1(X(Golp, 90, 91])) is isomorphic to the relation R(p,p), and therefore its iso-
morphism class is an invariant of the subshifts X (G [p, qo,q1]). For an R-graph
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Golp, q0, 1] denote by O, (O3, the set of O~ € O (X(G+[p, do,q1])) that con-
tain the points that carry a bi-infinite concatenation of a word in £~ (p, 40)€~ (qo, p)

(€7 (p,a1)€ (q1,p)), and set
Q2(Golp. 90, 41])) =
(R2(X(Go[p, 90, 41])) N (O % O(JB)) U (R2(X (Golp, 0, 91])) N (O x Ozrl))-
It is
1(Ra(X (Golp, 0, 91]) © Q2(Golp, 90, 1)) = $u(Ra (X (Golp, q0, a1])) ),

which implies that the isomorphism class of Q2(Go[p, qo, q1]) is an invariant of the
subshifts X (G [p, q0,q1]). By (4.29 - 30)

Q2(Golp, 90, m])) € P> (O U O, O, U O,
and therefore

A™ = D7 (Q2(%lp, 90, q1])), AT = D*(Qa(Golp, 90, q1])),

and

u(R(do, p) UR(a1,p)) = ’LL(QQ(ZO_[]ZEqul])’

and it is seen that the isomorphism class of the relation R(qo,p) ® R(qo,p) is an
invariant of the subshifts X (G [p, qo, q1])-
For the proof of sufficiency choose any RJ € = such that

prs (R(do, p)) + prs (R(a1,p)) > 0.

Without loss of generality one can assume that pge(R(qo,p)) > 0. Let & C
E7(q0,p)),EF C ET(q0,p)) be such that R(qo,p) N (5 x EF) is isomorphic to RE.
We prove that the subshift X (Go[p, q0, q1]) is topologically conjugate to a subshift

X (Golp, 90, q1]), where
Q\O[Pa%,qﬂ = gﬁ({p,qo,ql},fjf?r)

is an R-graph such that ﬁ(qo, p) is isomorphic to RZ, and such that

~

pre (R(q1,9)) = pre (R(90,9)) + pre (R(q1,p)) — 1,

and

tro (R(q1,p)) = pr, (R(do, p)) + pr, (R(d1,p)), Ro # Re.
It is possible to set

~ ~

E(qo,p) =&, € (q1,p) =& (q1,p) U (E (d0,p) \ &),

E(qo,p) = &5, EX(a1p) = E7(q1,9) U (ET(q0.0) \ &),

and

R(ar,p) = R(q0,) N (€ (A0, p) \ E5) X (E¥(a0,p) \ EF)) & R(ar. p).

We choose bijections

1/)7 :Si(paqO)ﬁgi(pvqlh ’l/)Jr :SJr(paqO)HEJr(paql)'

A topological conjugacy of X (Golp, qo, q1]) onto X(C;O [P, 90, q1]) is given by the map-
ping that replaces in the points of X (Go[p, qo,q1]) every symbol e~ € £~ (p, qo) that
is followed by a symbol in £7(qo,p) by ¢~ (e7), and every symbol e™ € £T(p, q0)
that is preceded by a symbol in €7 (go,p) by ¥+ (e™). O
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We note that
(4.31) Iy (X(Golp, 90, q1])) > 11 (X(Golp, 90, 91])) (11 (X (Golp, g0, a1]])) — 1),

(4.32)  I3(X(Golp, q0, a1])) = card(R1 (X (Golp, q0, 1))+
card(Q(X (Go[p, 90, 91]))) N
D=(Q2(X (go[p quql]) (Q2(X (Golp, 90, a1])))
D™ (Q(X(%o[p, 90, 41]))) DT (Q2(X (Golp, do; 91]))),

(4.33) Q2(Go[p, q0,91])) € /)A(Oz_(go[lﬂaCIO,UIl])aO;(go[P,UIO,lh])-

The semigroup that is associated to the subshift X (Go[p, qo, q1]) can be described
just like the semigroup that is associated to the subshift X (G [p, qo, q1]), as the R-
graph semigroup of a one-vertex R-graph with a relation that is isomorphic to

R(p,p) EBR(UIOJJ) @R(‘h,p)
Denote by g+ [p,q,t](gf)[p,q,t]) an R-graph of type Gi[p,q,t]) such that

£=(p.p) # O(€~(p,p) = ), and denote by G5 [p, a0, a1] (G3[p, qo, 1)) an R-graph
of type Go[p, qo, q1] such that £~ (p,p) # 0 (£~ (p,p) = 0). We note that

(434)  card(031(X (G b q,1))) = card(E (p, q))card(€* (. q)),
(4.35)  card(Os1(X(G5 [p, 0, 01])) = 2 card (€™ (p, go))card (€™ (p, o)),
(4.36) I3 (X (G2 [p,q,¥])) > 0,

(4.37) I3 (X(G9[p, do, 1)) = 0,

(4.38) I3 (X (G [p,q.¥)) >
UﬂX@”%qufUMX(“%qd> DI (X (G b, a,1))+
card(€7 (p, q))card (£ (p, 0)) 17 (X (G [p. q, 1))+
L (X (G e, g, ) I (X (G b, 0. 1) — DU (X(G [p.0.1]) - 2),

(4.39) Iy (X(G5 [p, g0, 1)) >
(I3 (X(G3 [p, g0, a1])) — (I; (X (G [P, q0, au]) — 1)*) I (X (Gl [p, do, 1))+
2 card(£7 (p, q))card(E (p, ) I (X(Gg [p, 90, 91]))+
310 (X(Gg I, 0, ) (17 (X (G [p, 90, aa])) — DT (X (G5 [ps 90, a1])) — 2)-

Taking into account, that the isomorphism class of the relation Qs is determined
by the isomorphism class of the relations R and Ro by

1(Qs) = p(R2) — (R,

it is seen from (4.1 - 2), (4.5-7), (4.12- 14), (4.22 - 23), (4.27 - 28), and (4.31 — 39)
that the invariants I, I; , I3, I3, and card(Os,1) distinguish between the subshifts
of the various types of R-graphs G[p], Glp,q] and Gi[p,q,t],Go[p,q,t] and also
G+Ip,90,91]s Golp,q0,91]. Also observe, that the family of R-graphs with up to
three vertices, that we have considered, appears naturally as a sub-family of a fam-
ily R-graphs, that are unions of R graphs that have a ladder structure with gaps,
and that have a common base point.
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5. EXAMPLES II

We describe now the strongly connected directed graphs with three vertices, with
one of the vertices having a single incoming edge, that have Markov-Dyck shifts
with an associated semigroup, that is the inverse semigroup of a strongly connected
directed graph with two vertices, the vertex set of this two-vertex graph to be
denoted by {«, 8}, its edge set by F and its adjacency matrix by T' = (;Z: ;;‘Z ),
such that

Too +T8a >1, Tap+Tssg > 1,

where we can assume that 7' is normalized such that T > Tgg or Too = T, Tag >
T3a. We will specify the directed graphs by their adjacency matrices A, denoting
the graph by G(A), and its Markov-Dyck shift by M D(G(A)). The graphs come in
two sets. A first set contains the graphs with vertices p, (o), Pa(1), and pg, and with
an adjacency matrix A (T, A(®) A,) that is given by

A (p40), Pa(0)) A(a)(lﬂa(o)mau)) (pa(O ps)
(5.1) | A Pa1), Pa)  AY (Pa1)sPaq)) ( a1),h8) | =
A (pgpa) A (pgpa)) ) (pg,pp)

Too — A 1 A,
Ae) 0 Tup— A4 |,
Tpa 0 Tpp
0<A® <Thy, 0< Ay <Tag, A 4T3 — A, >0.

The second set contains the graphs with vertices pg (), Pg(1), and po, and with an
adjacency matrix

AT, AP Ag)), 0< AP < Tpg,0 < Ap < Top, AW + Tpo — Ay >0,

that is obtained from (5.1) by interchanging alpha with beta. By Theorem (2.3)
MD(G(A(T, A A,))) and MD(G(AP)(T, AP Ag))) have Property (A) and
their associated semigroup is by Theorem (3.3) the inverse semigroup of the directed
graph with adjacency matrix 7.

One has
(al) I;7 (MD(G(A) (T, A AL))) = Toa + Tog — A,
(81) 17 (MD(G(AP (T, AP), Ag))) = T + Tua — AP,

(2) Iy (MD(G(A(T, A, A,))) =
Taa(Taa — 1) + TﬂB(TﬂB — 1) + A(a) + AaTBaa

(52) Iy (MD(GAYNT, AP, Ag))) =
Tsp(Tpp — 1) + Taa(Toa — 1) + AP + TopAg.
It follows from (al) that for
0< A A® <T,,,0 <Ay, Ay < Top, A £ A

the subshifts MD(G(A©@ (T, Al®), A,)) and MD(G(A@) (T, A, A,)) are not topo-
logically conjugate, and it follows from («2) that for

0 S A(a) S Taomo S Aaaza S TaﬁyAa 7£ Kom
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the subshifts MD(G(A®) (T, A(®), A,)) and MD(G(A®) (T, A A,)) are not topo-
logically conjugate. The symmetric argument that uses (51) and (52), gives the
same result.

Denote for k € N by I, (c)(I, (8)) the number of orbits of length k with negative
multiplier in {f € F: s(f) =t(f) = a}({f € F:s(f) =t(f) = 8}). One has

(law) I7 (@) (MD(G(A“ (T, A AL))) = Toe — A,
(LaB) I7 (@) (MD(G(AYN(T, AP, Ap))) = T,

(18c) I7 (B)(MD(G(AN(T, A, A,))) = Tsp,

(188) 1D (B)(MD(GA(T, AP, Ag))) = Tgs — AP,
(3aq) I3 (@) (MD(G(AN(T,0,A4))) = Tao(Toa + 1+ A4),
(3a) I; () (MD(G(APN(T,0,A4))) = Toa(Taa + Tap),
(3Ba) I3 (B)(MD(G(A)(T,0,A4))) = Tas(Tps + Tpa),
(388) I; (B)(MD(G(AP)(T,0,Ag))) = Tp(Tpp + 1 + Ap),

(5a) I (a)(MD(G(A(T,0,Ay))) =
Taa ( Taa +1+ Aa)2 + Taa(Taa + 1+ Aa) + Taﬁ - Aa + Aa(Tﬁﬁ + Tﬁa)) )

(5a8) I () (MD(G(AP(T, 0, Ap))) =
Too (Too + Tag)® + Toa(Tao + Tap) + Tap(Tas + Ag))

(58a) I (B)(MD(G(A)(T,0,A,.))) =
Tss (Tps + Tpa)? + Tps(Tap + Ta) + Tpa(Taa + Ad))

(568) 15 (B)(MD(G(A(T,0,Ap))) =
Tos (Tos + 1+ Ap)* + Tpa(Tps + 1+ Ap) + Tpo — Ap + Ap(Taa + Tag)) -

In the case that Too = 138, Tag = T8a, and A = AB) A, = Ag, the graphs
G(ACH(T, A A,))) and G(AP)(T, AP Ag)) are isomorphic, and therefore the
subshifts MD(G(ACN(T, A A,) and MD(G(AP)(T,AP) Ag) are topologically
conjugate.

In the case that Too > Tgg or Toa = 1gg,Tag > 1Ba, an automorphism of
the graph with adjacency matrix 7' leaves the vertices a and f fixed and therefore
permutes the sets {f € F : s(e) = t(e) = a} and {f € F : s(e) = t(e) = B}. It
follows then for this case from [Kr3l Corollary 3.2] and [HIK| Proposition 4.2] that
I (o), 1, (B),k € N, are invariants. Therefore by (lac) and (1af) no subshift

MD(GA(T, A A,))), 0<A® <Th,0< Ay < Tag,
is topologically conjugate to any of the subshifts
MD(GAP (T, AP Ag))), 0< AP < Tgs, 0< Ag < Tpo, AP 4T, —Ag >0,
and by (188) and (18«a) no subshift

MD(GAP(T, AP Ap))), 0< AP <Tps,0< A < Tpa,
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is topologically conjugate to any of the subshifts
MD(G(AN(T, A AL))), 0<A® <Tho, 0< Ay < Tog, AT, 5-A, > 0.

We prove that under the hypothesis that Tio > Tgg or Too = 188, Tag > Tsa,
no subshift

MD(G(A)(T,0,A,)))
is topologically conjugate to a subshift
MD(G(APN(T,0,Ap))).

Assume the contrary. Then it follows from (laa) and (188) (or from (1) and
(1)) and (2) and (42) that

(5.2) AT = TapAgp.
In the the case that
Tgp = 0.
one has by (56«a) and (560) that
(Toa — 1)(Taa — Ag) = 0.

Tso = Ap is impossible, and for the case that T, = 1 one has from (3aa) and
(3aB) that

1+Ao¢: afs

and then from (15.2 that T, = A, which is also impossible.
In the the case that

Typ > 0.
It follows from (3aa) and (3af3), and from (3aa) and (3af), that
14 A =Tap, 1+ Ag=Tsa.
Fom this one has by (5.2) that
Ay = Ag, Top =Tga,
and from this one has by (5aa) and (5a3) (or by (588) and (55«)), that
Toa = Tsp,

which contradicts the hypothesis.

Consider now also the matrix T as the adjacency matrix of a directed graph G(7T')
with its Markov-Dyck shift MD(G(T')). The subshift MD(G(T)) has Property (A)
and its associated semigroup is the inverse semigroup of G(7). One has

IS(Q(T)) =Toa +Tap +1pa + Tpp,
and
I9(MD(G(AN(T, A, Ay) = I3(MD(GP (T, AP, Ag) =
Toza + Ta,@ + TBa + TB,@ + 1.

It follows that the subshift MD(G(T)) is not topologically conjugate to any of the
subshifts MD(G(®) (T, A(®) A,), nor to any of the subshifts MD(G®) (T, AP Ap).
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6. R-GRAPH SEMIGROUPS ASSOCIATED TO SUBSHIFTS WITH PROPERTY (A)

There exist finite strongly connected directed graphs G whose inverse semigroup
Sg is associated to topologically transitive subshifts with Property (A) that are not
topologically conjugate to Sg-presentations [Kr3, Section 8]. However, as is seen
from the following theorem, the class of R-graph semigroups that are associated to
topologically transitive subshifts with Property (A) coincides with the class of R-
graph semigroups that are associated to Sg (3, £, ET) presentations with Property
(A).

For a semigroup (with zero) S we set

[F]={F' e€S8:T(F')=T(F)}.
The set [S] = {[F] : F' € S8} with the product given by
[G][H) = |GH], G,H €S,
is a semigroup.

Theorem 6.1. The R-graph semigroup Sg(PB,E~,ET) is associated to a topologi-
cally transitive subshift with Property (A) if and only if the R-graph Gr (B, E~,ET)
satisfies conditions (a), (b), (¢) and (d).

Proof. The R-graph Gr(B,E~,ET) satisfies Condition (a) if the projection of
S(R,E7,ET) onto [S(P,E7,ET)] is an isomorphism, and this is by Theorem 2.3
of [HK] necessary for the R-graph semigroup S(3,£7,E™) to be associated to a
topologically transitive subshift with Property (A).

To prove necessity of conditions (b), (¢) and (d), let X C Y% be a subshift with
property (A), and let S(B,E7,ET) be an R-graph semigroup that is associated to
X.

Let (ei)o<i<r,I € N, be a cycle in £, and let p = s(ey). Let p € P(A(X))
be a representative of p, and let y € Yx be a representative of [[,.,.; e; that is
left asymptotic and right asymptotic to the orbit of p. The density of Yy in X
[HK| Lemma 2.1] implies that y € A(X). Therefore [y]~ = [p]~, which contradicts
[To<i<;€i # 1,. This proves necessity of Condition (b—). The proof of the necessity
of Condition (b+) is symmetric.

Let p € P such that

(1) n(p) # p,

and let e~ € Ex(p) and et € EL(p). Let p € P(A(X)) be a representative of
p, and let ¢ € P(A(X)) be a representative of n(p). Also, let y(—) € Yx be a
representative of e™, that is left asymptotic to the orbit of ¢ and right asymptotic
to the orbit of p and let y(+) € Yx be a representative of e™, that is left asymptotic
to the orbit of p and right asymptotic to the orbit of ¢ . The density of Yx in X
implies that y(—) and y(+) are in A(X). Therefore [p]~ = [g]~ and this contradicts
(1). This proves necessity of Condition (c).

Let q,v € PB,q #,v, let (e; Jo<i<r(—),I(=) € N, be a path in £ from q to ¢
and let (ef )o<i<r(+),1(+) € N, be a path in &} from q to r. Let ¢ € P(A(X))
be a representative of q, and let r € P(A(X)) be a representative of t. Also let
y(—) € Yx be a representative of Hogz‘gl(f) e; , that is left asymptotic to the orbit
of ¢ and right asymptotic to the orbit of r and let y(+) € Yx be a representative of
HOSiSI(Jr) e;r, that is left asymptotic to the orbit of ¢ and right asymptotic to the
orbit of r. The density of Yy in X implies that y(—) and y(+) are in A(X), and this
means that the images under the projection of S(B,E~,ET) onto [S(R,E,E7)] of
[o<i<r(—yei and [o<;<r(4) e; are the same. This proves necessity of Condition

(d).
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Sufficiency is assured by Theorem (3.3), from which it follows, that for R-graphs
Gr(B,E7,ET), that satisfy conditions (a), (b),(c) and (d) the subshifts X (£~ U
ET,P,idg- e+ ) have Property (A) and have as their associated semigroup the R-
graph semigroup Sg (B, E7,ET). O

Examples of R-graphs Gr (B, £, ET) that satisfy conditions (a), (b), (¢) and (d),

B = {p}v & = {aiaﬂi}v £t = {O‘JrvﬂJr}v
R = {(a_,a+),(of,ﬂ"'),(ﬂ_,oﬁ)},
and
P={p}, & ={a",8777}, & ={a"p" "},
R= (" xEN\{(a™,a"), (87,8007}

Conditions (a), (b), (¢) and (d) are satisfied in the case of the graph inverse semi-
groups of finite directed graphs in which every vertex has at least two incoming
edges. This is the case that was considered in [HIK]. More generally, these condi-
tions are also satisfied in the case of R-graph semigroups Sz (%, E~,E™) where the
R-graph Gr (B, E7,ET) is such that

ET(R((p),p)) =0, EF(RMmp),p) =0, pePh.

This is the case that was considered in [Kr4].

For R-graph semigroups Sg (B, £, ET) that satisfy conditions (a), (b), (¢) and
(d) the subshifts X (£~ UET, P, ide—ye+) are topologically conjugate if and only if
their associated semigroups are isomorphic, if and only if the R-graphs Gr (B,£~,E™)
are isomorphic (see [Kr3| [Kr4]). By this remark and by the results of section 4 and
5 we have also shown that the Markov-Dyck shifts that arise from strongly con-
nected directed graphs with up to three vertices are topologically conjugate if and
only if the directed graphs are isomorphic.
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