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Preface

When you come to a fork in the road, take it! — Yogi Berra.

Background. These notes were written to accompany my Heriot-Watt
University course F17LP Logic and proof designed and written in 2011. The
course was in fact instigated by my colleagues in Computer Science and was
therefore intended originally for first year computer science students, but the
course was subsequently also offered as an option to second year mathematics
students.

Coverage. In writing this course, I was particularly influenced, like many
others, by Smullyan’s' book [40]. Chapters 1 and 3 of these notes cover
roughly the same material as the first 65 pages of [40] together with part of
Chapter XI but I have incorporated ideas to be found in many other books
and articles as well; see the bibliography for a complete list of references.
Let me stress that this is very much a first introduction to logic. I have
therefore tried to assume as few prerequisites as possible. In particular, any
mathematics needed is introduced only when necessary. The real mathemat-
ical prerequisite is an ability to manipulate symbols: in other words, basic
algebra. Anyone who can write programs should have this ability already.
In addition, I have not tried to follow every by-way of logic. My goal was to
inspire interest and curiosity about this subject and lay the foundations for
further study.

Aims. This is an introduction to first order logic suitable for first or second
year mathematicians and computer scientists. There are three components to
this course: propositional logic, Boolean algebras and first-order logic. Logic

'Raymond Smullyan (1919-2017) was the doyen of logic and his work did much to
bring it to a wider audience.
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iv PREFACE

is the basis of proofs in mathematics — how do we know what we say is true?
— and also of computer science — how do I know this program will do what
I think it will do? Propositional logic deals with proofs that can be analysed
in terms of the words and, or, not, implies — it is the logic of elementary
decision making — whereas first-order logic extends this to encompass the
use of the words there exists and for all. Boolean algebra, on the other hand,
is an algebraic system that arises naturally from propositional logic and is
the basic mathematical tool used in circuit design in computers.

Acknowledgements. My thanks to Phil Scott (Ottawa) for reading and
commenting on an early draft. Thanks also to the following philanthropists:
Till Tantu for TikZ, Sam Buss for bussproofs, Jeffey Mark Siskind and Alexis
Dimitriadis for qtree, and Alain Matthes for tkz-graph. The following stu-
dents spotted typos: Muhammad Hamza, Andrea Lin. Finally, ‘From my
grandfather Verus, nobility of character and eveness of temper’ [2].

Corrections. These are first generation typed notes so I have no doubt that
errors have crept in. If you spot them, please email me.

Starred sections. Those sections marked with asterisks will not be taught
in 2017 and are non-examinable.



Introduction

Logic, n. The art of thinking and reasoning in strict accordance
with the limitations and incapacities of the human misunderstand-
ing. — Ambrose Bierce.

Logic is the study of how we reason and, as such, is a subject of interest to
philosophers, mathematicians and computer scientists. This course is aimed
at mathematicians and computer scientists (but philosphers are welcome as
well.) The word ‘logic’ itself is derived from the Greek word ‘logos’ one
of whose myriad meanings is ‘reason’.? Human beings used reason, when
they chose to, thousands of years before anyone thought to study how we
reason. The formal study of logic only began in classical Greece with the
influential work of the philosopher Aristotle and a group of philosophers
known as the Stoics, but the developments significant to this course are
more recent beginning in the nineteenth century.?

Two names that stand out as the progenitors of modern logic are George
Boole (1815-1864) and Gottlieb Frege (1848-1925). Their work, as well as
that of others — see the graphic novel [10], for example, or the far weight-
ier tome [24] — led in 1928 to the first textbook on mathematical logic
Grundziige der theoretischen Logik [21] by David Hilbert (1862-1943) and
Wilhelm Ackermann (1896-1962). This served not only as the template for

2The online version of Liddell and Scott, a famous dictionary of classical Greek, to
be found at http://stephanus.tlg.uci.edu/lsj/#eid=65855&context=1sj&action=
from-search, contains two pages of meanings of the word ‘logos’ in very small type.
The same word, with another of its meanings — ‘word’ — crops up in the first line of St
John’s Gospel.

3The concept of ‘logic’ as a discipline was largely confined to academic circles but
in the UK at least this all changed on Saturday 12th July 1969 when the BBC began
broadcasting Star Trek with the episode ‘Where no man has gone before’ which contained
the character of Mr Spock, half-human and half-vulcan, who was guided by a philosophy
inspired by logic. And yes, gentle reader, I was there.
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all subsequent introductions to mathematical logic, it also posed a question
always referred to in its original German: the Entscheidungsproblem which
simply means the decision problem. The solution of the Entscheidungsprob-
lem by Alan Turing (1912-1954) can, for once, be described without hyper-
bole as revolutionary.*

Turing was one of the most influential mathematicians of the twentieth
century. He is often claimed as the father of computer science and this claim
rests mainly on the paper he wrote in 1937 [47] with the multi-lingual title
On computable numbers, with an application to the Entscheidungsproblem.
In this paper, Turing describes what we now call in his honour a universal
Turing machine, a mathematical blueprint for building a computer indepen-
dent of technology.® Remarkably, Turing showed in his paper that there were
problems that cannot be solved by computer — not because the computers
weren’t powerful enough but because they were intrinsically unable to solve
them. Thus the limitations of computers were known before the first one had
ever been built. But Turing didn’t set out to invent computers, rather he set
out to solve the Entscheidungsproblem. Roughly speaking, this asks whether
it is possible to write a program that will answer all mathematical questions.
Turing proved that this was impossible. The Entscheidungsproblem is, in
fact, a question about logic and it is my hope that by the end of this course,
you will understand what is meant by this problem and its significance in
logic.

Introductory Exercises

The exercises below do not require any prior knowledge but intro-
duce ideas that are important in this course

1. Here are two puzzles by Raymond Smullyan. On an island there are
two kinds of people: knights who always tell the truth and knaves who
always lie. They are indistinguishable.

4The first solution to this problem was by Alonzo Church using a system he introduced
called lambda calculus. But Turing’s solution is the more intuitively compelling. Interest-
ingly, whereas Turing’s work had an influence on hardware, Church’s had an influence on
software.

5You can access copies of this paper via the links to be found on the Wikipedia article
on the Entscheidungsproblem.
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(a) You meet three such inhabitants A, B and C. You ask A whether

he is a knight or knave. He replies so softly that you cannot make
out what he said. You ask B what A said and they say ‘he said
he is a knave’. At which point C interjects and says ‘that’s a liel’.
Was C a knight or a knave?

(b) You encounter three inhabitants: A, B and C.

A says ‘exactly one of us is a knave’.
B says ‘exactly two of us are knaves’.
C says: ‘all of us are knaves’.

What type is each?

2. This question is a variation of one that has appeared in the puzzle
sections of many magazines. There are five houses, from left to right,
each of which is painted a different colour, their inhabitants are called
Sarah, Charles, Tina, Sam and Mary, but not necessarily in that order,
who own different pets, drink different drinks and drive different cars.

b
(c
(d
(e

(a
(

—~
— —~
—. [ = —
= L I =

)
)
)
)
)

Sarah lives in the red house.
Charles owns the dog.

Coffee is drunk in the green house.
Tina drinks tea.

The green house is immediately to the right (that is: your right)
of the white house.

The Oldsmobile driver owns snails.

The Bentley owner lives in the yellow house.
Milk is drunk in the middle house.

Sam lives in the first house.

The person who drives the Chevy lives in the house next to the
person with the fox.

(k) The Bentley owner lives in a house next to the house where the

horse is kept.

(1) The Lotus owner drinks orange juice.

(m) Mary drives the Porsche.

(n) Sam lives next to the blue house.
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There are two questions: who drinks water and who owns the aardvark?

. Bulls and Cows is a code-breaking game for two players: the code-

setter and the code-breaker. The code-setter writes down a 4-digit
secret number all of whose digits must be different. The code-breaker
tries to guess this number. For each guess they make, the code-setter
scores their answer: for each digit in the right position score 1 bull (1B),
for each correct digit in the wrong position score 1 cow (1C); no digit
is scored twice. The goal is to guess the secret number in the smallest
number of guesses. For example, if the secret number is 4271 and 1
guess 1234 then my score will be 1B,2C. Here’s an easy problem. The
following is a table of guesses and scores. What are the possibilities for
the secret number?

1389 [ 0B, 0C
1234 | 0B, 2C
1759 | 1B, 1C
1785 | 2B,0C

Hofstadter’s MU -puzzle. A string is just an ordered sequence of sym-
bols. In this puzzle, you will construct strings using the letters M, I, U
where each letter can be used any number of times, or not at all. You
are given the string M [ which is your only input. You can make new
strings only by using the following rules any number of times in suc-
cession in any order:

(I) If you have a string that ends in I then you can add a U on at the
end.

(IT) If you have a string Mz where x is a string then you may form
Mzxz.

(IIT) If 111 occurs in a string then you may make a new string with
111 replaced by U.

(IV) If UU occurs in a string then you may erase it.

I shall write x — y to mean that y is the string obtained from the string
x by applying one of the above four rules. Here are some examples:

e By rule (I), MI — MIU.
e By rule (II), MIU — MIUIU.
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e By rule (III), UMIIIMU — UMUMU.
e By rule (IV), MUUUII — MUII.

The question is: can you make MU?

5. Sudoku puzzles have become very popular in recent years. The newspa-
per that first launched them in the UK went to great pains to explain
that they had nothing to do with mathematics despite involving num-
bers. Instead, they said, they were logic problems. This of course is
nonsense: logic is part of mathematics. What they should have said is
that they had nothing to do with arithmetic. The goal is to insert digits
in the boxes to satisfy two conditions: first, each row and each column
must contain all the digits from 1 to 9 exactly once, and second, each
3 x 3 box must contain the digits 1 to 9 exactly once.

6. Consider the following algorithm.® The input is a positive whole num-
ber n > 2;son =2,3,4,... If nis even, divide it by 2 to get 7; if n is
odd, multiply it by 3 and add 1 to get 3n + 1. Now repeat this process
and only stop if you reach 1. For example, if n = 6 we get successively
6,3,10,5,16,8,4,2,1 and the algorithm stops at 1. What happens if
n = 117 What about n = 277 Is it true that whatever whole number
you input this procedure always yields 17

6An algorithm is a method for solving a problem that requires no ingenuity or thought
to apply. Every program is an implementation of an algorithm. We shall say more about
algorithms in Chapter 3.
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Chapter 1

Propositional logic

1. The world is all that is the case. — Ludwig Wittgenstein.

The main goal of this course is to introduce first-order logic (FOL).! But
ever since Hilbert and Ackermann’s book [21], this has almost always been
done by first describing the simpler logic called propositional logic (PL), which
is the subject of this chapter, and then upgrading to full (FOL), which we
do in Chapter 3. The logics we discuss are examples of artificial languages to
be contrasted with natural languages such as Welsh. Natural languages are
often imprecise when we try to use them in situations where precision is es-
sential, being riddled with ambiguities.? In such cases, artificial languages are
used. For example, programming languages are artificial languages suitable
for describing algorithms to be implemented by computer. The description
of an artificial language has two aspects: syntaxr and semantics. Syntax, or
grammar, tells you what the allowable sequences of symbols are, whereas
semantics tells you what they mean.

1.1 Informal propositional logic

Our goal is to construct a precise, unambiguous language that will enable us
to calculate what is true or what is false. We begin by analysing everyday
language.

Language consists of sentences but not all sentences will be grist to our
mill. Here are some examples.

I Also called predicate logic. But this abbreviates to PL which is why I am not using it.
2The word ‘cleave’, for example, means both stick together and split apart.
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1. Homer Simpson is Prime Minister.
2. The earth orbits the sun.

3. To be or not to be?

4. Out damned spot!

Sentences (1) and (2) are different from sentences (3) and (4) in that we can
say of sentences (1) and (2) whether they are true or false — in this case, (1)
is false® and (2) is true — whereas for sentences (3) and (4) it is meaningless
to ask whether they are true or false, since (3) is a question and (4) is an
exclamation.

A sentence that is capable of being either true or false (though
we might not know which) is called a statement.*

In mathematics and computer science, it is enough to study only statements
(although if we did that in everyday life we would come across as robotic).
Statements come in all shapes and sizes from the banal ‘the sky is blue’ to
the informative ‘the battle of Hastings was in 1066’. But in our work, the
only thing that interests us about a statement is whether it is true (T) or
false (F'). In other words, what its truth value is and nothing else; the phrase
‘and nothing else’ is important. We can now give some idea as to what the
subject of logic is about.

Logic is about deducing whether a given statement is true or false
on the basis of information provided by some (other) collection
of statements.

I shall say more about this later.

Some statements can be analysed into combinations of simpler statements
using special kinds of words called connectives. The connectives that we shall
be interested in are not, and, or, iff (this is not a typo) and implies and
are described below. I have written them in bold to indicate that they will

3Except in satirical contexts.

401, a proposition. This is why ‘propositional logic’ is so called. But as a mathemati-
cian, I use the word ‘proposition’ to mean a theorem of lesser importance. I was therefore
uncomfortable using it in the sense needed in this course. As Walt Whitman wrote “Do 1
contradict myself? Very well, then I contradict myself, I am large, I contain multitudes.”
But then one doesn’t go to poets for logic.
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sometimes be used in unusual ways. I should add that these are not the only
connectives. In fact, there are in fact infinitely many of them. But in a sense
we shall make precise in Section 1.6, the ones above are sufficient.

not

Let p be the statement [t is not raining. This is related to the statement ¢
given by It is raining. We know that the truth value of ¢ will be the opposite
of the truth value of p. This is because p is the negation of q. This is precisely
described by the following truth table.

It is raining || It is not raining
T F
F T

To avoid peculiarities of English grammar, we replace the word ‘not’ in the
first instance by the slighly less natural phrase ‘It is not the case that’. Thus
It is not the case that it is raining means the same thing as It is not raining.’
We go one step further and abbreviate the phrase ‘It is not the case that’
by not. Thus if we denote a statement by p then its negation is not p. The
above table becomes

p || notp
T F
F T

This summarizes the behaviour of negation for any statement p. What hap-
pens if we negate twice? Then we simply apply the above table twice.

p || notnotp
T T
F F

Thus It is not the case that it is not raining should mean the same as It is
raining. I know this sounds weird and it would certainly be an odd thing
to say as anything other than a joke but we are building here a language
suitable for mathematics and computer science rather than everyday usage.
The word not is our first example of a logical or propositional connective. 1t

5If you used that phrase in everyday language you would sound odd, possibly like a
lawyer.
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is also what is called a unary connective because it is only applied to one
input. The remaining connectives are called binary because they are applied
to two inputs.

and

Under what circumstances is the statement [t is raining and it is cold
true? Well, I had better be both wet and cold. However, in everyday English
the word ‘and’ often means ‘and then’. The statement I got up and had a
shower does not mean the same as I had a shower and got up. The latter
sentence might be a joke: perhaps my roof leaked when I was asleep. Our
goal is to eradicate the ambiguities of everyday language so we cannot allow
these two meanings to coexist.® Therefore in logic only the first meaning is
the one we use. To make it clear that I am using the word ‘and’ in a special
sense, | shall write it in bold: like this and. Given two statements p and
q, we can describe the truth values of the compound statement p and ¢ in
terms of the truth values assumed by p and ¢ by means of a truth table.

p | q | pand g
T|T T
T|F F
F|T F
F|F F

This table tells us that the statement Homer Simpson is prime minister and
the earth orbits the sun is false. In everyday life, we might struggle to know
how to interpret such a sentence — if someone turned to you on the bus and
said it, I think your response would be alarm rather than to register that
it was false. Let me underline that the only meaning we attribute to the
word and is the one described by the above truth table. Thus contrary to
everyday life the statements I got up and I had a shower and I had a shower
and [ got up mean the same thing.

or and xor

The word or in English is more troublesome. Imagine the following set-
up. You have built a voice-activated robot that can recognize shapes and

6Jokes are difficult to formulate in logic.
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colours. It is placed in front of a white square, a black square and a black
circle. You tell the robot to choose a black shape or a square. It chooses
the black square. Is that good or bad? The problem is that the word or can
mean nclusive or, in which case the choice is good, or it can mean exclusive
or, in which case the choice is bad. Both meanings are useful so rather
than choose one over the other we use two different words to cover the two
different meanings. This is an example of disambiguation. We use the word
or to mean inclusive or.

p | q | porg
T\ T T
TIF| T
FIT| T
FIF| F

Thus p or q is true when at least one of p and ¢ is true. We use the word
xor to mean exclusive or.

p | q || pxor g
T|T F
T|F T
F|T T
F|F F

Thus p xor ¢ is true when ezactly one of p and ¢ is true. Although we
haven’t got far into our study of logic, this is already a valuable exercise. If
you use the word or you should know what you really mean.

iff

Our next propositional connective will be familiar to mathematics stu-
dents but less so to computer science students. This is the connective is
equivalent to also expressed as if and only if that we write as iff which is an
abbreviation and not a spelling mistake and different from the word ‘if’. Its
meaning is simple.

piff ¢

ESIReS| Ran I lan] kS
o | e
e s R
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Observe that not(piff ¢) means the same thing as p xor ¢. This is our first
result in logic. By the way, I have added brackets to the first statement to
make it clear that we are negating the whole statement piff ¢ and not merely
p. We use brackets a lot in logic to clarify our meaning. They are not mere
decoration.

implies

Our final connective is the problematical one: if p then ¢ which we shall
write as p implies q. Much has been written about this connective — its
definition may even go back to the Stoics as mentioned in the Introduction —
because it unfailingly causes problems. In order to understand it, you have
to remember that binary connectives simply join statements together and the
statements can be anything at all. In particular, there need be no connection
whatsoever between them. In everyday language, this is unnatural because
when we learn a language we also absorb rules that belong to a subject called
pragmatics. Getting these rules wrong, however perfect your pronunciation
or flawless your grammer, can be the source of humour or conflict.” Clearly,
we cannot write these complex social rules into our formal language quite
apart from the fact that in mathematics and computer science we are simply
not interested in statements that have social nuance. Thus, whatever mean-
ing we attribute to if p then ¢ it must hold for any choices of p and ¢. In
addition, we have to be able to say what the truth value of the compound
statement if p then ¢ is in terms of the truth values of p and ¢. To figure out
what the truth table for this connective should be, we consider it from two
different points of view.

1. Implies as a ‘contract’ or ‘promise’. Suppose your parents say the fol-
lowing ‘If you pass your driving test we shall buy you an E-type Jag’. If
you do indeed pass your driving test and they do indeed buy you an E-
type Jag then they will have fulfilled their promise. On the other hand, if
you pass your driving test and they don’t buy you an E-type Jag then you
would legitimately complain that they had broken their promise. Both of
these cases are easy. Suppose, however, you don’t pass your driving test. If
they don’t buy you an E-type Jag, you cannot complain since they certainly
haven’t broken their promise. If they do, nevertheless, buy you an E-type

"As an example, consider the following situation. Parent says to teenager: what time
do you call this? Teenager replies: midnight.
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Jag, then you would be delighted since it would be completely unexpected.
But, again, they wouldn’t be breaking the terms of their promise (they just
weren’t telling you the whole story). In summary, the promise is kept in all
situations except where you pass your test and your parents don’t buy you
that E-type Jag.

2. Implies has to fit in with the other connectives. Suppose I tell you that
the truth value of the statement p is 7" and that the truth value of the
statement if p then q is also T'. What can we say about the truth value of ¢7
Intuitively, we would say that ¢ also has the truth value 7. This enables us
to complete the first row of the truth table below

p | q || pimplies ¢
T|T T
T | F x
T Y
F|F z

where z, y and z are truth values we have yet to determine. Assume that p is
T and ¢ is F. If the truth value for p — ¢ were T then by row one, we would
have to deduce that ¢ was T, as well. This conflicts with our assumption
that ¢ is F'. It follows that x must be F.

Next, piff ¢ should mean the same thing as (pimplies ¢) and (g implies
p). A quick calculation shows that this forces z to be 7. We have therefore
filled in three rows of the truth table below.

p | q || pimplies ¢
T|T T
T | F F
T Y
F|F T

Finally, we are left with having to decide whether y is T" or F'. If we chose
F' then we would have a truth table identical to that of iff. But implies
should be different from iff thus we are forced to put y = T'. This gives us
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the following truth table for implies.

p | q || pimplies ¢
T|T T
T | F F
F | T T
F|F T

Impeccable though the above analysis is, it does have some seemingly
bizarre consequences. For example, the statement Homer Simpson is Prime
Minister implies the sun orbits the earth is in fact true. This sort of thing
can be offputting when first encountered and can seem to undermine what
we are trying to achieve. But remember: we are using everyday words in
very special ways. The key to all this is the following:

As long as we translate between English and logic choosing the
correct words to reflect the meaning we intend to convey then
everything will be fine.

I have used the bold symbols not, and, etc above. But these are rooted
in the English language. It would be preferable to use a notation which is
independent of language. The table below shows what we shall use in this
course.

English | Symbol Name
not - negation
and A conjunction
or \Y, disjunction
Xor &) exclusive disjunction
iff > biconditional
implies — conditional

Our symbol for and is essentially a capital ‘A’ with the cross-bar missing,
and our symbol for or is the first letter of the Latin word wvel which meant

4 Y

or-.

A statement that cannot be analysed further using the propo-
sitional connectives is called an atomic statement or simply an
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atom. Otherwise a statement is said to be compound. The truth
value of a compound statement can be determined once the truth
values of the atoms are known by applying the truth tables of the
propositional connectives defined above.

Examples 1.1.1. Determine the truth values of the following statements.

1. (There is a Rhino under the table)V—(there is a Rhino under the table).
[Always true]

2. (1+1=3) = (2+2=5). [True]

3. (Mickey Mouse is the President of the USA) < (pigs can fly). [Amaz-
ingly, true

Example 1.1.2. Consider a simple traffic control system that consists of
a red light and a green light. If the light is green traffic flows and if the
light is red traffic stops. Let g be the statement ‘the light is green’, let r be
the statement ‘the light is red” and let s be the statement ‘the traffic stops’.
Then the following compound statements are all true: » & g, g — —s and
r — s. Suppose I tell you that g is true. Then from the fact that r @ g is
true we deduce that r is false. Now g — —s is true and g is true and so —s
is true. Thus the traffic doesn’t stop. Since —s is true it follows that s is
false. Now observe that in » — s both r and s are false but we are told that
the statement » — s is true. This is entirely consistent with the way that we
defined —.

Example 1.1.3. My car has all kinds of warnings both audible and visual.®
For example, ‘the audible warning for headlamps sounds if the key is removed
from the ignition and the driver’s door is open and either the headlamps are
on or the parking lamps are on.” Put p equal to the statement ‘the key is
removed from the ignition’, put ¢ equal to ‘the driver’s door is open’ , put r
equal to ‘the headlamps are on’ and put s equal to ‘the parking lamps are
on’. Put t equal to ‘the audible warning for the headlamps sounds. Then ¢
is true if p A ¢ A (r V s) is true. Observe that r V s is the correct version of
‘or’. We need at least the headlamps to be on or the parking lamps to be on
but that should certainly include the possibility that both sets of ‘lamps’ are

8The guidebook for my car is written in American English but the steering wheel is on
the right side.
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on. Although the guidebook uses the word ‘if’ I think it clear that it really
means ‘if and only if’. Thus we want ¢ to be true precisely when pAgA (rVs)
is true. For example, I don’t want the audible warning for the headlamps to
sound if the ‘gas’ is low. Thus if p A ¢ A (r V s) is true the audible warning
for the headlamps sounds and if p A g A (r V s) is false then it doesn’t.

What we have done so far is informal. I have just highlighted some
features of everyday language. What we shall do next is formalize. I shall
describe to you an artificial language called PL motivated by what we have
found in this section. I shall first describe its syntax and then its semantics.
Of course, I haven’t shown you yet what we can actually do with this artificial
language. That I shall do later.

Exercises 1.1

1. For each of the following statements, decide whether they are true or

false.

(a) The earth orbits the sun.

(b) The moon orbits Mars.
()
(d)
(e) (The moon orbits Mars)«>(Mars orbits Jupiter).
(f) (The earth orbits the sun)—(Mars orbits the sun).
(The earth orbits the sun)@®(Mars orbits the sun).
(The earth orbits the sun)@®(Mars orbits Jupiter).
( )

Mars orbits the sun.

Mars orbits Jupiter

(&)
()
(i) (The earth orbits the sun)Vv(Mars orbits the sun).

(j) (The earth orbits the sun)V—(the earth orbits the sun).

2. The Wason selection task. Below are four cards each of which has a
number printed on one side and a letter on the other.
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The following claim is made: if a card has a vowel on one side then
it has an even number on the other. What is the smallest number of
cards you have to turn over to verify this claim and which cards are
they?

1.2 Syntax of propositional logic

We are given a collection of symbols called atomic statements or atoms. I'll
usually denote these with lower case letters p,q,r,... or their subscripted
variants pi, ps, ps,.... A well-formed formula or wff is constructed in the
following way:

(WFF1). All atoms are wif.

(WFF2). If A and B are wff then so too are (—A), (AAB), (AVB), (A& B),
(A— B) and (A < B).

(WFF3). All wif are constructed by repeated application of the rules (WFF1)
and (WFF2) a finite number of times.

A wif which is not an atom is said to be a compound statement.

Example 1.2.1. We show that
(=((eva)AT))

is a wif.

1. p, g and r are wif by (WFF1).

2. (pVq)is awff by (1) and (WFF2).

3. ((pVq) Ar)isawifl by (1), (2) and (WFF2).

4. (=((pVvaq)Ar))is awif by (3) and (WFF2), as required

Notational convention. To make reading wiff easier, I shall omit the outer
brackets and also the brackets associated with —.

Examples 1.2.2.

1. =pV ¢ means ((—p) V q).
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2. =p — (¢Vr) means ((—p) — (¢Vr)) and is different from —=((p — ¢)Vvr).

I tend to bracket fairly heavily but many books on logic use fewer brackets
and arrange the connectives in a hierarchy:

N\, V, =, .

This means that if two connectives are next to each other, you apply first the
one that is higher up the food-chain. We do this automatically in elementary
arithmetic. For example, a+b-c means a+ (b-c) because addition has higher
precedence than multiplication. However, it pays to check what conventions
an author is using.

There is a graphical way of representing wiff that involves trees. A tree is
a data structure consisting of circles called nodes or vertices joined by lines
called edges such that there are no closed paths of distinct lines. In addition,
the vertices are organized hierarchically. One vertex is singled out and called
the root and is placed at the top.? The vertices are arranged in levels so that
vertices at the same level cannot be joined by an edge. The vertices at the
bottom are called leaves. The picture below is an example of a tree with the
leaves being indicated by the filled circles. The root is the vertex at the top.

In the following tree I have numbered the vertices for convenience.

9Later, we shall deal with trees that are upside down versions of these and so will be
arboreally correct in having their roots at the bottom.
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We say that vertices 2 and 3 are the successors of vertex 1. Likewise, vertices
4 and 5 are successors of vertex 2. Looked at the other way around, vertex
1 is the predecessor of vertices 2 and 3. Likewise, vertex 2 is the predecessor
of vertices 4 and 5. A path in a tree begins at the root and then follows the
edges down to another vertex. Thus 1 —2 —5 is a path. A path that ends at
a leaf is called a branch. Thus 1 —2—5—7is a branch. A branch is therefore
a maximal path.

A parse tree of a wff is constructed as follows. The parse tree of an atom

p is the tree

Now let A and B be wif. Suppose that A has parse tree T4 and B has parse
tree Tg. Let x denote any of the binary propositional connectives. Then
A x B has the parse tree

This is accomplished by joining the roots of T4 and Tz to a new root labelled
by *. The parse tree for —A is
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This is accomplished by joining the root of T4 to a new root labelled —.
Parse trees are a way of representing wff without using brackets though we
pay the price of having to work in two dimensions rather than one.

We shall see in Chapter 2 that parse trees are in fact useful in
circuit design.

Example 1.2.3. The parse tree for =(p V q) V1 is

Example 1.2.4. The parse tree for =—=((p — p) <> p) is

I conclude this section with a twofold mathematical aside. We are often
interested in collections of things. For example, the collection of wff. Rather
than use the word ‘collection’, we will instead use the word ‘set’. A set is
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just a collection of things that we wish to view together. The things that
make up the set are called its elements. The notion of set is an important
one in mathematics, which is surprising since it seems so simple. There are a
couple of pieces of notation that are used when talking about sets. To make
clear what is in the set we use curly brackets { and } to mark the boundaries
of the set. So, for example, the set of suits in a deck of cards is {d, 4,0, >}
But there doesn’t have to be any rhyme or reason to what we put into a set.
For example, I typed the following set {%, 9, V,B 0} at random. A set is
a single thing so it is usual to give it a name. What you call a set doesn’t
matter in principle, but in practice we use upper-case letters. So, I could
write

S={% &0 O

The set S has as elements &, #, O, and ). Our second piece of notation
is to replace the phrase ‘is an element of” by the symbol €. Thus we would
write ‘# € S” to mean ‘# is an element of S” and we would write ‘V ¢ S’ to
mean ‘V is not an element of S°. If A and B are two sets we say they are
equal, and write A = B, if they contain exactly the same elements. Thus in
order to check that A = B you have to check two things:

1. If a € A then a € B.
2. If a € B then a € A.

It is possible for a set to have nothing in it: {}. However, you might think
that I have simply forgotten to list any elements. To avoid such a misunder-
standing, we represent the empty set by the symbol . Thus {} = (). One
slightly odd feature of sets is that the order in which we list the elements
doesn’t matter: a set is just a bag of elements not a display case.

The next part of our mathematical aside is the notion of a ‘string’. Let A
be a finite set. In certain circumstances, we can also call this set an alphabet.
This term is often used when the elements of a set are going to be used to
form ‘strings’ often with the goal of being used in communication. A string
over the alphabet A is an ordered sequence of elements from A. For example,
if A ={0, 1} then the following are examples of strings over this alphabet: 0,
1, 00, 01, 10, 11, ... The empty string is the string that contains no elements
of the alphabet and is denoted by €. The total number of elements of the
alphabet occurring in a string is called its length. Thus 00000 has length
5 and ¢ has length 0. Strings over the alphabet {0,1} are usually called
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binary strings. A set of strings is called, suggestively, a language. Given two
strings x and y we can stick them together to get a new string xy. This
operation glories in the name of concatenation. Clearly, order matters. The
concatenation of the strings ‘go’ and ‘od’ is the string ‘good’ whereas the
concatenation of the strings ‘od’ and ‘go’ is ‘odgo’.

Example 1.2.5. We now use the above terminology to describe what we
have done in this section. Our starting point was the alphabet

A= {paq7r7 <y P1,D2,P3, - - 'ﬁa/\a\/a@a_%(_)a (7)}

We are not interested in all strings over this alphabet but only those strings
constructed in accordance with the three rules (WFF1), (WFF2) and (WFF3).
We call the set of such strings the language of well-formed formulae.

Exercises 1.2

1. Construct parse trees for the following wif.

(a) (=pVgq) < (¢ —p)

b)) p=g—=r)=(p—q) = (—71))).
(c) (p—= —p) < —p.

(d) =(p — —p).

() (p—=(g—=r) < ((pAg) — ).

1.3 Semantics of propositional logic

An atomic statement is assumed to have one of two truth values: true (T) or
false (F). We now consider the truth values of those compound statements
that contain exactly one of the Boolean connectives. The following truth
tables define the meaning of the Boolean connectives.

p
T F
F
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Plq|pPAg Plaq|prVyg Pla|pyg Pla|rDg
T\|T| T T\|T| T T|T T T|T F
T|F| F T|F| T T|F F T|F T
F|T| F T T T F T T
FIF| F F|\F| F F|F T F|F F

T N NS
Sl B aslES
!

As we discussed in Section 1.1, the meanings of the logical connectives
above are suggested by their meanings in everyday language, but are not
the same as them. Think of our definitions as technical ones for technical
purposes only.

It 1s wvitally important in what follows that you learn the above
truth tables by heart.

Truth tables can also be used to work out the truth values of compound
statements. Let A be a compound statement consisting of atoms pq, ..., p,.
A specific truth assignment to pq, ..., p, leads to a truth value being assigned
to A itself by using the definitions above.

Example 1.3.1. Let A= (pV q) — (r <> —s). A truth assignment is given
by the following table

plqgl|r|s
T F|\F|T

If we insert these values into our wif we get
(T'VF)— (F <« —T).
We use our truth tables above to evaluate this expression in stages
T (F<F), T—>T, T.

Thus the truth value of A for the above truth assignment is 7T'.
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Lemma 1.3.2. If the compound proposition A consists of n atoms then there
are 2™ possible truth assignments meaning that the truth table for A has 2"
rows.

Proof. If n = 1 then there is only one atom and it has exactly two possible
truth values and so the truth table for A will have exactly 2 rows. More
generally, each row of a truth table corresponds to exactly one string over
the alphabet {T, F'}. Let’s compare the number of such strings of length n
with the number of strings of length n + 1. Each string y of length n 4 1 is
of the form Fz or Tx where x is a string of length n. It follows that every
time we add an atom we double the number of rows of the truth table. So,
if the truth table for a wff with n atoms has 2" rows then the truth table for
a wif with n + 1 atoms will have 2 x 2" = 2"*! rows. But when n = 1 we
really do have 2" = 2! rows. O

Example 1.3.3. Lemma 1.3.2 is less innocuous than it looks since it is an
example of ‘exponential explosion’. This is illustrated by the following story.
There was once a king who commissioned a fabulous palace from an architect.
So pleased was the king with the result, that he offered the architect as much
gold as he could carry from the royal treasury. The architect said that just
seeing his work completed was wealth enough but that if the king was really
insistent on rewarding him he would be content with just the gold coins
that could be placed on a chess board in the following way: one gold coin
should be placed on the first square, two gold coins on the second square,
four gold coins on the third square and so on. The king, not known for his
mathematical acumen, readily agreed thinking this a small price to pay. In
what way was the king duped by the architect?*?

We may draw up a table, also called a truth table, whose rows consist of
all possible truth assignments along with the corresponding truth value of A.

10Just to complete the story, the king did eventually realize his mistake, but being an
enlightened monarch his vengeance was mild and the architect was merely required to
spend the rest of his career designing houses people actually wanted to live in.
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We shall use the following pattern of assignments of truth values:

TN NNNS

TN NT TN
NN NT N

19

Thus for the rightmost atom truth values alternate starting with 7'; for the
next column to the left they alternate in pairs starting with 7'7T"; for the next

column to the left they alternate in fours starting with TT"T'T’; and so on.

Examples 1.3.4. Here are some examples of truth tables

1. The truth table for A = —=(p — (pV q)).

p— (pVaq)

BT Res| Ranan | S
5 R RS lan|BS

o NN N <

e e e 1

Ea1leo] eal ReaiiFsS

2. The truth table for B=(pA(p = q)) — q.

pA(P—q)

ESTREs Ran sl ies
55 Ranl BesT Ran IS

NS TS

S| Res ] esl R

| Rae | Banl Rastliev
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3. The truth table for C' = (p Vv q) A —r.

plq|r|pVvgl|l—nr]|C
T|\T|\T| T |F|F
T|\T|\F| T |T|T
T\ F|\T| T |F|F
T\ F\F| T |T|T
F|T|\T| T |F|F
FIT|F| T T T
F|F|\T| F |F |F
F|F|\F| F |T|F

4. Given the wif (p A =¢) A r we could draw up a truth table but in this

case we can easily figure out how it behaves. It is true if and only if p is
true, —q is true and r is true. Thus the following is a truth assignment
that makes the wif true

pPlg|r
T|F|\T

and the wff is false for all other truth assignments. We shall generalize
this example later.

Important definitions

An atom or the negation of an atom is called a literal.

We say that a wif A built up from the atomic propositions py, ..., p, is
satisfiable if there is some assignment of truth values to the atoms in
A which gives A the truth value true.

If Ay,..., A, are wif we say they are (jointly) satisfiable if there is a
single truth assignment that makes all of Ay, ..., A, true.

If a wif is always true we say that it is a tautology. If A is a tautology
we shall write

F A

The symbol F is called the semantic turnstile.
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o [f a wif is always false we say it is a contradiction. If A is a contradiction
we shall write

AE.

Observe that contradictions are on the left (or sinister) side of the
semantic turnstile.

o If a wif is sometimes true and sometimes false we refer to it as a con-
tingency.

e A truth assignment that makes a wiff true is said to satisfy the wif
otherwise it is said to falsify the wif.

A very important problem in PL can now be stated.

The satisfiability problem (SAT)
Given a wiff decide whether there is some truth assign-
ment to the atoms that makes the wif take the value true.
A program that solves SAT is called a SAT solver.

I shall discuss this problem in more detail later and explain why it is so
significant.

It is important to remember that all questions in PL can be set-
tled, at least in principle, by using truth tables.

Example 1.3.5. What’s the problem with truth tables? Why did I say
above ‘in principle’? This goes back to Example 1.3.3, which we now look at
in a more mathematical way. Suppose you want to construct the truth table
of a wif that has 90 atoms (not a vast number by any means). Its truth table
will therefore have 2% rows. It is more useful to express this as a power of

10. You can check that 2 ~ 10°3. Thus
290 v (10%3)%0 — 1003%90 x 102,

For the sake of argument, suppose that it takes you 1072 seconds to con-
struct each row of the truth table. Then it will take you 10'® = 1079 x 10?7
seconds to construct the truth table. For comparison purposes, the age of
the universe, give or take a few seconds, is 4.35 x 10'7 seconds.
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Exercises 1.3

1. Determine which of the following wiff are satisfiable. For those which
are, find all the assignments of truth values to the atoms which make
the wif true.

(a) (pA—q) — .
(b) (pVa) = ((pAg)Va)
(©) (PAGAT)V(PAGA=T)V (mp A =g A=)

2. Determine which of the following wif are tautologies by using truth
tables.

(a) (=pVaq) < (¢ p)

3. We defined only 5 binary connectives, but there are in fact 16 possible
ones. The tables below show all of them.

» L [[or] o]0 on]os[os]or o]
r\T\T\|T\|T|T|T\|T|T)|T
T|\F\T \|T\|T|T|F|F|F|F
F\r\Tr|T\|\F|F\|\T|T|F|F
F\F\T |F|\T|F|\T|F|T|F
‘P‘q“09‘010‘011‘012‘013‘014‘015‘016‘
T\T\|\F|F |F |F |F |F |F | F
T\F\T7T |7 |T |T |F |F |F | F
FryTr\r |\ |F |T |T |F |F
F\F\T|F |\T |F |T |F |T |F

Express each of the connectives from 1 to 16 in terms of at most —, A,
V, =, <>, @, p, ¢ and brackets.
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1.4 Logical equivalence

It can happen that two different-looking statements A and B have the same
truth table. This means they have the same meaning. For example, ‘it is
not the case that it is not raining’ is a bizarre way of saying ‘it is raining’.
In this section, we shall investigate this idea.

1.4.1 Definition

We begin with some examples.

Example 1.4.1. Compare the true tables of p — ¢ and —p V q.

plallp—q| |p|lq|-p||PVyg
TIT| T TIT|F T
TIF| F TIFIF| F
FIT| T FIT|T T
FIF| T FIF|T T

They are clearly the same.

Example 1.4.2. Compare the true tables of p <> g and (p — ¢) A (¢ — p).

plallpea| (plalp—=alg—p|(p—aA(g—Dp)
T T T T|T| T T T
T|F| F T|F| F T F
F|T| F FIT] T F F
FIF| T FIF| T T T

They are clearly the same.

Example 1.4.3. Compare the truth tables of p @ ¢ and (pV q) A =(p A q).

plalr®q| |pla|pValphg|-Ag | PV Aa(PAg)
T T| F TIT| T [ T F F
TIF| T TIF| T | F T T
F|T| T F|T| T | F T T
F|F| F F|F| F | F T F

They are clearly the same.
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If the wif A and B have the same truth tables we say that A is logically
equivalent to B written A = B.

It is important to remember that = is not a logical connective.
It is a relation between wif.

The above examples can now be expressed in the following way:.
Examples 1.4.4.

l.p—=>qg=-pVag.

2.peq=({@—q)A(g—Dp)

3. p®g=(mVaA-(pAg).

However, it is important to observe that A and B need not have the same
atoms but, in that case, the truth tables must be constructed using all the
atoms that occur in either A or B. Here is an example.

Example 1.4.5. We prove that p = p A (¢ V —q). We construct two truth
tables with atoms p and ¢ in both cases.

plallp| |p|lalpA(gV—q
TITIT| [T|T T
TIF|T| [T|F T
FIT|F| [F|T F
F|F|F| [F|F F

The two truth tables are the same and so the two wif are logically equivalent.

The following result is the first indication of the important role that tau-
tologies play in propositional logic. You can also take this as the definition of
logical equivalence since it avoids the issue of where the two wif use different
numbers of atoms.

Proposition 1.4.6. Let A and B be wff. Then A= B if and only if F A <
B.

Proof. The statement of the result is in fact two statements in one:

1. f A= B thenkE A & B.
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2. f A« B then A =B.

We use the fact that X <> Y is true when X and Y have the same truth
value. Let the atoms that occur in either A or B be py,...,p,. We now
prove the two statements.

(1) Let A = B and suppose that A <+ B were not a tautology. Then
there is some assignment of truth values to the atoms py,...,p, such that
A and B have different truth values. But this would imply that there was
a row of the truth table of A that was different from the corresponding row
of B. This contradicts the fact that A and B have the same truth tables. It
follows that A <» B is a tautology.

(2) Let A +» B be a tautology and suppose that A and B have truth tables
that differ. This implies that there is a row of the truth table of A that is
different from the corresponding row of B. Thus there is some assignment of
truth values to the atoms py,...,p, such that A and B have different truth
values. But this would imply that A <+ B is not a tautology. [

Example 1.4.7. Prove that E p < (p A (¢ V —¢q)). This implies that p =
pA(qV ).

pA(@V—q) |[pe AV —q)

o N NS
| N | e

| | N N
sl ast st s

1.4.2 Important logical equivalences

As you study PL, you will find that certain logical equivalences constantly
recur. The following theorem lists the most important ones. You will be
asked to prove them all in the exercises to this section.

Theorem 1.4.8.

1. ==p = p. Double negation.

2. pAp=pandpV p=p. Idempotence.
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3. (pANg)Ar=pA(gATr)and (pVq)Vr=pV(qVr). Associativity.
4. pANq=qApandpV q=qV p. Commutativity.

5. pAN(qVr)=@AgVpAT)andpV (gAr) =@V APVrT).
Distributivity.

6. “(pANq)=-pV—qand ~(pVq)=-pA-q. De Morgan’s laws.
7. pV(pAq)=pandpA(pVq)=p. Absorption.

I will refer to the above results by name in many subsequent cal-
culations, so it is important to learn them all now.

There are some interesting patterns in the above results that involve the
interplay between A and V:

PAP=Dp pVpPp=p
(pAg)Ar=pA(gAr)|[(pVgVr=pV(gVr)
PAG=qADp pVg=qVp

and

pA(@@Vr)={@AgVAr) pVigAr)=(VgApVr)
—(pAg)=-pV g —(pVq) =~
pV(PAg =p pA(pVag =p

There are also some important consequences of the above theorem.

e The fact that (p Ag) Ar =pA (g Ar) means that we can write simply
p A q¢ A r without ambiguity because the two ways of bracketing this
expression lead to the same truth table. It can be shown that as a
result we can write expressions like p; Aps Aps Apy (and so on) without
brackets because it can be proved that however we bracket such an
expression leads to the same truth table. What we have said for A also
applies to V.

o Let Ay,..., A, be wif. We abbreviate

AT NAs NN A,
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by

Similarly, we abbreviate

Ay VANV ... VA,

e The fact that p A g = ¢ A p implies that the order in which we carry out
a sequence of conjunctions does not matter. What we have said for A
also applies to V.

e The fact p/Ap = p means that we can eliminate repeats in conjunctions
of one and the same atom. What we have said for A also applies to V.

Example 1.4.9. By the results above
PANGAPNGAPp=pAg.

It is important not to overgeneralize the above results as the following
two examples show.

Example 1.4.10. Observe that p — g #Z ¢ — p since the truth assignment

Pl g
T|F

makes the LHS equal to F' but the RHS equal to T

Example 1.4.11. Observe that (p — q) — r Z p — (¢ — r) since the truth
assignment

plg|r
F|F|F

makes the left hand side equal to F' but the right hand side equal to T
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1.4.3 Further examples

Our next example is an application of some of our results.

Example 1.4.12. We have defined a binary propositional connective & such
that p&®q is true when exactly one of p or ¢ is true. Our goal now is to extend
this to three atoms. Define xor(p, ¢, ) to be true when exactly one of p, ¢
or r is true, and false in all other cases. We can describe this connective in
terms of the ones already defined. I claim that

xor(p,q,7) = (pVqVr)A=(pAg) Ao(pAr) A=(gAT).
This can easily be verified by constructing the truth table of the RHS. Put

A=(pVvagVr)A-(pAg) A=(pAr)A=(gAT).

(plalr]pvavr[-brg [-pAr)[=lghr)A]
TIT|T| T F F F | F
TIT | F| T F T T |[F
TIF|T| T T F T |[F
T(F|F| T T T T [T
FIT|T| T T T F|[F
FIT F| T T T T [T
FIF|T| T T T T [T
FIF|F| F T T T |[F

The following properties of logical equivalence will be important when we
come to show how Boolean algebras are related to PL in Chapter 2.

Proposition 1.4.13. Let A, B and C be wff.
1. A=A
2. If A= B then B = A.
If A= B and B=C then A=C.
If A= B then -A = —B.
IfA=B and C =D then ANC=BAD.

S v

IfA=B and C =D then AVC =BV D.
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Proof. By way of an example, I shall prove (6). We are given that A = B
and C' = D and we have to prove that AV C' = BV D. That is we need to
prove that from F A <» B and F C <+ D we can deduce F (AVC) < (BVD,).
Suppose that (AV C) <> (B V D) is not a tautology. Then there is some
truth assignment to the atoms that makes A V C true and B V D false or
vice versa. I shall just deal with the first case here. Suppose that AV C is
true and B V D is false. Then both B and D are false and at least one of A
and C'is true. If A is true then this contradicts A = B, and if C' is true then
this contradicts C' = D. It follows that AV C'= BV D, as required. ]

Logical equivalence can be used to simplify complicated compound state-
ments as follows. Let A be a compound statement which contains occurrences
of the wff X. Suppose that X =Y where Y is simpler than X. Let A’ be
the same as A except that some or all occurrences of X are replaced by Y.
Then A’ = A but A’ is simpler than A.

Example 1.4.14. Let
A=pAN(@V =g NgNA(rV=r)ArA(pV -p).

But
pA(gV—gq)=pand gA(rV-r)=qgandrA(pV-p) =r
and so

A=pAgAr.

Finally, we can also use known logical equivalences to prove new ones
without having to construct truth tables.

Examples 1.4.15. Here are some examples of using known logical equiva-
lences to show that two wif are logically equivalent.

1. We show that p — g = —q¢ — —p.

—q — P ——¢q V —p by Example 4.1(1)

q V —p by double negation
= -pV ¢ by commutativity
= p — ¢ by Example 4.1(1).
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2. We show that (p = q) = ¢=pVgq.

(r—q) —q

=(p — q) V q by Example 4.1(1)
—(=pV q) V q by Example 4.1(1)
(==p A —=q) V ¢ by De Morgan

(p A —=q) V q by double negation
(pV q) A (—qV q) by distributivity
pV q since F —qVq.

3. We show that p = (¢ = 7) = (pAgq) = r.

p—(qg—r)

—pV (¢ — r) by Example 4.1(1)

(
(¢ V r) by Example 4.1(1)

=(p A q) V r by associativity and De Morgan
(p A\ q) — r by Example 4.1(1).

4. We show that p — (¢ = 7)=qg— (p = 7).

p—(g—r)

-pV (¢ — r) by Example 4.1(1)
=pV (=g V r) by Example 4.1(1)
(=p V —q) V r by associativity

(=g V —p) V r by commutativity
=g V (—=p V r) by associativity

—q V (p — r) by Example 4.1(1)
q — (p — r) by Example 4.1(1).

5. We show that (p = ¢) A(p—1)=p— (gAT).

p—=>aNpP—r)

(-pVq) A (=pVr) by Example 4.1(1)
—p V (q¢ A r) by distributivity
p — (¢ Ar) by Example 4.1(1).

6. We show that F p — (¢ — p) by using logical equivalences. We write
t to denote a statement that is always true.

p—(¢—p)

=p V (=g V p) by Example 4.1(1)
(=p V p) V =g by associativity and commutativity

t since F —pV p.
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Exercises 1.4

1. Prove the following logical equivalences using truth tables.

(a) —=—p = p. Double negation.
(b) pAp=pandpVp=p. Idempotence.
(¢) (pAg)Ar=pA(gAr)and (pVq)Vr=pV(qgVr). Associativity.
(d)
)

(e) pA(gVr)=m@AqgV(pAr)andpV (gAr) = (Vg A(pVr).
Distributivity.

pAg=qApandpVqg=qVp Commutativity.

(f) =(pAqg) =-pV —~qand =(pV q) = —p A —q. De Morgan’s laws.

2. Let f stand for any wiff which is a contradiction and t stand for any
wif which is a tautology. Prove the following.

(a) pV-p=
(b) pA-p=f
(c) pvVf=p
(d) pvt=

(e) pAf=Ff
f) pAt=p
(&) p—=>Ff=-»
(h) t—=p=p

3. Show that p® (¢®r)=(p®q) .

4. Prove the following by using known logical equivalences (rather than
using truth tables).
@) b= APVae=q
(b) (pAg)=r=(@—=r)Vig—r)
©p=@vr)=p—=9Vp—=r)
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5. (a) Use [48] to construct the truth table for the following wif.

A(p,gr,8) = (PVaVrVvs)A=(pAg) A=pAr) A=(pAs)
A=(gAT)AN=(gAs)AN=(rAs).

Describe in words the meaning of A(p, q,r,s).

(b) Generalize this construction to define a similar wff of the form
A(p1,...,pn) where n is arbitrary.

6. This question is a proof of the Duality Theorem which makes precise
the parallels between A and V. Note that we shall only deal with wif
constructed using the connectives =, V, A in this question. If A is any
such wif, we denote by A* the wff obtained from A by replacing every
occurrence of A in A by V, and every occurrence of V in A by A. Prove
that F A «+» B if and only if F A* +» B*.

1.5 PL in action

Once you have absorbed the basic definitions and mastered the notation, you
might well experience a sinking feeling: is that it? PL can seem like a toy and
some of our examples don’t exactly help this impression, but in fact it has
serious applications independently of its being the foundation of the more
general first-order logic that we shall study in Chapter 3. In this section, we
shall describe two applications of PL.

1.5.1 PL as a ‘programming language’

In this section, we shall describe an example in which PL is used as a sort
of programming language. We do this by analyzing a couple of examples of
simplified Sudoku-type problems in terms of PL. These illustrate the ideas
needed to analyse full Sudoku in terms of PL which is set as an exercise. In
fact, many important problems in mathematics and computer science can be
regarded as instances of the satisfiability problem. We shall say more about
this in Section 1.8.

To understand new ideas always start with the simplest examples. So,
here is a childishly simple Sudoku puzzle. Consider the following grid:

1]
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where the small squares are called cells. The puzzle consists in filling the
cells with numbers according to the following two constraints.

(C1) Each cell contains exactly one of the numbers 1 or 2.

(C2) If two cells occur in the same row then the numbers they contain must
be different.

There are obviously exactly two solutions to this puzzle

[1]2]and|[2]1]

I shall now show how this puzzle can be encoded by a wif of PL. Please
note that I shall solve it in a way that generalizes so I do not claim that the
solution in this case is the simplest. We first have to decide what the atoms
are. To define them we shall label the cells as follows

We need four atoms that are defined as follows.
e p is the statement that cell ¢;; contains the number 1.
e ¢ is the statement that cell ¢;; contains the number 2.
e 1 is the statement that cell ¢;5 contains the number 1.
e s is the statement that cell ¢;5 contains the number 2.
For example, if p is true then the grid looks like this

where the 7 indicates that we don’t care what is there. Consider now the
following wif.

A=A Tros)AN(p®r)A(gds).
I now describe what each of the parts of this wif are doing.
® p P q is true precisely when cell ¢1; contains a 1 or a 2 but not both.

e r & s is true precisely when cell ¢15 contains a 1 or a 2 but not both.
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e p @ r is true precisely when the number 1 occurs in exactly one of the
cells ¢1; and cqs.

e ¢ @ s is true precisely when the number 2 occurs in exactly one of the
cells C11 and C12.

Here is the important consequence of all this:
It follows that A is satisfiable precisely when the puzzle can be
solved. In addition, each satisfying truth assignment can be used

to read off a solution to the original puzzle.

Here is the truth table for A.

|

oy | | e | | ) e | | e N e

a1 eo ]| Ran ] lan i sTieo | Han ] anl esTies] Ran] Rasiesties | Ran ] Rastl

Eo1 st o el et Ieol Rast Ieol RasReol Ras| Iieol lasl Bieal Hasl| IS

B3l e Rea] Bestiies1ieo] Rasl est i1 Ras | Reol Restiies|Rea] Resl Restiife=

a1 ieo]Real Mesl st ies | Heo] eol Ras | Ran ] Ranl Ras e Ran | Ranll S

We observe first that the wif A is satisfiable and so the original problem can
be solved. Second, here are the two satisfying truth assignments.

(plalr]s]
T|\F|F|T
F|T|T|F
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The first truth assignment tells us that ¢;; = 1 and ¢o = 2, whereas the
second truth assignment tells us that ¢;; = 2 and ¢ = 1. These are, of
course, the two solutions we saw earlier.

We now describe a slightly more complex example and generalize what
we did above. Consider the following slightly larger grid:

3

where again the small squares are called cells. Some cells contain numbers
at the beginning and these must not be changed. Our task is to fill the
remaining cells with numbers according to the following constraints.

(C1) Each cell contains exactly one of the numbers 1 or 2 or 3.

(C2) If two cells occur in the same row then the numbers they contain must
be different.

(C3) If two cells occur in the same column then the numbers they contain
must be different.

It is very easy to solve this problem satisfying these constraints to obtain

3121
113
21113

I shall now show how this problem can be represented in PL and how its
solution is a special case of the satisfiability problem. First of all, T shall
label the cells in the grid as follows:

C11 | C12 | C13
C21 | Ca2 | C23
C31 | C32 | C33

The label ¢;; refers to the cell in row 7 and column j. PL requires atomic
statements. To model this problem we shall need 27 atomic statements c;j
where 1 <i<3and 1 <j<3and 1<k <3. The atomic statement c¢;j, is
defined as follows

cijt, = the cell in row ¢ and column j contains the number k.
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For example, the atomic statement cq13 is true when the grid is as follows:

3
?
?

where the 7s mean that we don’t care what is in that cell. In the above case,
the atomic statements c;1; and cj12 are both false.

We shall now construct a wff A from the above 27 atoms such that A
is satisfiable if and only if the above problem can be solved and such that
a satisfying truth assignment can be used to read off a solution. I shall
construct A in stages.

e Define I = c¢y13 A co39. This wif is true precisely when the grid looks
like this

3
?

?

e Each cell must contain exactly one of the numbers 1,2,3. For each
1<i<3and1<j <3 the wif

XOI'(C@'jl, Cij2, Cz‘j3)

is true when the cell in row ¢ and column j contains exactly one of
the numbers 1,2,3. Put B equal to the conjunction of all of these wff.

Thus
i=3 j=3

B= /\ /\ X0r(¢4j1, Cijas Cij3)
i=1j=1

where the notation means that you take the conjunction of all the
terms xor(c;j1, Cijo, ¢ij3) for all possible values of ¢ and j where 1 <
t < 3and 1 < 5 < 3. Thus there are nine terms to be conjoined
from xor(cy11, €112, ¢113) through to xor(cssy, ¢332, cs33). Then B is true
precisely when each cell of the grid contains exactly one of the numbers
1,2, 3.

e In each row, each of the numbers 1, 2,3 must occur exactly once. For
each 1 <11 < 3, define

R; = XOI"(Cm, Ci21, Ci31) AN XOI‘(Ci12> Ci22, Ci32) A X0r(0i13> C;23, Ci33)-
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Then R; is true when each of the numbers 1,2, 3 occurs exactly once

in the cells in row i. Define R = A\'=5 R;.

e In each column, each of the numbers 1,2, 3 must occur exactly once.
For each 1 < j < 3, define

C; = xor(cyj1, Caj1, C351) A XOI(Cj2, Cajo, Cajo) A XOT(C1j 3, Caj3, C353)-

Then Cj is true when each of the numbers 1,2, 3 occurs exactly once

in the cells in column j. Define C' = /\zj C;.

e Put A=1ABANRAC. Then by construction A is satisfiable pre-
cisely when the original problem is satisfiable and a satisfying truth
assignment to the atoms can be used to read off a solution as follows.
Precisely the following atoms are true:

C113, C122, C131, C211, C223, C232, C312, C321, C333
and all the remainder are false.

Don’t be perturbed by the number of atoms in the above examples nor by
the labour needed to write down the wif A. The point is that the problem can
be faithfully described by a wiff in PL and that the solution of the problem
is achieved via a satisfying assignment of the atoms. Thus although PL is
quite an impoverished language, it can nevertheless be used to describe quite
complex problems. The ‘trick’ lies in the choice of the atoms. We shall
place this example in a more general context in Section 1.8. In many ways,
PL is like an assembly language and it is perfectly adapted to studying a
particular class of problems that are widespread and important. There is a
final point. People solve Sudoku puzzles rather quickly (and even do so for
entertainment) and are clearly not solving them using truth tables but are
instead applying logical rules. We shall say more about this approach later
on in this chapter.

1.5.2 *PL models computers®

In this section, we shall show that PL can be used to describe finite state
automata. These can be viewed as the simplest mathematical models of
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computers.'’ We shall meet them again in Chapter 2, where they are used
to describe the behaviour of computer circuits where there is memory. My
aim here is to convey the idea of such simple machines and show that their
behaviour may be modelled using PL. The following example is plagiarized
from my book [27].

Given two coins, there are four possible ways of arranging them depending
on which is heads (H) and which is tails (T):

HH, TH, HT, TT.

We call these the states of our system. Now consider the following two
operations: ‘flip the first coin,” which I shall denote by a, and ‘flip the second
coin,” which I shall denote by b. Assume that initially the coins are laid out
as HH. This is our initial state. 1 am interested in all the possible ways of
applying the operations a and b so that the coins are laid out as TT which
will be our terminal state. The following diagram illustrates the relationships
between the states and the two operations.

[ have marked the start state with an inward-pointing arrow, and the terminal
state by a double circle. If we start in the state HH and input the string aba
Then we pass through the following states:

HH - TH -2 TT -% HT.

Thus the overall effect of starting at HH and inputting the string aba is to end
up in the state HT. We say that a string over the alphabet {a, b} is accepted

HUThey are, as it happens, special kinds of Turing machines which are the more refined
mathematical models of computers. In any event, they are another legacy of Turing’s
work.
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if it labels a path from the initial state to a terminal state. It should be clear
that in this case a string is accepted if and only if the number of as is odd
and the number of bs is odd. This is the language accepted by this machine.

If H is interpreted as 1 and T as 0 then our four states can be regarded
as the possible contents of two memory locations in a computer: 00, 10, 01,
11. The input a flips the input in the first location and the input b flips the
input in the second location.

More generally, a finite state automaton has a finite number of states,
represented in a diagram by circles that are usually labelled in some way,
in which one state is singled out as the initial state and one or more states
are identified as terminal states. Associated with the automaton is a finite
alphabet A = {a4,...,a,}. For each state s and each input letter a; from A
there is a uniquely determined next state ¢ so that s — ¢.

We shall now describe how the behaviour of a finite state automaton
can be encoded using PL. Recall that the wff xor(p1, pa, p3, ps) is true when
exactly one of pi,ps,p3, ps is true and false otherwise. See Question 5 of
Exercises 1.4 for an explicit description of a wff that does this job.

Here is our original automaton but I have now numbered the states. The
point is, we don’t need to know the internal workings of the states — that
they are represented by two coins — since the diagram tells us exactly how
the automaton behaves.

Our automaton changes state and so there is an implicit assumption that
time will play a role. For us, time will be discretized and so will take values
t =0,1,2,3,.... At each time ¢, the automaton will be in exactly one of
four states. Denote the state of the automaton at time ¢ by ¢(¢). We can



40 CHAPTER 1. PROPOSITIONAL LOGIC

therefore write

xor ((q(t) = 1), (q(t) = 2), (q(t) = 3), (q(t) = 4))

which does indeed say that at time t the automaton is in exactly one of its
four states. If the automaton is in state ¢(¢) then its next state will depend
on the input at time . We denote the input at time ¢ by i(t). We can write

because at time t either an a is input or a b is input, but not both.

It’s important to observe that there are potentially infinitely many
atoms (because the clock ticks: 0,1,2,3,...) but in processing a
given input string we shall use only finitely many of them.

We now have to describe the behaviour of the automaton in terms of PL.
This is given by the following list of wff where there is one wif in each group
for each value of ¢.

e 1 %5 2 is described by the following wif

[ ]
w
lg
e~
o
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n
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e 3251 is described by the following wif

(q(t) =3) A (i(t) = b) = (¢(t + 1) = 1).
e 4 - 3 is described by the following wif

(q(t) = 4) A (i(t) = a) = (g(t +1) = 3).

o 4 -5 2 is described by the following wif
(¢t) =4) A (i(t) = b) = (a(t +1) = 2).

Finally, at ¢ = 0 we start the automaton in its initial state. Thus ¢(0) =1 is
true.

Suppose we input a string of length 2. To do this, we need to specify
i(0) and i(1). For example, if we input the string ab then the following wif is
true: (i(0) = a) A (i(1) = b). The behaviour of our automaton in processing
this string is now completely described by the conjunction of the following
wif which we call A:

e Initial state: ¢(0) = 1.
e Input constraints:
((2(0) = a) ® (i(0) = b)) A ((i(1) = a) & (i(1) = b)).

e Unique state at each instant of time t =0, ¢t =1 and t = 2:

xor ((q(0) = 1), (¢(0) = 2), (¢(0) = 3), (¢(0) = 4))
A xor ((g(1) = 1), (¢(1) = 2), (¢(1) = 3), (¢(1) = 4))
A xor ((q(2) = 1), (¢(2) = 2),(¢(2) = 3), (¢(2) = 4)).

e First set of possible state transitions:

(q(0) = 1) A (i(0) = a) = (¢(1) = 2)
A (q(0) = 1) A(0) = b) = (¢(1) = 3)
A (q(0) = 2) A(i(0) = a) = (¢(1) = 1)
A (q(0) = 2) A(i(0) = b) — (g(1) = 4)
A (q(0) = 3) A(i(0) = a) = (¢(1) = 4)
A (q(0) = 3) A(i(0) = b) = (¢(1) = 1)
A (q(0) = 4) A(i(0) = a) — (¢(1) = 3)
A (q(0) = 4) A(i(0) = b) = (q(1) = 2).
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e Second set of possible state transitions:

> > > > > > >

(1) =1 A(i(1) = a
(¢(1) =) A (1) =D
(q(1) =2) A (i(1) = a
(q(1) =2) A(i(1) =
(¢(1) =3) A (i(1) = a
(q(1) =3)A(i(1) =
(q(1) =4) A (i(1) = a
(¢(1) =4) A (i(1) =

M~ Y Y

N~—
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— (¢(2) = 2)
— (q(2) = 3)
— (q(2) =1)
— (q(2) =4)
— (q(2) =4)
— (q(2) =1)
— (q(2) = 3)
— (q(2) = 2).

e All the wff above are generic and can easily be written down for any
string of length n where, here, n = 2. Finally, there is the actual input

string of length 2.

There is exactly one truth assignment making A true. This assigns the truth
value T' to the atoms ¢(0) = 1, ¢(1) = 2 and ¢(2) = 4 with all other truth
assignments to the wff of the form ¢(t) = k being false. Observe that a string
of length n is accepted if and only if the state of the automaton at time ¢t = n
is one of the terminal states. This, too, can easily be encoded by means of a
wif in PL.

There are different kinds of automata. The kind defined in this section
are called finite state acceptors. 1 shall use the term finite state au-

tomaton to mean simply an acceptor with initial and terminal states
not marked. A Mealy machine is a finite state automaton with an
initial state marked and, in addition, each transition also contains an

output. A Moore machine is a finite state automaton with an initial

state marked and, in addition, each state also contains an output. We

shall say a little more about the various kinds of finite state automata

in Section 2.4.

Exercises 1.5
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1. The goal of this question is to construct a wif A for solving the following
Sudoku-type problem. We use a 2 x 2 array, labelled as follows.

C11 | C12

C21 | C22

The atoms are:

e p = ‘cqyp contains 1.
e ¢ = ‘cq; contains 2.
e 1 = ‘cy9 contains 1.
® 5 = ‘cy9 contains 2.
e { = ‘cy; contains 1.
e U — ‘cey contains 2.
e U = ‘cyy contains 1.

e W = ‘cyy contains 2.

Construct A.

How many rows will the truth table for A contain?

)
)
¢) For how many of these rows will the value of A be 77
) How will these rows relate to the solution of the Sudoku?
)

Use the truth table generator [48] for your wif and check whether
your answers to the above questions were correct.

2. This question will talk you through the PL solution to full Sudoku.
Each Sudoku is a 9 x 9 grid of cells. Each cell is located by giving its
row number ¢ and its column number j. Thus we may refer to the cell
cij where 1 <47 < 9and 1 < 75 < 9. Each cell can contain a digit &
where 1 < k£ < 9. There will therefore be 9 x 9 x 9 = 729 atoms defined
as follows:

Dijk = ‘Ci; contains the digit k.

(a) To initialize the problem, define I to be a wif in the above atoms
that describes the initial distribution of digits in the cells. Write
down the wff I in the case of the Sudoku puzzle in Question 6 of
the Introductory Exercises. How many atoms are needed?
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(b) Write down the wif E;; which says that ¢;; contains exactly one
digit.

(c) Write down the wif £ which says that every cell contains exactly
one digit.

(d) Write down the wif R; which says that row i contains each of the
digits exactly once.

(e) Write down the wif R which says that in each row, each digit
occurs exactly once in that row.

(f) Write down the wif C' which says that in each column, each digit
occurs exactly once in that column.

(g) The Sudoku grid is also divided into 9 blocks each containing 3 x 3
cells. Number these blocks 1,2, ...,9 from top to bottom and left
to right. Write down the witf W, which says that in block [ each
of the nine digits occurs exactly once.

(h) Write down the wif W which says that in each block, each of the
digits occurs exactly once.

(i) Put P=IANEANRACAW. Detemine under what circumstances
the wif P is satisfiable.

3. Write down the wif that describe the following finite state acceptor.

a b
b
a

Show how your wif leads to the correct processing of the input string
ab.

1.6 Adequate sets of connectives

We defined our version of PL using the following six connectives

™ /\7 \/7 7, D.
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This is not a unique choice: for example, many books on logic do not include
@. In this section, we shall explore what is actually needed to define PL.
It is easy to show that

pDqg=-(p+q).

We have already proved that

perqg=p@—q9 AN(g—p)

and also that
p—q=-pVg.
We have therefore proved the following.

Proposition 1.6.1. Fvery wff in PL is logically equivalent to one that uses
only the logical connectives —, V and A.

Although it would be more efficient to use only the above three logical
connectives, it would also be less user-friendly. Significantly, however, those
books that do not take @ as a basic logical connective are not sacrificing any
expressive power.

At this point, we introduce some terminology. We say that a set of logical
connectives is adequate if every wif is logically equivalent to a wif that uses
only logical connectives from that set. In these terms, we proved above that
the connectives =, V, A form an adequate set.

We can, if we want, be even more miserly in the number of logical con-
nectives we use. The following two logical equivalences can be proved using
double negation and De Morgan.

® pVg=-(-pA-g).
°* pAg=(TpVy).
From these we can deduce the following.
Proposition 1.6.2.
1. The connectives = and N together form an adequate set.

2. The connectives — and V together form an adequate set.
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Example 1.6.3. We show that the following wif are equivalent to wif using
only the connectives = and A.

L. pVg=-(-pA—q).
2.p—=q=-pVqg=-(-pA-q) =-(pAq).
3.peq=@—=a9 AN(qg—=p)=-(pA-g) A=(gA-p).

At this point, you might wonder if we can go one better. Indeed, we can
but we have to define some new binary connectives. Define

plg=-(pVq)

called nor. Define
plg=-(pNq)

called nand.

Proposition 1.6.4. The binary connectives | and | on their own are ade-
quate.

Proof. We prove first that | is adequate on its own. Observe that
p=-(pVp) =plp
and
pAg=—pA-mg=—(-pV-g)=(-p)L(~g)=(plp)l(alq)

But since — and A form an adequate set of connectives we can now construct
everything using | alone.
We now prove that | is adequate on its own. Observe that

p=-(pAp)=p|p
and

pVag=-pVomg=-(-pA-g)=(-p) | (~g) =(|p) | (q]q).
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It would be possible to develop the whole of PL using for example just
nor, and some mathematicians have done just that, but this renders PL truly
non-user-friendly.

Example 1.6.5. We find a wff logically equivalent to p — ¢ that uses only
nors.

p—q = “pVyq
= —(-pVyg)
—(=(=pVq))
—(=plq)
-((pip)Lq)
= (il d(pin)laq)

Exercises 1.6

1. Write each of the logical connectives =, A, V, —, <>, @ in terms of nand
only. Now, repeat this exercise using nor only.

2. (a) Show that - and — together form an adequate set of connectives.

(b) Show that — and f together form an adequate set of connectives.

You should interpret f as being any contradiction.

3. Let x be a binary connective that is supposed to be adequate on its
own. There are 16 possible truth tables for .

(a) Explain why 7'« T = F.

(b) Explain why F « F=1T.

(¢) There are now four possible ways to complete the truth table for
x. By examining what they are, deduce that the only possible
values for * are | and |.
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1.7 Truth functions

We now have the ideas required to prove a result significant in circuit design.
It will also tell us that PL is ‘functionally complete’, a phrase explained later
in this section. But before I can do this, I need to introduce a couple of
notions from mathematics.

Let A and B be sets. A function from A to B is a rule f that determines
for each element of A a uniquely specified element of B. We often write
f: A — B as a way of expressing the fact that f is a function from A to B
where the set A, called the domain, is the set of allowable inputs, and the set
B, called the codomain, is the set that contains all the outputs (and possibly
more besides). If a € A then the value of f at a is written f(a).

a f(a)

Functions are the bread and butter of mathematics and the dollars and cents
of computer science — it is sometimes useful to think of a programme as
computing a function that transforms input to outputs. However, in this
section we shall only consider a very simple class of functions and to define
those we need some further definitions.

In set notation {a, b} = {b, a} since the order in which we list the elements
of the set is immaterial. But there are lots of situations where we do want
order to matter. The notation to do this is different. An ordered pair (a,b)
is a pair of elements a and b where a is the first element and b is the second
element. Thus, in general, (a,b) # (b,a) unless a = b, of course. More
generally, we can define ordered triples (a, b, c) and ordered 4-tuples (a,b, ¢, d)
and, more generally, ordered n-tuples (a1, ..., a,). We can use these ideas to
define a way of combining sets. Let A and B be sets. Then define the set

Ax B={(a,b): a € Ajb € B}.

This is called the product of A and B. More generally, if A;,..., A, are sets
then the set set

Alx...XAn:{<CL1,...,CLn)ZCLi€Ai}.

If A=A, = ... = A, then we write A" for the set of all n-tuples whose
elements are taken from A.
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We can now make the key definition of this section. Put T = {T', F'}. Any
function f: T" — T is called a truth function. Because the domain of this
function is T" we say that it has n arguments; this simply means that the
function has n inputs. Although I have used mathematical terms to define
truth functions, what they are in practice is easy to explain. The set T" is
essentially the set of all possible lists of n truth values. As we have seen,
there are 2" of those. For each such list of ordered truth values, the function
f assigns a single truth value. Thus each truth function determines a truth
table and, conversely, each truth table defines a truth function. However,
when [ say ‘truth table’ I am not assuming that there is a wff that has that
truth table. But the essence of the main theorem of this section is, that in
fact, there is.

Example 1.7.1. Here is an example of a truth function f: T3 — T.

3| Res] Real Beol sl lae | Han] Ras
53] REs] Ran ] Ran RS Ties | Han ] Rae
53| eal Man st ian | Hea] Ras
B3| Res ] Rea] Ran R Heo | Hes] Rae

For example, f(T,F,F) =T and f(F,F,F) =F.

Theorem 1.7.2 (Functional completeness). For each truth function with n
arguments there 1s a wff with n atoms whose truth table is the given truth
function.

Proof. We shall prove this result in three steps constructing a wif A.
Step 1. Suppose that the truth function always outputs F'. Define

A=pPiA-p1) A Apn.

Then A has a truth table with 2" rows that always outputs F.

Step 2. Suppose that the truth function outputs T exactly once. Let
v1,...,Un, Where v; = T or F, be the assignment of truth values which yields
the output 7. Define a wif A as follows. It is a conjunction of exactly one
of p1 or —py, of py or —py, ..., of p, or —=p, where p; is chosen if v; = T and
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—p; is chosen if v; = F. 1 shall call A a conjunctive clause corresponding to
the pattern of truth values vy, ..., v,. The truth table of A is the given truth
function.

Step 3. Suppose that we are given now an arbitrary truth function not
covered in steps 1 and 2 above. We construct a wff A whose truth table is
the given truth function by taking a disjunction of all the conjunctive clauses
constructed from each row of the truth function that outputs 7. n

The proof of the above theorem is best explained by means of an example.

Example 1.7.3. We construct a wff that has as truth table the following
truth function.

TIT[T]T(®)
T|T[F| F
TIF|[T| F
TIF[F|TQ2)
FIT|[T|T(®3)
FIT[F| F
FIF[T| F
FIF|[F| F

We need only consider the rows that output 7', which I have highlighted. I
have also included a reference number that I shall use below. The conjunctive
clause corresponding to row (1) is

PAgANT.
The conjunctive clause corresponding to row (2) is
p N —g AN .
The conjunctive clause corresponding to row (3) is
“pAgAT.
The disjunction of these conjunctive clauses is
A=pPAgAT)V(DA=gN-T)V (ZpAgAT).

You should check that the truth table of A is the truth function given above.
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Exercises 1.7

1. The following truth table gives the behaviour of three truth functions
(a), (b) and (c). In each case, find a wif whose truth table is equal to
the corresponding truth function.

—
S
~—
—~
=
~—
—
O
~

oy | | | N N N N
B3] leo]Ran] RanliesTies] Ranl Rasi B

(551 laet Beot Raniheol Rasl Ieol Hasl

ES1 eS| Res] ReslRastias|Res] Res
5ol Mast Beot antiieol Masl eol las

Es1 e Res] ReolRasieo|Ras] Bes

1.8 Normal forms

I could, if T were feeling mischievous, write =————p instead of —p. Writing
the former rather than the latter would not be normal, but neither would
it be disallowed. However, good communication depends on agreements on
how we do things. This section is about particular ways of writing wif called
normal forms.

1.8.1 Negation normal form (NNF)

A wff is in negation normal form (NNF) if it is constructed using only A,
V and literals. Recall that a [iteral is either an atom or the negation of an
atom.

Proposition 1.8.1. Every wff is logically equivalent to a wff in NNF.

Proof. Let A be a wif in PL. First, replace any occurrences of x @ y by
—(x <> y). Second, replace any occurrences of x <+ y by (z — y) A (y — z).
Third, replace all occurrences of x — y by -z VV y. Fourth, use De Morgan’s
laws to push all occurrences of negation through brackets. Finally, use double
negation to ensure that only literals occur. O
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Example 1.8.2. We convert =(p — (p A ¢)) into NNF using the method
outlined in the proof of the above result.

—(=pV (pAq)
——pA=(pAq)
—=p A (=pV —q)
= pA(-pVg).

—(p— (pAq)

1.8.2 Disjunctive normal form (DNF)

We now come to the first of the two important normal forms. A wff that can
be written as a disjunction of one of more terms each of which is a conjunction
of one or more literals is said to be in disjunctive normal form (DNF). Thus
a wif in DNF has the following schematic shape

(A literals) V...V (A literals).

Examples 1.8.3. Some special cases of DNF are worth highlighting because
they often cause confusion.

1. A single atom p is in DNF.

2. A term such as (p A ¢ A —r) is in DNF.

3. The expression p V ¢ is in DNF. You should think of it as (p) V (q).
Proposition 1.8.4. Every wff is logically equivalent to one in DNF.

Proof. Let A be a wif. Construct the truth table for A. Now apply Theo-
rem 1.7.2. The wif that results is in DNF and logically equivalent to A. [

The proof above can be also be used as a method for constructing DNF
though it is a little laborious. Another method is to use logical equivalences.
Let A be a wif. First convert A to NNF and then if necessary use the
distributive laws to convert to a wif which is in DNF.

Example 1.8.5. We show how to convert =(p — (p A ¢)) into DNF using a
sequence of logical equivalences. The first step is to replace —. We use the
fact that * — y = -2 Vy. This gives us =(=pV (pAq)). Now use De Morgan’s
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laws to push negation inside the brackets. This yields =—p A =(p A q) and
then —=—p A (=p V —q). We now apply double negation to get p A (—p V —q).
This is in NNF. Finally, we apply one of the distributive laws to get the Vv
out of the brackets. This yields (p A =p) V (p A =¢). This wff is in DNF and
SO

—(p—=(@Aq)={@A-DP)V(PA—g).

1.8.3 Conjunctive normal form (CNF)

A wiff is in conjunctive normal form (CNF) if it is a conjunction of one or
more terms each of which is a disjunction of one or more literals. It therefore
looks a bit like the reverse of (DNF).

(V literals) A ... A (V literals).
Proposition 1.8.6. Every wff is logically equivalent to one in CNF.

Proof. Let A be our wif. Write = A in DNF by Proposition 1.8.4. Now negate
both sides of the logical equivalence and use double negation where necessary
to obtain a wff in CNF. O

Example 1.8.7. A wif A has the following truth table.

o | N S
551 eo! RantianiReol eol Rasl las
531l | ea] Man st a1 Hea] Ras
sl | ea Man s THeo | Han] as

The truth table for —A is

5] Res ] eol Bestion | Han ] Hasl Ras
S| Reotlan | Rastieo] Reotionlas
] Ras ] eal s oo Hanl leol Ras
5] Res ] Ranl Besties]Ron | Real hes
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It follows that
“A=(pA-gNAT)V(=pAgA-r)

is the DNF for = A. Negating both sides we get
A= (-pVqgV-r)AN(pV-oqVr).
This is the CNF for A.
Sometimes using logical equivalences is more efficient.

Example 1.8.8. The wif (—z A =y) V (-x A z) is in DNF. It can easily be
converted into CNF using one of the distributivity laws.

(e A-y)V(txAz) = (txA-y)V-ox) A (- A—y) Voz)
(mxV-ox)A(myV-oz) A (—xV-z) A (-y A z).

1.8.4 Horn formulae

Computer programs are written using artificial or formal languages called
programming languages. There are two big classes of such languages: m-
perative and declarative. In an imperative language, you have to specify in
detail how the solution to a problem is to be accomplished. In other words,
you have to tell the computer how to solve the problem. In a declarative
language, you tell the computer what you want to solve and leave the details
of how to accomplish this to the software. Declarative languages sound like
magic but some of them, such as PROLOG, are based on ideas drawn from
first-order logic. This language has applications in Al (artificial intelligence).
We describe here the wif in PL that are important in PROLOG.

A wiff in CNF is called a Horn formula? if each group of disjunctions
contains at most one positive literal. This seems a little arbitrary but looks
more natural when we use implication. Here are some examples.

1. pVg=p—q.
2. pV—qgVr=pAq—r.

3. The wif =pV —q is at first glance more puzzling but if we introduce the
wif f to mean a statement that is always false, we have the following

pV-qg=-pV-qV[f=pAqg— f.

12Named after the American mathematician Alfred Horn (1918-2001).
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4. Letting t be a wif that is always true, we have that

p=fVp=-tVp=t—p.

The above examples suggest that every Horn formula is locally equivalent to
a conjunction of terms each of which has one of the following forms:

e p A... Ap, — p. Wit of this type are called rules.

e p1 A... Ap, = f. WIf of this type are called goals.

e t — p. WIf of this type are called facts.
We call this the implicational form of the Horn formula.
Example 1.8.9. Horn formulae arise naturally as rules of various kinds. For
example, what I can remember about my childhood consists of rules such as
these:

e ‘I must not run with scissors’.

e ‘If it is cold then I must wear a thick coat’.

e ‘If T eat my Brussels sprouts and I eat my toad-in-the-hole then I can
eat my trifle’.

The state transitions of finite state automata, described in Section 1.5.2, are

also described by Horn formulae since they are of the form ‘current state and

current input implies next state’.

Example 1.8.10. Consider the wff
H=((pV-sV-u)A(qV-r)A(=qgV-s)AsA(—sVu).

This is a Horn formula and it can be written in its implicational form as
follows.

H=(ANu—=>pAN(r—=q¢ ANgAs— F)NEt—3s)N(s— u).
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One of the reasons Horn formulae are interesting is that there is a fast
method for deciding whether they are satisfiable or not; in the next section,
we shall explain why this is not true for arbitrary wif.

Fast algorithm for Horn formula satisfiability

Let the Horn formula be H = Hy A ... N\ H,, where each H; is either a
rule, a goal or a fact. Let the atoms occurring in H be pq,...,p,. The
algorithm begins by initially assigning all the atoms the truth value
F. 1If the algorithm terminates successfully, some of these might be
changed to the truth value 7" and the wif H will be satisfied by this
truth assignment. During the algorithm we shall mark atoms; this can
be done by placing a dot above them, like so p. The algorithm is as
follows.

1. For all H; of the form ¢ — p mark all occurrences of the atom p
in H.

2. The following procedure is now repeated until it can now longer
be applied

e If there is an H; of the form p; A ... A p, — p where all
of p1,...,p, have been marked and p has not been marked
then mark every occurrence of p.

e If there is an H; of the form p; A ... Ap, — f where all of
P1,---,Pn have been marked then terminate the algorithm
and output that H is not satisfiable.

3. Output that H is satisfiable; all marked atoms should be assigned
the truth value T" with the remaining atoms being assigned the

truth value F'; and this results in a truth assignment that satisfies
H.

Before we prove that the above algorithm really does what I claim it does,
we give an example of it in operation.

Example 1.8.11. We apply the above algorithm to the Horn formula
H=(sANu—=p)AN(r—=q¢ AgAs— F)N{Et—s)N(s— u).
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We apply part (1) of the algorithm and so mark all occurrences of the atom
s.
H=GBANu—=p)ANr—=q9 AGgNs—=>F)N{E—=35)N($—u).

We now apply part (2) of the algorithm repeatedly. First, we mark all oc-
currences of the atom wu.

H=GBANot—=>pANr—=>¢AN@GANs—=>FINE =S N(S—0).
Second, we mark all occurrences of the atom p.
H=Nu—=p)ANTr—=q¢ A@ANs—> F)NE— S N(s— ).

At this point, the algorithm terminates successfully. A satisfying truth as-
signment is therefore

plqg|r|s|u
T|F|F|T|T

If you run the truth table generator [48] on this example, you will find that
this truth assignment is the first one that satisfies H starting from the bottom
of the truth table although in this case it is in fact the only satisfying truth
assignment.

Theorem 1.8.12. The algorithm above for deciding whether a Horn formula
15 satisfiable works.

Proof. Clearly, the algorithm will terminate one way or another. Assume
that the algorithm terminates with output that H is satisfiable. We prove
that the truth assignment constructed works. The wff H is a conjunction
of wif H; each of which must be satisfied. Each of the H; has one of three

forms.
e Any wif of the form ¢ — p is satisfied by step (1).

e Any wff of the form p; A ... A p, — ¢ is satisfied in one of two ways.
If all the atoms py,...,p, are assigned the truth value T" then ¢ must
also be assigned the truth value T by step (2). Clearly, in this way
p1 A ... A p, — qis satisfied. On the other hand, if not all the atoms
P1,--.,Pn are assigned the truth value 7" then p; A ... A p, is false and
SO p1 A ... A p, — q is true irrespective of the truth value of ¢.
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e Finally, because the algorithm terminates successfully, in any wff of

the form ¢1 A ... A q,, — f at least one of the atoms ¢y, ..., g, will be
assigned the truth value F. It follows again that ¢; A ... A ¢, — f is
satisfiable.

Assume now that the algorithm terminates with the output that H is
unsatisfiable. Suppose that in fact H were satisfiable. Choose the first truth
assignment that satisfies H working up from the bottom of the truth table
for H. We call this the smallest satisfying truth assignment and denote it
by 7. By assumption, one of the H; must be of the form ¢; A ... A gy, — F
where the algorithm assigns the truth value T to all the atoms ¢y, ..., ¢n.
However, 7 must assign the truth value T to all atoms p where t — p occurs
in H and it must assign the value T to ¢ if it assigns the value T to all the
atoms py,...,p, in the wif py A ... A p, = ¢. Thus 7 must assign the truth
value T" to all the atoms ¢, ..., g, but this is a contradiction. O

Exercises 1.8

1. Use known logical equivalences to transform each of the following wif
first into NNF and then into DNF.

2. Use known logical equivalences to transform each of the following into

CNF.

(a) (p—=q) —p
(b) p— (¢ —p).
(¢c) (gA—p) = p.
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(d) (pVaq)Ar.
(e) p— (gAr).
) (pVvag) A(r—s).

3. Let A=((pAq) = r)AN(=(pAq) —T).

4. Let A=((pANqg) = r)AN(=(pAq)—T).

Write A in NNF.
Use known logical equivalences applied to (a) to get DNF.

(a
(b
(c

(d) Simplify A as much as possible using known logical equivalences.

Use logical equivalences applied to (b) to get CNF.

)
)
)
)

5. Write p <+ (¢ <> r) in NNF.

6. For each of the following Horn formulae, write them in implicational
form and then use the algorithm described in the text to determine
whether they are satisfiable or not. In each case, check your answer
using the truth table generator [48].

(a) (pV—=g) A(gV-r).
(b) (pV =gV -=r)A(=sV-u)A(=pV-=gVr)A(p)Al(q)

(¢) () A (@) A(—pV =) A(rV—p).

1.9 P = NP? (Or how to win a million dol-
lars)

In this course, I cannot go in to the details of this question but I can at least
sketch out what it means and why it is important.
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The question whether P is equal to NP is the first of the seven Millennium
problems that were posed by the Clay Mathematics Institute in 2000. Anyone
who solves one of these problems wins a million dollars. So far, only one of
these problems has been solved: namely, the Poincaré Conjecture by Grigori
Perelman who turned down the prize money. The other six problems require
advanced mathematics just to understand what they are saying — except
one. This is the question of whether P is equal to NP. I shall begin this
sketch by explaining in intuitive terms what we mean by P and NP.

How long does it take a program to solve a problem? As it stands, this
is too vague to admit an answer so we need to make it more precise. For
concreteness, imagine a program that takes as input a whole number n and
produces as output either the result that ‘n is prime’ or ‘n is not prime’. So,
if you input 10 to the program it would tell you it was not prime but if you
input 17 it would tell you that it was prime. Clearly, how long the program
takes to solve this question depends on how big the number is that you input.
A number with hundreds of digits is clearly going to take a lot longer for the
program to work than one with just a few digits.

Thus to say how long a program takes to solve a problem must
refer to the length of the input to that program.

Now, for all inputs of a fixed length, say m, the program might take
different amounts of time to produce an output depending on which input of
length m was chosen.

We agree to take the longest amount of time over all inputs of
length m as a measure of how long it takes to process any input
of length m.

This begs the question of what we mean by ‘time’. Your fancy MacBook
Pro may be a lot faster than my Babbage Imperial. So instead of time, we
count the number of basic computational steps needed to transform input
to output. It turns out that we don’t really have to worry too much about
what this means but it can be made precise using Turing machines.

Thus with each program we can try to calculate its time complexity profile.
This will be a function m + f(m) where m is the length of the input and
f(m) is the maximum number of steps needed to transform any input of size
m into an output. Calculating the time complexity profile exactly of even
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simple programs requires a lot of mathematical analysis, but fortunately we
don’t need an exact answer merely a good estimate. A program that has
the time complexity profile m + am, where a is a number, is said to run in
linear time, if the time complexity profile is m + am? it is said to run in
quadratic time, if the time complexity profile is m +— am? it is said to run
in cubic time. More generally, if the time complexity profile is m — am™
for some n it is said to run in polynomial time. All the basic algorithms you
learnt at school for adding, subtracting, multiplying and dividing numbers
run in polynomial time.

We define the class P to be all those problems that can be solved
in polynomial time.

These are essentially nice problems with nice (meaning fast) programs
to solve them. Let me stress that just because you have an algorithm for a
problem that is slower than polynomial time does not mean your problem
does not have a polynomial time algorithm. If you claim this then you have
to prove it. What would constitute a nasty problem? This would be one
whose time complexity profile looked like m + 2™. This is nasty because
just by increasing the size of the input by 1 doubles the amount of time
needed to solve the problem. We now isolate those nasty problems that have
a nice feature: that is, that any purported solution can be checked quickly:
that is, checked in polynomial time. A really nasty problem would be one
where it is even difficult just to check a purported solution.

We define the class NP, of non-deterministic polynomial time
problems, to be all those problems whose solutions can be checked
in polynomial time.

Clearly, P is contained in NP but there is no earthly reason why they
should be equal. Now here is the rub: currently (2017) no one has been
able to prove that they are not equal. This explains what, in essence, the
question whether P is equal to NP means. It does not, however, explain the
significance of this question. To understand this, we must delve deeper.

In 1971, Stephen Cook came up with an idea for resolving this question
that shed new light on the nature of algorithms. His idea was that inside NP
there should be a nastiest problem with an important, and ironically nice,
property: namely, if that problem could be shown to be in P then everything
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in NP would also have to be in P thus showing that P = NP. On the other
hand, if it could be shown that this problem wasn’t in P then we would
have shown that P # NP. Thus Cook’s problem would provide a sort of
litmus-test for equality. Such a problem is called NP-complete.

Given that we don’t even know all the problems in NP, Cook’s idea might
have sounded simply too good to be true. But in fact, he was able to prove a
specific problem to be NP-complete: that problem is SAT — the satisfiability
problem in PL. This probably sounds mysterious but in fact once you start
studying complexity theory the mystery disappears. The reason that it is
possible to prove that SAT is NP-complete boils down to the fact that PL is
a sufficiently rich language to describe the behaviour of computers. A special
case of this was discussed in Section 1.5.2.

Cook’s result, known as Cook’s theorem, is remarkable enough and ex-
plains the central importance of the satisfiability problem in theoretical com-
puters science. But there is more. Thousands of interesting problems that
we would like to solve quickly have been shown to be NP-complete and so
equivalent to SAT'®. The travelling salesman problem is one well known ex-
ample. I shall describe another interesting one here: is a graph k-colourable?
A graph consists of vertices which are represented by circles and edges which
are lines joining the circles (here always joining different circles). Vertices
joined by an edge are said to be adjacent. The following is an example of a
graph.

By a colouring of a graph we mean an assignment of colours to the vertices
so that adjacent vertices have different colours. By a k-colouring of a graph
we mean a colouring that uses at most k colours. Depending on the graph
and k that may or may not be possible. The following is a 3-colouring of the
above graph.

13The standard reference to all this is [15].
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However, it is not possible to find a 2-colouring of this graph because there
is a triangle of vertices. The crucial point is this: if you do claim to have
found a k-colouring of a graph I can easily check whether you are right. Thus
the problem of k-colouring a graph is in NP. On the other hand, finding a
k-colouring can involve a lot of work, including much back-tracking. It can
be proved that this problem is NP-complete and so equivalent to SAT.

This is not quite the end of the story. We don’t know whether P is equal
to NP but there are special cases where we know there are fast algorithms.
For example, we saw in Section 1.8.3 that there is a fast algorithm for deciding
whether a Horn formula is satisfiable or not. The point is that in the context
of particular problem the wff that arise may have extra properties and these
might be susceptible to a fast method for determining satisfiability. In this
case, whether P is equal to NP may actually be irrelevant.

Exercises 1.9

1. The picture below shows a graph.

The vertices are to be coloured either blue or red under certain con-
straints that will be described by means of a wif in PL denoted by A.
The following is a list of atoms and what they mean.

e p: vertex 1 is blue.

e ¢: vertex 1 is red.
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e r: vertex 2 is blue.
e s: vertex 2 is red.
e 1 vertex 3 is blue.

e v: vertex 3 is red.

Here is the wif A constructed from these atoms.

(PO A (r@s)A(udv)A
(= (rAu)ANp—=(sAv))A
(s = (Au)A(r—(gAv)) A

(0= (pAT))A(u—=(gAs))

(a) Translate A into English in as pithy and precise a way as possible.
(b) Use [48] to construct a truth table of A.
(c) Interpret this truth table.

1.10 Valid arguments

An argument is a connected series of statements intended to es-
tablish a proposition. No it isn’t. Yes it is! It’s not just con-
tradiction. Look, if I argue with you, I must take up a contrary
position. Yes, but that’s not just saying ‘No it isn’t.” Yes it is!
No it isn’t! Yes it is! Argument is an intellectual process. Con-
tradiction is just the automatic gainsaying of any statement the
other person makes. (Short pause) No it isn’t. — Monty Python.

We have so far viewed PL as a low-level description language. This is
its significance in the question as to whether P equals NP or not. We shall
now describe the other important application of PL which was actually the
reason why PL was introduced in the first place. This is PL as a language
for describing correct reasoning.

1.10.1 Definitions and examples

We begin with some examples.
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Example 1.10.1. Someone makes the following announcement: ‘In the pub
I will either drink cider or I will drink apple juice. But I won’t drink cider.’
What do you deduce? You deduce that they will drink apple juice.

Example 1.10.2. The newspaper headline proclaims ‘Either Smith or Jones
will be Prime Minister. If Smith wins we are doomed. If Jones wins we are
doomed.” What do you deduce? Clearly, with a sinking heart, you deduce
that we are doomed.

Example 1.10.3. If it is raining then I get wet. I am not wet. I deduce
that it is not raining.

None of these examples is at all exceptional. I would guess that in every
case, you had no trouble seeing that what we deduce follows from the pre-
ceding statements. But what do we mean by ‘follows from’? This seems like
something that would be impossible to define, like good art. In fact, we can
use the logic we have defined so far to explain why, in each case, it makes
sense to say ‘follows from’.

Let Ay,..., A, be wif which we regard as assumptions or premisses.**
Let B be a wif which we would like to regard as a consequence of Ay, ..., A,.
That is, we would like to say that B follows from Ay, ..., A,. We can express
this relationship between some assumptions and their conclusion using PL
as follows.

We require that whenever all of Ay,..., A, are true then B must
be true as well. Equivalently, it is impossible for A;,..., A, to
be true and B to be false. If B is a consequence of Ay, ..., A, we
write

Ay,...,A,FB

and we say this is a valid argument.

You should go back and check that each of our three examples is a valid
argument in this sense. This definition encapsulates many important exam-
ples of logical reasoning but we shall see later that there are also examples
of logical reasoning that cannot be captured by PL. It is this that will lead
us to the generalization of PL called first-order logic, or FOL.

14 At this point, I am obliged to tell the story about the feuding neighbours who could
never agree because they were arguing from different premises. This is a variant of a bon
mot attributed to the Reverend Sydney Smith, amongst others.
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Examples 1.10.4. Here are some examples of valid arguments.

1. p,p — q F q. We show that this is a valid argument. Here is the truth
table for p — q.

Pla|pP—4q
T|T T
T|F F
T T
F|F T

We are only interested in the cases where both p and p — ¢ are true.

Pla|pP—4q
T|T T

We see that if p and p — ¢ are true then ¢ must be true.

2. p— q,—qF —p. We show this is a valid argument.

plal-p|l-q|lp—aq]
TITIF|F]| T
TIFIF|T| F
FIT|T|F| T
FIF|T|T| T

We see that if p — ¢ and —q are true then —p must be true.

3. pVq,—pF q. We show this is a valid argument.

NN T
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We are only interested in the cases where both p V ¢ and —p are true.

‘pla]l-p|lpVy]
FlT|T] T |

We see that if p V ¢ and —p are true then ¢ must be true.

4. p— q,q — r Ep— r. We show this is a valid argument.

| | | | |

Ea1ieo] Han ] ManlisTies Han ] Rasl| S
551 Bant IeotaniReol Rant eol las

(rlp—=qlg—=r|[p—r]

e s R s e eol Masl las
NN | N S
el et R s TRl Rt eol lae

We are only interested in the cases where both p — ¢ and ¢ — r are
true.

q\r‘p—)q‘q—w‘\p—)r‘
T|T T T T
T T T T
T T T T
F|F|F T T T

p
T
F
F

We see that in every case p — r is true. Thus the argument is valid.

We may always use truth tables in the way above to decide whether
an argument is valid or not but it is quite laborious. The following result,
however, enables us to do this in a very straightforward way.

Proposition 1.10.5. The argument

15 valid precisely when
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Proof. The result is proved in two steps.

1. We prove that Ay,..., A, E B precisely when A; A ... A A, E B. This
means that we can restrict to the case of exactly one wif on the left hand
side of the semantic turnstile. Suppose that A;,..., A, E B is a valid
argument and that it is not the case that Ay A ... A A, F B is a valid
argument. Then there is some assignment of truth values to the atoms
that makes A; A...A A, true and B false. But this means that each of
Ay, ..., A, is true and B is false that contradicts that we are given that
Ay, ..., A, E B is a valid argument. Suppose that Ay A...ANA, F B
is a valid argument but that A;,..., A, F B is not a valid argument.
Then some assignment of truth values to the atoms makes Aq,..., A,
true and B false. This means that A; A... A A, is true and B is false.
But this contradicts that we are given that Ay A... A A, E B is a valid
argument.

2. We prove that A E B precisely when F A — B. Suppose that A F B
is a valid argument and that A — B is not a tautology. Then there is
some assignment of the truth values to the atoms that makes A true and
B false. But this contradicts that A F B is a valid argument. Suppose
that A — B is a tautology and A F B is not a valid argument. Then
there is some assignment of truth values to the atoms that makes A
true and B false. But then the truth values of A — B is false from the
way implication is defined and this is a contradiction.

O

Example 1.10.6. We show that p, p — ¢ F ¢ is a valid argument by showing
that E (p A (p — ¢)) — ¢ is a tautology.

P

(p=qlpAp=a [ (pA D

ST Res| Rl st

q
T
F
T
F

NN S

Ba]BeslReo]as

1.10.2 *The game of mathematics*

The idea of proof arose first in classical Greece. Proofs are the essence of
mathematics. The notion of proof is so powerful that it has been borrowed by
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computer scientists. To conclude this section, I shall give a few of examples
of mathematical proofs where the ideas of this section can be clearly seen.
For more background information on proofs, see the first two chapters of [28],
and for a more thorough treatment of how logic is used in mathematics see
[11].

Back in the Introductory Exercises, I included a question about Sudoku.
This may have seemed odd but in Section 1.5 and Section 1.9, I explained that
these puzzles are prototypes for a wide class of problems which are known as
NP-complete. I now want to look at Sudoku from another perspective, that
is as a toy model for how mathematics works. This will lead us to a more
‘dynamic’ way of thinking about logic which has the idea of an argument at
its core.

When you solve a Sudoku puzzle you work as follows. First, you study the
initial information you have been given; that is, the squares that have already
been filled in with numbers. To solve the puzzle, you have to accept these
as a given. Next, you use reason to try to fill in other squares in accordance
with the rules of the game. Sometimes, filling a square with a number leads
to a conflict, or as we would say in mathematics a contradiction, so that
you know your choice of number was incorrect. This process is ‘dynamic’
rather than the ‘static’ approach adopted in Section 1.5 via the satisfiability
problem.

My description for how a Sudoku puzzle is solved is a good metaphor for
how mathematics itself works. Each domain of mathematics is characterized
by its basic assumptions or azioms. These are akin to the initial information
given in a Sudoku puzzle. Next, by using reason and appealing to previously
proved results you attempt to prove new results. Logic is the very grammar
of reason. But just as a knowledge of Russian grammar won’t make you a
Tolstoy, so too a knowledge of logic won’t make you a Gauss. But if you
want to do mathematics, you have to acquire an understanding of logic, just
as if you want to write you have to acquire an understanding of grammar.

We conclude with a few examples from mathematics.

Example 1.10.7. How would you prove a statement of the form p — ¢7 We
know that the only case where this statement is false is where p is true and
q is false. So, it is enough to assume that p is true and, on the basis of that
assumption (and any mathematical truths that are useful), prove that ¢ has
to be true. In mathematics, we are always working with arguments of the
form I',p F ¢ where T' is the set of all mathematical truths relevant to the
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mathematical domain in question and any axioms that need to be assumed
to work in that domain.

Example 1.10.8. Suppose we are trying to prove that the statement p is
true. One way to do this is to cosntruct a valid argument of the form I' F
—p — f where f is any contradiction. But the only way for the statement
—p — f to be true is if —p is false which implies that p is true. This is called
proof by contradiction.

Example 1.10.9. Let n be a natural number. So, n =0,1,2,.... We say it
is even if it is exactly divisible by two. We say that n is odd if ‘= (n is even)’.
This definition is not very useful and a better, but equivalent, one is to say
that n is odd if the reaminder 1 is left when n is divided by 2. I prove first
that the square of an even number is even and the square of an odd number
is odd. Let n be even. Then by definition, we can write n = 2m. Squaring
both sides we have that n? = 4m? = 2(2m?). It follows that n? is even. Now,
let n be odd. By definition, we can write n = 2m + 1. Squaring both sides
we have that n? = 4m? + 4m + 1 = 2(2m? + 2m) + 1. Tt follows that n? is
odd. So, far, so good.

Now we turn to a different but related question. Suppose I tell you that n?
is even. What can you deduce about n? Hopefully, you can see, intuitively,
that n is even, but we can use what we have learnt in this section to prove
it. Let p be the statement ‘n is odd’. Let ¢ be the statement ‘n? is odd’.
Thus —q is the statement that ‘n? is even’ and —p is the statement that ‘n is
even’. The following argument is valid

p—q,7q F p.
Thus the following argument is valid
n odd implies n? is odd, n? is even therefore n is even.

But we have proved that ‘n odd implies n? is odd’ is always true and I have
told you that n? is even. It follows that n is even.

We have therefore prove that if the square of a natural number is even
then that natural number is also even.

The above example is very simple but has a profound consequence as we
shall see in the next example.
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Example 1.10.10. Define a real number to be rational if it can be written as
a fraction §. A real number that is not rational is called irrational. Observe
that the word ‘irrational’ is really ‘in-rational” where ‘in’ just means ‘not’.!>
Rational numbers are ‘graspable’ or ‘intelligible’ since they can be described
by two natural numbers; this is why they are ‘rational’ (the more usual
meaning of that word). Irrational numbers are just the opposite. I shall
prove that v/2 is irrational; I shall explain why this is interesting afterwards.

Let p be the statement ‘v/2 is rational’. Let ¢ be the statement ‘a and
b are both even’. I shall first prove the statement p — ¢. To do this, it is
enough to assume, by Example 1.10.7, that p is true and then deduce that ¢
is true.

1. Assume p is true. That is, assume that v/2 = 7 for some natural
numbers a and b.

2. Square both sides of the equation V2 = 7 to obtain 2 = Z—j. Then
rearrange to obtain 2b> = a?. I can do this by using previously proved
results in mathematics.

3. a? is even by definition.

4. a is even by the result we proved in Example 1.10.10.

5. a = 2x for some natural number x by definition of the word ‘even’.

6. It follows that b* = 222 using previously proved results in mathematics.
7. b% is even by definition.

8. b is even by the result we proved in Example 1.10.10.

9. Since a and b both even it follows that the statement ¢ is true.

The above argument did not depend on a and b apart from the fact that
V2 = 7 We now choose a and b so that at least one is odd. We can always
do this, since if a and b are both even we can divide out by the largest power
of 2 that divides them both. Thus if a = 2"™d’ and b = 20/, where 2™ is the

15In the same way that ‘impossible’ is ‘in-possible’. The way the letter ‘n’ changes in
each case is an example of a rule of sandhi, a term originating in Sanskrit grammar.
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largest power of 2 that divides a and where 2" is the largest power of 2 that
divides b, then the following cases arise:

if m = n, where both a’ and b’ are odd;

/

a a
b - 2n—mb/

if n > m, where a’ is odd and 2"~V is even; and
a 2m7"d
bV

if n < m, where 2™ "a’ is even and 0’ is odd. Observe that —¢ is logically

equivalent to the statement ‘at least one of a and b is odd’ because
—((a is even ) A (bis even )) = (a is odd) V (b is odd).

Thus we can assume that —q is true by choosing a and b appropriately but,
as before, we can then prove that p — ¢ is true. Under these assumptions
p — (¢ A —q) is also true because

p—s,p—=>tEp— (sAt)

is a valid argument. But ¢ A —q is always false. Thus p must be false and so
—p is true by Example 1.10.8. It follows that /2 is irrational.

Why whould you care about this result? It implies that you can never get
an exact rational value for v/2. If you calculate V2 on your calculator the
number that appears is in fact a rational number. For example, my calculator
tells me that

V2 = 1414213562

but this is just the rational number

1414213562
1000000000

in disguise. We proved above that this cannot be the exact value of V2. De-
spite this, my calculator believes that when you square 1-414213562 you get
2. The moral of this is that you cannot always believe what your calculator
tells you.
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Exercises 1.10

1. Determine which of the following really are valid arguments.

(a) p—qF —qV-p,
(b) p—=q,~q—=>pFq
(¢c) p—=>qr—s,pVrEqVs.
(d) p—q,r—s,2qV-sE-pV-r.
2. This question introduces the idea of resolution important in some com-

puter science applications of logic. Let x1,x9, x5 and ys, y3 be two sets
of literals. Show that the following is a valid argument

(ZL‘l \/:L‘Q\/(L'g),(_'l‘l \/yg\/yg) i=x2\/:1:3\/y2\/y3.

3. This question explores some of the properties of the symbol F. But
first we extend the notation a little. We define

Ay, ..., AnEBy,..., By,
to mean the same thing as
Ay, ..., AnEBV...VB,

(a) Show that Aq,..., A, X E By,...,B,, X is always a valid argu-
ment.

(b) Show that if Ay,..., A, X, Y E By,..., B, is a valid argument so
toois Ay,..., A, X NY E By,...,B,.

(c¢) Show that if Ay,..., A, E By, ..., B,, X,Y is a valid argument so
toois Ay,..., A, F By,....,B,, X VY.

(d) Show that if Ay,..., A, X F By,..., B, is a valid argument so
toois Ay,..., A, E-X, B,...,B,.

(e) Show that if Ay,..., A, F By,...,B,, X is a valid argument so
too is Al,...,Am,_\X':Bl,...,Bn.



74 CHAPTER 1. PROPOSITIONAL LOGIC

(f) Show that if
Al,...7Am':Bl,...7Bn,X andAb...,Aml:Bl,...,Bn,Y
are valid arguments so too is

A, ..., AnEB., ..., B, X NY.

(g) Show that if
Al,...,Am,XlzBl,...,Bn andAl,...,Am,leBl,...,Bn
are valid arguments so too is

Ay, . ALX VY E By, ..., B,
(h) Show that if
Ay, ..y ARE DBy, ...,By, X and Ay,... A, Y EBy,...,B,
are valid arguments so too is

Al,...,Am,X%Y':Bl,...,Bn.

1.11 Truth trees

All problems about PL can be answered using truth tables. But there are
two problems.

1. The method of truth tables is hard work.
2. The method of truth tables does not generalize to first-order logic.

In this section, we shall describe an algorithm that is often more efficient
than truth tables but which, more significantly, can also be generalized to
first-order logic. This is the method of truth trees. It will speed up the
process of answering the following questions.

e Determining whether a wif is satisfiable or not.

e Determining whether a set of wiff is satisfiable or not.
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e Determining whether a wif is a tautology or not.
e Determining whether an argument is valid or not.
e Converting a wif into DNF.

It is based on the following ideas.

e Given a wif A that we wish to determine is satisfiable or not we start
by assuming A is satisfiable and work backwards.

e We use a data structure, a tree, to keep track efficiently of all possibil-
ities that occur.

e We break A into smaller pieces and so the algorithm is a divide and
conquer algorithm.

e What is not true is false. Thus we need only keep track of what is true
and any other cases will automatically be false.

Truth trees are often called (semantic) tableauz in the literature.

1.11.1 The truth tree algorithm

The starting point is to consider the various possible shapes that a wff A can
have. Observe that since X @Y = —(X <« Y), I shall therefore not mention
@ explicitly in what follows. There are therefore nine possibilities for A.

1. XAY.

2. 7(XVY).
3. 2(X = Y).
4. = X.

5. X VY.

6. 7(XAY).
7. X =Y.

8. X < Y.



76 CHAPTER 1. PROPOSITIONAL LOGIC
9. =(X & V).

We now introduce a graphical way of representing the truth values of A in
terms of the truth values for X and Y. We introduce two kinds of graphical
rules.

e The a-rule is non-branching/and-like. If « is a wif then this rule looks
like

«

o
(%)

This means that a truth assignment satisfies a precisely when it satisfies
both oy and as.

e The [-rule is branching/or-like. If 8 is a wff then this rule looks like

g
P
B Bo
This means that a truth assignment satisfies 3 precisely when it satisfies
at least one of 5 or [s.

In the above two rules, we call a; and as the descendants of «, and
likewise for 3 and (3, with respect to 5.
We now list the truth tree rules for the nine forms of the wif given above.

a-rules

| | |
-X X X

XAY (X VY) (X 5 Y) X
|
X
Y -y -y
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S-rules
XVvY —|(X/\Y) X =Y XY ﬂ(X<—>Y)
N N P P N
X Y -X Y -X Y X =X X =X
Y Y =Y Y

A truth tree for a wff A will be constructed by combining the small trees
above in such a way that we shall be able to determine when A is satisfiable
and how. The following definition dealing with trees is essential. Recall that
a branch of a tree is a path that starts at the root and ends at a leaf. For
example in the tree below

root

leafl vertex

/\
leaf2 leaf3
there are three branches. The key idea in what follows can now be stated:

truth flows down the branches and different branches represent al-
ternative possibilities and so should be regarded as being combined
by means disjunctions.

I shall describe the full truth tree algorithm once I have worked my way
through some illustrative examples.

Don’t confuse parse trees which are about syntax with truth trees
which are about semantics.

Example 1.11.1. Find all truth assignments that make the wif A = —p —
(g Ar) true using truth trees. The first step is to place A at the root of what
will be the truth tree

—p = (qAT)
We now use the branching rule for — to get

= (gNAT)V
N
=(=p) qAT
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I have used the check symbol v'to indicate that I have used the occurrence
of the wif =p — (¢ A r). It is best to be systematic and so I shall work from
left-to-right. We now apply the truth tree rule for double negation to get

—p— (gAT)V
N
Va(=p) gAr

p
where once again I have used the check symbol v'to indicate that that oc-

currence of a wff has been used. Finally, I apply the truth tree rule for
conjunction to get

—p— (AT
v ﬁ@ rv’

| |

p q

r
There are now no further truth tree rules I can apply and so we say that
the truth tree is finished. We deduce that the root A is true precisely when
either p is true or (¢ and r are both true). In other words, A=pV (¢ Ar),
which is in DNF. You can easily check that this contains exactly the same
information as the rows of the truth table of A that output 7. By our idea

above we know that all other truth values must be F'.

Before giving some more complex examples, let me highlight some im-
portant points (all of which can be proved).

e [t is the branches of the truth tree that contain information about the
truth table. Each branch contains information about one or more rows
of the truth table.

o [t follows that all the literals on a branch must be true.

e Thus if an atom and its negation occur on the same branch then there
is a contradiction. That branch is then closed by placing a X at its leaf.
No further growth takes place at a closed leaf.

The next example illustrates an important point about applying S-rules.
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Example 1.11.2. Find all the truth assignments that satisfy

=((pVaq) — (pAa)).
Here is the truth tree for this wif.
Vo(lpVvae) = (pAq))
|
vpVgq
v-(pAq)

T

p q
N PN
Xop —q —p —qkX
The truth tree is finished and there are two open branches (those branches
not marked with a X.) The first branch tells us that p and —¢ are both true
and the second tells is that —p and ¢ are both true. It follows that the wif
has the DNF

(pA=q) V(= A g).
The key point to observe in this example is that when I applied the S-rule
to the wit =(p A q) I applied it to all branches that contained that wff. This
is crucially important since possibilities multiply.

The above example leads to the following strategy.

Apply a-rules before S-rules since the application of S-rules leads
to the tree gaining more branches and subsequent applications of
any rule must be appended to every branch.

Here are some further examples which should be carefully worked through.
Example 1.11.3. Find all satisfying truth assignments to
(pA(g—=7r)V(EpA(r—q).

Here is the truth tree of this wif.
(pA(@g—=1))V(pA(r—=4q) Vv

T

VpA(g—=71) —pA(r—q)V
\ \

p -p
vVg—r r—=qv
o P

g -roq
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There are four branches and all branches are open. These lead to the DNF
(pA=g)V(pAT)V (=r A=p) V(g A —p).
The satisfying truth assignments can now easily be found.
Example 1.11.4. Write
Pp—=(g—=r)=(p—=q9—r)

in DNF'. Here is the truth tree of this wif.
p—=>(@—=r)—=>((p—>q =1V

Valp—=(g—=r) (o —orV

| TN
p “(p—=qv r
Va(g—r) |
| p
q —q
-r

There are three branches all open. These lead to the DNF
(PAgA-T)V(PA—g) VT
Example 1.11.5. Write
[(pA=q) = (g AT)] = (sV —q),

which contains four atoms, in DNF. Here is the truth tree of this wif.
(pA=q) = (gAr)) = (sV—q)v

Va(lpA—g) = (gAT)) sV gV

\ A~
vV'p A g s —q
Vo(gNT)
|
p
-q
N
_lq —_r

There are four branches all open. These lead to the DNF
(pA=g) V (=r A=g Ap) VsV —g.
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We say that a set of wif Ay,..., A, is satisfiable if there is at least one
single truth assigment that makes them all true. This is equivalent to saying
that Ay A ... A A, is satisfiable. Thus to show that A;,..., A, is satisfiable
simply list these wif as the root of a truth tree.

It’s important to remember that truth trees are an algorithm for finding
those truth assignments that make a wff true. This leads to the following
important result.

Proposition 1.11.6. To show that X is a tautology show that the truth tree
for =X has the property that every branch closes.

Proof. 1f the truth tree for =X has the property that every branch closes

then —X is not satisfiable. This means that —X is a contradiction. Thus X
is a tautology. ]

Here are some examples of showing that a wif is a tautology.
Example 1.11.7. Determine whether
X=(p=agnp—=r1)={@—=(gAr))

is a tautology or not. We begin the truth tree with —.X.
XV

pX rX
The tree for =X closes and so =X is a contradiction. Thus X is a tautology.



82 CHAPTER 1. PROPOSITIONAL LOGIC

Example 1.11.8. Determine whether

X=p—=@=r)=((p=9—=@—>71)
is a tautology or not.
-X VvV

p—=(g—=r) v
—((p—=q) = p@—1)V
p—qv
—(p—r) Vv

p
-r

-p X qg—rv

p X q
N
—qgX rX
The tree for =X closes and so =X is a contradiction. Thus X is a tautology.

We can also use truth trees to determine whether an argument is valid
or not. To see how, we use the result proved earlier that A;,..., A, E B
precisely when F (A; A ... A A,) — B. Thus to show that an argument is
valid using a truth tree, we could place =[(A; A ... A A,) — B] at its root.
But this is logically equivalent to A; A ... A A, A ~B. Thus we need only
list Ay,..., A,,—B at the root of our truth tree. If every branch closes the
corresponding argument is valid, and if there are open branches then the
argument is not logically valid.

Examples 1.11.9. We use truth trees to show that our simple examples of
arguments really are valid.

1. p,p — q F ¢ is a valid argument!®.

p
p—>qv

—q
/\
X qglkX

6 Known as modus ponens.
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The tree closes and so the argument is valid.

2. p— q,—q F —p is a valid argument'”.

p—=qv
-q
|

p

/\
X qglkX

The tree closes and so the argument is valid.

3. pVq,—pkE qis a valid argument!®.

pVqv
-p
-q
PN

pX qlX

The tree closes and so the argument is valid.

4. p—q,q — r FEp—ris a valid argument!?.
p—=qv
q—rv

—(p—=r) Vv
|

p
-

T

-p X q
N
—qgX rkX

The tree closes and so the argument is valid.
Example 1.11.10. Show that the following
(mq = —p)AN(—r = —q),s AN (s — ), t > pE —t

is a valid argument.

"Known as modus tollens.
BKnown as disjunctive syllogism.
YKnown as hypothetical syllogism.
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(g — ) AN (—r = —q) v
SA(s— 1)V

-8 X -_r X
The tree closes and so the argument is valid.
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Truth tree algorithm
Input: wif X.

Procedure: Place X at what will be the root of the truth tree.
Depending on its shape, apply either an a-rule or a fS-rule. Place a
v'against X to indicate that it has been used.

Now repeat the following:

e (lose any branch that contains an atom and its negation by plac-
ing a cross X beneath the leaf defining that branch.

e [f all branches are closed then stop since the tree is now finished
and closed.

e [t not all branches are closed but the tree contains only literals
or used wiff then stop since the tree is now finished and open.

e [If the tree is not finished then choose an unused wff Y which is
not a literal. Now do the following: for each open branch that
contains Y append the effect of applying either the a-rule or -
rule to Y, depending on which is appropriate, to the leaf of that
branch.

Output:
e If the tree is finished and closed then X is a contradiction.

e If the tree is finished and open then X is satisfiable. We may find
all the truth assignments that make X true as follows: for each
open branch in the finished tree for X assign the value T to all
the literals in that branch. If any atoms are missing from this
branch then they may be assigned truth values arbitrarily.
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Applications of truth trees

1. To prove that X is a tautology, show that the finished truth tree for
=X is closed.

2. To prove that X is satisfiable, show that the finished truth tree for X
is open.

3. To prove that Ay,..., A, E B is a valid argument, place
Aq,...,A,,-B
at the root of the tree and show that the finished truth tree is closed.

4. To put X into DNF, construct the truth-tree for X. Assume that when
finished it is open. For each open branch i, construct the conjunction of

the literals that appear on that branch C;. Then form the disjunction
of the Cj.

1.11.2 *The theory of truth trees*

In this section, we shall prove that truth trees really do the job we have
claimed for them. Before we prove our main theorem, we prove two lemmas
that do all the heavy lifting for us. There is an extra piece of notation I shall
use. Let X be a wff with atoms py,...,p,. Assigning truth values to these
atoms will ultimately lead to a truth value being assigned to X. If we call
the truth assignment to these atoms 7 then the corresponding truth value of
X is denoted by 7(X).

Example 1.11.11. Let X = —=((pAq) — r) and let 7 be the following truth
assignment

bplg|r
T|T|F

Then 7(pAq) =T and 7((p A q) — r) = F so that 7(X) =T.

The first result we shall prove states that if a finished truth tree with root
X has an open branch then there is a truth assignment, constructed from
that branch, that satisfies X. It is well to begin with a concrete example.
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Example 1.11.12. We return to the truth tree for the wif =((p V q¢) —
(PN Q).
vo(lpva) = (pAg)
|
vpVaq
vo(pAg)

T

p q
PN P
Xop —=q¢ —p —qX
The truth tree is finished and there are two open branches (those branches
not marked with a X.) Here are the sets of formulae in each of the two open

branches

H ={~((pVqg) = (Nq),pVa-(pAq),p,~q}

and
Hy={~((pVq) = (pNq),pVa,~(pANq),q-p}

We focus on the first set H; though what we shall say applies equally well to
H,. Observe first that the set H; does not contain an atom and the negation
of that atom. This is because H; arises from an open branch. Next observe,
that if an a-wff is in H; then both aq and «s are also in H;. In this instance,
the only a-wff is =((pV ¢) = (pAq)) and here a; = pV ¢ and s = =(p A q),
both of which belong to H;. Finally, if a S-wff belongs to H; then at least
one of 8, or B5 belongs to H;. In this case, there are two S-wif in H;: namely,
the wif p vV ¢ and —(p A q¢) From the first wif the §;-wif, p, belongs to Hj,
and from the second wiff the py-wff, —¢q, belongs to H;. So, why are these
properties of H; significant? Assign p the truth value T" and assign ¢ the
truth value F. Call this the initial truth assignment. Now we ‘climb the
ladder’: it follows that both p and —q are true; it therefore follows that pV ¢
and —(p A q) are true; it therefore follows that —((p V q) — (p A q)) is true.
Thus our initial truth assignment leads to every wif in H; being assigned the
truth value 7T'. This example works in general.

A (finite) set H of wff is said to be a Hintikka set if it satisfies the following
three conditions.

(H1) No atom and its negation belongs to H.

(H2) If an a-wff belongs to H then both a; and asy belong to H.
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(H3) If a S-wif belongs to H then at least one of 51 or S, belongs to H.

Hintikka sets are named after the logician Jaakko Hintikka (1929-2015).
The key result about Hintikka sets is the following lemma which is nothing
else than Example 1.11.12 generalized.

Lemma 1.11.13 (Hintikka sets). Let H be a Hintikka set. Then there is an
assignment of truth values to the atoms in H that makes every wff in H true.

Proof. Let the literals occurring in H be ly,...,1,. If [; = p; € H then assign
p; the truth value T if [; = —p; € H then assign p; the truth value F. By
(H1), each atom will be assigned exactly one truth value. Any other atoms
that occur in the wif in H can be assigned truth values arbitrarily. Call this
the initial truth assignment. All literals in H now have the truth value T" by
design. We now ‘climb the ladder’. Suppose that « is an a-wff in H. Then
by (H2) both a; and s belong to H. If ay and as are both true under our
initial truth assignment so too will a. Suppose that § is an S-wif in H. Then
by (H3) at least one of §; and By belongs to H. Which ever one it is, if the
initial truth assignment makes it true then so too will be 5. By climbing
the ladder in this way from the initial truth assignment, through the literals,
and ever more complex wiff in H we reach the point where every wff in H
has been shown to be true under the initial truth assignment. O

Our second result starts with a wff X and some truth assignment 7 mak-
ing X true. We prove that there is at least one branch in any truth tree with
root X which is true under 7. Again, this is best motivated by an example.

Example 1.11.14. We begin with the wif X = =((pV¢) — (pAgq)). A
truth assignment 7 making X true is p = F and ¢ = T'. The truth tree for
X is as follows.
vo(lpvae) = (pAg))
vpVyq
v=(pAg)

T

p q
N N
X-p —q —p —qX
I claim that there is at least one open branch such that all wif on that
branch are true under the valuation 7. You can easily check that 7 is true
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for all wff on the second open branch. To illustrate this, I have written the
: 7 next to the wif in the second open branch.
Vo(lpVa) = (pAg): T

|
vVpVaq: T

VolpAg):T

N

P q: T
PN /\
X-p =g —p:7 g X

Lemma 1.11.15. Let X be a wff and let T be a truth assignment to the
atoms of X that makes X true. Then for any completed truth tree for X
there is at least one open branch such that all wff on that branch are true
under T.

Proof. Construct a finished truth tree with root X. Write : 7 next to X. I
shall describe a process for labelling wif in the truth tree with the decoration
: 7. If Y is a wif so labelled then 7(Y) = 7. When this labelling process
is complete we shall show that there will be at least one open branch of the
truth tree in which every wif on that branch is labelled : 7; this will prove
the lemma. Suppose that there is a path, not a branch, in the truth tree
from root to the wif Y such that every wff on that path has been labelled
with : 7.

e If Y is an a-formula then both of its descendants will be labelled with
. T.

e If Y is a fS-formula then at least one of its descendants will be labelled
with : 7.

Thus every path, not a branch, can be extended. It follows that there must
be a branch on which every wff is labelled with : 7. But then it follows that
this branch must be open because it cannot contain an atom and its negation
since both would be assigned the value T" by 7 which is impossible. ]

We use Lemmas 1.11.13 and 1.11.15 to prove the main theorem of this
section.

Theorem 1.11.16 (Truth trees work).
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1. Let X be a tautology. Then every finished truth tree with root =X 1is
closed.

2. If some finished truth tree with root =X 1is closed then X is a tautology.

Proof. (1) Suppose that there is a finished truth tree with root =X which is
not closed. Then there is an open branch. This open branch is a Hintikka
set that contains - X. By Lemma 1.11.13, there is a truth assignment that
makes =X true, but this is impossible since =X is a contradiction. It follows
that there can be no such open branch and so any finished truth tree with
root X is closed.

(2) Suppose that there is a finished truth tree 7" with root =X which is
closed but that X is not a tautology. Then there is some truth assignment 7
making =X true. Then by Lemma 1.11.15, there is at least one open branch
for T along which 7 is true. But this contradicts the fact that T" is closed. It
follows that X must be a tautology. [

Exercises 1.11

1. Determine whether the following arguments are valid or not using truth
trees.

(a) p—>q,r—s,pVrEqVs.
(b) p—q,r = s,7qV s —-pV-r.
(¢c) p—qr—s,pV-oskEqV-r.

2. Show that the following are tautologies using truth trees.

(a) ¢ = (p—q)

(b) [(p—= ) A(g—7)]—=(p—r1).

© [p=aA(—=1)]—= (= (gAT)).
@) ((p=7r)A(g=7)A(PV]—r.

3. In [32, Chapter 1], Winnie-the-Pooh makes the following argument.
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(a) There is a buzzing.

(b) If there is a buzzing then somebody is making the buzzing.

d
(e
(f

If somebody is bees then there is honey.

)
)
(c) If somebody is making the buzzing then somebody is bees.
(d)
) If there is honey then there is honey for Pooh to eat.

)

Therefore there is honey for Pooh to eat.

Using the letters p,q,r ... express this argument in symbolic form and
use truth trees to determine whether Pooh’s argument is valid.

1.12 *Sequent calculus*®

Truth trees can be used to check whether a wif is a tautology or not whereas
in this section, we describe a method for generating tautologies. These two
methods complement each other or, as mathematicians like to say, the two
methods are dual to each other. To make our life a little easier, in this section
I will only use the connectives =, A, V, — but as we know from Section 1.6
this will not affect the expressiveness of our logic. The method we describe
will involve a change in perspective. First, we shall extend the meaning of
the notation introduced in Section 1.10. Let A4,..., A, B1,..., B, be wif.
We define
Ah-‘-uAn':Bla--an

to mean the same thing as
Ay,..., A, EB V...V B,.

In itself, this is a difference without a distinction but it serves to make the
symbol F symmetrical fore and aft. Second, rather than working with tau-
tologies directly and valid arguments indirectly, I will work with arguments,
in our extended sense, directly. This was an approach to mathematical
logic developed by Gerhard Gentzen (1909-1945) who is the presiding ge-
nius of this section. Thus given the wif A;,..., A,, on the left hand side
and the witf By,..., B, on the right hand side, we want to know whether
Ay,...,A, E By,...,B, is a valid argument. In order not to pre-empt the
answer to this question, we now introduce a new symbol = whose role is
simply to act as a punctuation mark between the set of left hand wiff and the
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set of right hand wff. More formally, by a sequent is meant an expression of

the form
Ay,..., A, = By,..., B,

where Aq,..., A, and By,..., B, should each be interpreted as sets of wif;
this means that the order of the wff on the left or of those on the right
does not matter and, in addition, repeats on the left or on the right can be
introduced or removed as required. A sequent of the form U = ) will simply
be written U =-. Similarly, a sequent of the form () = V will simply be
written = V. Our goal is to introduce some rules that will enable us to
generate sequents that represent valid arguments. We call this a proof of a
sequent. The big reveal will be a theorem that says what can be proved is
true and what is true can be proved.?® Truth is an elusive concept: for the
politician, infinitely malleable, for the scientist, the Holy Grail. In classical
Greece, mathematicians figured out a way of establishing truth. Begin with
statements that you know to be true; such statements are called axioms.
Then find rules that are known to preserve truth. Clearly, if you start with
axioms and apply the rules a finite number of times then the statements
you end up with will all certainly be true; this is called soundness. The
crucial question is whether all truths can be found in this way. If they can,
this is called completeness. We shall apply this approach to generating valid
arguments and prove that we have, indeed, snared all and only the valid ones.

I now define a system I shall call ., where the ‘S’ stands for ‘Smullyan’
though we have two extra negation rules compared to what you will find in
[40]. For convenience, I shall use bold letters, such as U, to mean a set of
wif, possibly empty, whereas I shall use ordinary letters, such as X, to mean
individual wff. Our axzioms are all sequents of the form

U X=VX.
Observe that the corresponding argument
UXEV X

is valid because if all the wff on the left hand side are true this means, in
particular, that X is true; it follows that the disjunction of the wiff on the

20This is reminiscent of, but less poetical than, Keats’s “Beauty is truth, truth beauty”
— that is all ye know on earth, and all ye need to know, which, from a logical point of
view, is highly questionable.
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right hand side is also true because X also occurs there. Our rules will have
one of the following two shapes. The first is

5
Sy

which means that if the sequent S is given as an assumption then the sequent
Sy can be deduced. The second is

Sy S
S3

which means that if the two sequents S; and Sy are given as assumptions
then the sequent S5 can be deduced. The rules themselves follow. Apart from
the rule for negation, each rule comes in two flavours: (1) one assumption or
(2) two assumptions. The rule for negation is either (r) right-moving or (1)
left-moving.

Conjunction

U X, Y=V
UXAY =V

U=V X U=V)Y
U=V, XAY

Conjunction (1) simply expresses the fact that the comma on the left hand
side of a valid argument can be interpreted as conjunction. Conjunction (2)
needs a little arguing. Suppose that all the wif in U are assumed true. Then,
by assumption, either V is true or X is true, and either V is true or Y is
true. If V is not true then both X and Y are true and so X AY is true. It
follows that if U is true then either V is true or X AY is true.
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Disjunction

U=V, XY
U=V XVY

UX=V UY=V
UXVY=>V

Disjunction (1) simply expresses the fact that the comma on the right hand
side can be interpreted as disjunction. Disjunction (2) needs a little arguing.
Suppose that all the wif in U are true and X VY is true. Thus either U, X
are all true or U, Y are all true. In both cases, all the wff in 'V are true.

For negation, there are two right-moving rules and two left-moving rules.
I have split the negation rules up into two boxes for reasons that I shall
explain towards the end of this section.

Negation (appearing)

UX=V
U=V, X

U=V, X
U, -X=V

Negation (disappearing)

U,-X=V
U=V, X

U=V, -X
UX=V

Both Negation (r) and Negation (1) are straightforward.
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Implication

UX=VY
U=V XY

U=V.X UY=V
UX Y=V

Implication (1) follows by applying Negation (r) to X and then applying
Disjunction (1). Implication (2) follows by applying Negation (1) to X and
then applying Disjunction (2).

A proof of a sequent is a tree of sequents, I shall call it a proof tree, but
this time the tree has the root at the bottom and the leaves at the top in
such a way that the leaves are axioms and the root is the sequent we are
trying to prove and only the rules above are used in constructing the tree.
The axioms, rules and notion of proof we have just described form what is
called sequent calculus.

Example 1.12.1. The following is a very simple proof in sequent calculus
with two leaves only and one application of Implication (2).

P=4qp P,q4=4q
p,p—4q4=4q

This shows that modus ponens is a valid argument.

Let me restate our goal. We want to prove that an argument
U F V is valid if and only if the sequent U = V can be proved
in sequent calculus.

To achieve this goal, we introduce a modification of ., called ., and a
modification of truth trees, called block truth trees.

The system . consists of sequents of the form S = called *-sequents.
The x-axioms are those sequents of the form S = where S contains both an
atom and its negation. The x-rules are listed below.
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x-Conjunction

S, XY =
SSXANY =

S, X = S, Y =

S, (XAY)=

x-Disjunction

S, -X, Y =
S,~(XVY)=

S, X = S,V =
S, XVY =

x-Negation

S, X =
S, X =

x-Implication

S, X, Y =
S,~(X —=>Y)=

S, X = S, Y =

SX 5V =
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Using x-axioms and x-rules we get *-proofs.
We now describe the slight modification of truth trees, called block truth
trees.

In truth trees, truth runs down the branches whereas in block
truth trees, truth lives at the leaves.

Rather than a-rules and S-rules, there are A-rules and B-rules. Let S be
a set of wif. Then the two types of rules are as follows.

e The A-rule
S,
|
S,Oq,(lfg
e The B-rule
S,
/\
S?ﬁl S)ﬁZ

Block truth trees are constructed and used just like truth trees except that
now a vertex is closed if it contains an atom and its negation.

Example 1.12.2. We construct the block truth tree with root

~((pVg) — (pANq).

It is as follows
~((pVa) = (PANQ)

pVq,~(pAq)

RS

p,opANa) @~ (pAq)
N
Xp,—p p,~q¢ q,-p ¢q,—qX
There is no real need to employ checks to show which wif have been used since
in block truth trees one is always moving down carrying all the information
one needs. The price paid is that more wff have to be written down.
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Suppose that a finished block truth tree with root =X is closed. Then
each leaf is a set of wif that contains an atom and its negation.
We now write down explicitly what the A-rules and the B-rules look like.

A-rules
SSXAY S, (X VY) S, (X —=Y) S, ==X
| | | |
S. X,V S, - X,-Y S, X,-Y S, X
B-rules
S, XVY S, (X AY) S, X Y
S,X S,Y S’—|X S7—|Y S,_‘X S,Y

We now come to the key observation. The *-rules and the A-and B-rules
are the same except that the *-rules are the A-and B-rules turned upside
down. We now have all the ingredients needed to prove the main theorem of
this section.

Theorem 1.12.3. (Soundness and completeness) We have that
Ay,...,A,EBy,...,B,

is a valid argument if and only if the sequent
Ay,...,A, = By,...,B,

can be proved in the system 7.

Proof. Soundnesss amounts to showing that if the sequent
Ay,...,A, = By,...,B,

can be proved then
Ay,...,A,EBy,....,B,

is a valid argument. How to prove this is the job of Question 3 of Exer-
cises 1.10.
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This leaves us with proving completeness which amounts to showing that
if
Ay, ..., A EBy,....B,
is a valid argument then the sequent

Al,...,AniBl,...,Bn

can be proved.
We shall prove this by piggy-backing off our work on block truth trees.
We start with the block truth tree with root

Al,...,An,_\Bl,...,_\Bn.

By assumption, the finished tree will be closed. Turn this tree upside-down.
Replace each set S of wif at each vertex by the corresponding sequent S =-.
This tree is now a *-proof the sequent

Al;-u,An7_‘Bla---7_'Bn:>-

Now, every *-proof of a sequent S = can easily be converted into a proof of
that sequent: one simply uses Negation (1) and (r) to shuffle symbols between
the left hand side of the arrow and the right hand side. In this way, the *-
axioms can be proved from the axioms. It also follows that we can prove the
sequent

Ay, ..., A, "By,...,mB, =

By using Negation (r), we can therefore obtain a proof of Aj,... A4, =
By, ..., B,. ]

Example 1.12.4. We shall illustrate the proof of the above theorem by
means of a concrete example. We prove the sequent

p—4q,7q = "p.
First, we construct the block truth tree that has as its root
D — q,7q,"p.

This is just
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p—q,7q,"p
|
P4 7qp
D, ¢,p X q,qpX
Now turn this tree upside down — or right side up — and write everything
as *-sequents.

-p, ¢, p = 4,79, p =
pP—q 7q,p=
pP—4q,7q, D=

Finally, we use the Negation rules to obtain a proof in sequent calculus
that has leaves labelled by axioms and has a root labelled with the sequent
we are trying to prove.

~¢,p=Pp P =4
P, g, p = 474, p =
P —479,Dp=
P—4 ¢ "p=
P—47¢,="p

Remark 1.12.5. It is possible to prove that any sequent that can be proved
in the system . can also be proved in the same system with the rule Negation
(disappearing) omitted. A formal proof can be found in [6, Lemma 14.15 and
Corollary 14.16].

Example 1.12.6. It is always possible to prove sequents using the method
of the proof of Theorem 1.12.3 but there is a better way. We adapt the
methodology of truth trees to sequents and work up from the sequent we are
trying to prove (as the root) to the axioms (as the leaves).?! To illustrate
this approach we prove the sequent

(g—=p)AN(pVaq) =D

We therefore start with this sequent as the root and set about growing the
tree above it as part of a proof search. The sequent rules should now be
read from bottom to top. Our immediate goal at each step is to simplify the

current sequent. The obvious rule to apply is Conjunction (1) (in reverse).
This yields

2l Historically, of course, it was the other way around.
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(q—p),(pVaq) =p
(q—=p)ANPVa =p

The top sequent is simpler than the bottom one because it has one less
connective. At this point we have a choice, but we apply the rule Implica-
tion (2) (in reverse). This yields

pVag=pq p.pVqg=Dp
(g—=p),(pVaeg=p
(g—=p)AN(pVaq) =p

At this point, observe that p,pV ¢ = p is an axiom. We therefore do not
want to analyse this any further. To finish off, we apply the rule Disjunc-
tion (2). This yields

p=pq q=Dpq
pVq=pq p,pVqg=p
(q—p),(pVaq) =p
(g—=p)A(pVae) =rp

Our search for a proof ends because all leaves are axioms. Having worked
backwards to find the proof, we can now read the proof forwards from leaves
to root.

The next example shows what happens when at least one of the leaves
obtained in the tree is not an axiom. Observe that = X will be proved in
the sequent calculus if and only if X is a tautology.

Example 1.12.7. The proof tree for the sequent

= (p—= ¢ N (=p— —q)
is as follows

q=7p

4, P =
P=4q P = "q
=DP—4q =P q

= (=g AN(=(p——q)
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However, neither leaf is an axiom. This means that our sequent cannot be
proved. But we can say more. Consider the leaf p = ¢. Assign the value T'
to p and F' to ¢. This truth assignment makes the wff (p — ¢) A (-p — —q)
take the value F'. This means that it is not a tautology.

We defined sequent calculus using what we called system .. Gentzen
himself used a system he called LK. However, it can be shown that everything
that can be proved in . can be proved, when suitably interpreted, in the
system LK, and vice-versa.

Exercises 1.12

1. Prove the following sequents.



Chapter 2

Boolean algebras

“He’s out” said Pooh sadly, “That’s what it is. He’s not in.” —
Winnie-the-Pooh.

Unlike the other two chapters, this one is not about logic per se but
about the algebra that arises from PL. I have included it because the main
application is to circuit design: specifically, the kinds of circuits that are
needed to build computers. It therefore provides a bridge between logic and
the real world. Only Section 2.1 is a prerequisite for Chapter 3.

2.1 Set theory

Sets were briefly touched upon in Section 1.2, but now we need to study
them in more detail. Set theory, invented by Georg Cantor (1845-1918) in
the last quarter of the nineteenth century, begins with two deceptively simple
definitions on which everything is based.

1. A setis a collection of objects, called elements, which we wish to view
as a whole.

2. Two sets are equal precisely when they contain the same elements.

Because a set is regarded as a single entity it can be given a name. It is
customary to use capital letters as names such as A, B, C'. .. or fancy capital
letters such as N, Z . .. with the elements of the set usually being denoted by
lower case letters. If ‘x is an element of the set A’ then we write ‘v € A’

103
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and if ‘z is not an element of the set A’ then we write ‘z ¢ A.” To indicate
that some things are to be regarded as a set rather than just as isolated
individuals, we enclose them in ‘curly brackets’ { and } (officially these are
called braces). Thus the set of suits in a pack of cards is {&, {, 0, #}.

A set should be regarded as a bag of elements, and so the order of the el-
ements within the set is not important. Thus {a, b} = {b, a}. Perhaps, more
surprisingly, repetition of elements is ignored. Thus {a,b} = {a,a,a,b, b, a}.
Sets can be generalized to what are called multisets where repetition is
recorded but we shall not need this concept in this course.

The set {} is empty and is called the empty set. If I just wrote {} you
might think that I had absent-mindedly forgotten to list the elements so the
empty set is given a special symbol (). But it is important to remember that
the symbol () means exactly the same thing as {}. In particular, observe
that () # {0} since the empty set contains no elements whereas the set {0}
contains one element.

A set is finite if it only has a finite number of elements, otherwise it is
infinite. A set with exactly one element is called a singleton set. Thus {a}
is an example of a singleton set. The element of this singleton set is a. But
a # {a} because the left hand side is an element and the right hand side is
a set that contains one element: namely, a.!

We can sometimes define infinite sets by using curly brackets but then,
because we cannot list all elements in an infinite set, we use ‘...” to mean
‘and so on in the obvious way’. This can also be used to define big finite
sets where there is an obvious pattern. However, the most common way of
describing a set is to say what properties an element must have to belong
to it — in other words, what the membership conditions of the set are.
By a property we mean a sentence containing a variable such as x so that
the sentence becomes true or false depending on what we substitute for z.
We shall say much more about properties in Chapter 3 since they are an
important ingredient in first-order logic. For example, the sentence ‘x is an
even natural number’ is true when z is replaced by 2 and false when z is

'Tf T have a sheep as pet, I could hardly be said to have a flock of sheep, the word
‘flock’ being used instead of the word ‘set” when dealing with sheep collections. On the
other hand, if I do have a flock of sheep but, sadly, all bar one of the sheep were eaten
by ravenous wolves then I do have a flock, albeit consisting of one lone sheep. Incidently,
English has the odd feature that it uses different words to mean set or collection in different
situations. Thus a herd is a set of cows, a school is a set of whales and a mumuration is a
set of starlings.
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replaced by 3. If we abbreviate ‘x is an even natural number’ by E(x) then
the set of even natural numbers is the set of all natural numbers n such that
E(n) is true. This set is written {z: FE(z)} or {z | E(x)}. More generally,
if P(z) is any property then {x: P(z)} means ‘the set of all things = that
satisfy the condition P’. The following notation will be useful when we come
to study first-order logic.

Examples 2.1.1.

1. The set N =1{0,1,2,3,...} of all natural numbers. Caution is required
here since some books eccentrically do not regard 0 as a natural number.

2. Theset Z =1{...,-3,-2,—1,0,1,2,3,...} of all integers. The reason
Z is used to designate this set is because ‘Z’ is the first letter of the
word ‘Zahl’, the German for number.

3. The set Q of all rational numbers. That is those numbers that can be
written as quotients of integers with non-zero denominators.

4. The set R of all real numbers. That is all numbers which can be rep-
resented by decimals with potentially infinitely many digits after the
decimal point.

Given a set A, a new set B can be formed by choosing elements from
A to put into B. We say that B is a subset of A, denoted by B C A. In
mathematics, the word ‘choose’, unlike in polite society, also includes the
possibility of choosing nothing and the possibility of choosing everything. In
addition, there does not need to be any rhyme or reason to your choices: you
can pick elements ‘at random’ if you want. If A C B and A # B then we say
that A is a proper subset of B.

Examples 2.1.2.
1. § C A for every set A, where we choose no elements from A.
2. A C A for every set A, where we choose all the elements from A.

3. NCZ C Q C R. Observe that Z C QQ because an integer n is equal to
the rational number 7.

4. E, the set of even natural numbers, is a subset of N.
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5. O, the set of odd natural numbers, is a subset of N.

Example 2.1.3. The notion of subset enables us to describe an important
method of proof used in mathematics. I will use the following property of the
natural numbers: every non-empty subset has a smallest element. Suppose
that we wish to prove an infinite number of statements pg, p1, p2,.... This
seems to be impossible but there are situations where not only is it possible,
it is routine. Define X to be the subset of N of those ¢ where p; is known to
be true. We make two assumptions

1. 0 e X.
2. If Ne X then N+1¢€ X.

I claim that if these two assumptions hold then X = N which proves that p;
is true for all i € N. I now prove the claim. Suppose that X # N. Then the
set N\ X is non-empty. It therefore has a smallest element. Call it m. By
assumption, m — 1 € X. But by property (2), if m —1 € X then m € X,
which is a contradiction. It follows that X = N, as required.

This result leads to a method of proof is called proof by induction. Here
is a simple example. Let p, be the statement ‘3™ — 1 is even’ where n € N.
When n = 0 we have that 3° —1 = 0 which is even. Thus condition (1) above
holds. We now verify that condition (2) is true. Assume that 3V — 1 is even.
We prove that 3¥+! — 1 is even. To do this requires a little mathematical
manipulation. Observe that

3V —1=3.3"V-1=2.3"4+ (3% -1).
But, by assumption, 3V — 1 is even, and so 3! — 1 is also even.
This basic notion of induction can be extended. Let m > 1 be a natural

number. Define
N=" =N\ {0,...,m — 1}.

Then any subset of N=™ that contains p, this time, but still satisfies condition
(2) above, must actually be equal to N=™. This modified form of induction
can be used to prove all the statements p,,, i1, Dtz - - -

Here is a simple example. Define 0! = 1 and n! = n(n — 1)! when n > 1.
Let p, be the statement ‘n! > 2™. We prove that p, is true for all natural
numbers n > 4. (You can check that the result is not true for n = 0,1,2,3.)
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When n = 4 we have that n! = 24 and 2* = 16. Thus py4 is true. We now
prove that if py is true so too is pyy1. Observe that

(N+ D= (N+1N!'> (N +1)2V > (1 +1)2V =28

where we have used the fact that N > 1.
Although the theory behind proof by induction is simple, actually using
it requires mathematical insight.

Example 2.1.4. The idea that sets are defined by properties is a natural one,
but there are murky logical depths. It seems obvious that given a property
P(z), there is a corresponding set {x: P(x)} of all those things that have that
property. But we now describe a famous result in the history of mathematics
called Russell’s Paradoz, named after Bertrand Russell (1872-1970), which
shows that just because something is obvious does not make it true. Define
X = {x:x ¢ x}. In other words: the set of all sets that do not contain
themselves as an element. For example, ) € Z. We now ask the question: is
X € #Z? There are only two possible answers and we investigate them both.

1. Suppose that Z € Z#. This means that # must satisfy the entry
requirements to belong to % which it can only do if Z ¢ Z.

2. Suppose that Z ¢ Z. Then it satisfies the entry requirement to belong
to Z and so Z € X%.

Thus exactly one of #Z € Z and #Z ¢ % must be true but assuming one
implies the other. We therefore have an honest-to-goodness contradiction.
Our only way out is to conclude that, whatever & might be, it is not a
set. This contradicts the obvious statement we began with. If you want
to understand how to escape this predicament, you will have to study set
theory. Disconcerting as this might be, imagine how much more so it was to
the mathematician Gottlob Frege (1848-1925). He was working on a book
which based the development of mathematics on sets when he received a
letter from Russell describing this paradox thereby undermining what Frege
was attempting to achieve.

We now define three operations on sets that are based on the PL logical
connectives A, V and —. They are called Boolean operations, named after
George Boole. Let A and B be sets.

Define a set, called the intersection of A and B, denoted by AN B, whose
elements consist of all those elements that belong to A and B.
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More formally, we can write
ANB={x: (x € A) N (z € B)}.

Define a set, called the union of A and B, denoted by A U B, whose
elements consist of all those elements that belong to A or B.

More formally, we can write
AUuB={z: (x € A)V (z € B)}.

Define a set, called the difference or relative complement of A and B,
denoted by A\ B, whose elements consist of all those elements that belong
to A and not to B.

More formally, we can write

A\B={z: (x € A) AN—(x € B)}.

2Sometimes denoted by A — B.
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The diagrams used to illustrate the above definitions are called Venn
diagrams, after John Venn (1834-1923), where a set is represented by a region
in the plane.

Example 2.1.5. Let A ={1,2,3,4} and B = {3,4,5,6}. Determine AN B,
AUB, A\ B and B\ A.

e AN B. We have to find the elements that belong to both A and B.

We start with the elements in A and work left-to-right: 1 is not an

element of B; 2 is not an element of B; 3 and 4 are elements of B.
Thus AN B = {3,4}.

AU B. We join the two sets together {1,2,3,4,3,4,5,6} and then read
from left-to-right weeding out repetitions to get AUB = {1,2,3,4,5,6}.

A\ B. We have to find the elements of A that do not belong to B. Read
the elements of A from left-to-right comparing them with the elements
of B: 1 does not belong to B; 2 does not belong to B: but 3 and 4 do
belong to B. It follows that A\ B = {1,2}.

To calculate B\ A we have to find the set of elements of B that do not
belong to A. This set is equal to {5,6}.

Sets A and B are said to be disjoint if AN B = 0.

Theorem 2.1.6 (Properties of Boolean operations). Let A, B and C' be any

sets.

1.

ST S S N R

AN(BNC)= (AN B)NC. Intersection is associative.

AN B = BNA. Intersection is commutative.

ANO=0=0NA. The empty set is the zero for intersection.
AU(BUC)=(AUB)UC. Union is associative.

AU B = BUA. Union is commutative.

AUD=A=0UA. The empty set is the identity for union.
AN(BUC)=(ANB)U(ANC). Intersection distributes over union.

AU(BNC)=(AUB)N(AUC). Union distributes over intersection.
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9. A\ (BUC)=(A\B)N(A\C). De Morgan’s law part one.
10. A\ (BNC)=(A\B)U(A\C). De Morgan’s law part two.
11. AN A= A. Intersection is idempotent.

12. AUA = A. Union is idempotent.

Proof. 1 shall just look at property (7) as an example of what can be done.
To illustrate this property, we can use Venn diagrams. The Venn diagram

for
(ANB)U(ANC)

Y
e'

This is exactly the same as the Venn diagram for

is given below.

AN(BUCQC).
It follows that
AN(BUC)=(AnB)UANC)

at least as far as Venn diagrams are concerned.
To prove property (7), we have to proceed more formally and use PL. We
use the fact that

pA(gVr)=(pAgV(pArT).
Our goal is to prove that

AN(BUC)=(ANnB)U(ANC(C).

To do this, we have to prove that the set of elements belonging to the lefthand
side is the same as the set of elements belonging to the righthand side. An
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element x either belongs to A or it does not. Similarly, it either belongs
to B or it does not, and it either belongs to C' or it does not. Define p to
be the statement ‘z € A’. Define ¢ to be the statement ‘x € B’. Define r
to be the statement ‘x € C’. If p is true then x is an element of A, and
if p is false then z is not an element of A. Using now the definitions of
the Boolean operations, it follows that x € AN (B U C) precisely when the
statement p A (¢ V r) is true. Similarly, x € (AN B)U(ANC) precisely when
the statement (p A q) V (p A7) is true. But these two statements have the
same truth tables. It follows that an element belongs to the lefthand side
precisely when it belongs to the righthand side. Consequently, the two sets
are equal. ]

The fact that AN (BNC) = (AN B)NC means that we can just write
AN BNC unambiguously without brackets. Similarly, we can write AUBUC
unambiguously. This can be extended to any number of unions and any
number of intersections.

We finish off with two definitions that will be important in the next
section. Fix a set X. The set whose elements are all the subsets of X
is called the power set of X and is denoted by P(X). It is important to
remember that the power set of a set X contains both () and X as elements.

Example 2.1.7. We find all the subsets of the set X = {a,b,c} and so the
power set of X. First there is the subset with no elements, the empty set.
Then there are the subsets that contain exactly one element: {a},{b},{c}.
Then the subsets containing exactly two elements: {a,b},{a,c},{b,c}. Fi-
nally, there is the whole set X. It follows that X has 8 subsets and so

P(X) = {0, {a}, {b},{c} {a,b},{a, ¢}, {b, c}, X}.

Let A C X. Define A = X \ A. This is called the complement of A.
Observe that for this operation to be well-defined, we have to know the set
X that we are working within.

Exercises 2.1

1. Let A= {4, 0,0, 8}, B={#,, &%, CtandC = {4, 0, &, 0O &, &, 0 M}
Is it true or false that A = B and B = C'7 Explain.
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2. Find all subsets of the set {a,b, ¢, d}.

3. Let X ={1,2,3,4,5,6,7,8,9,10}. Write down the following subsets of
X:
(a) The subset A of even elements of X.
(b) The subset B of odd elements of X.
(¢) C={z: z€ X and z > 6}.
(d) D={z: z € X and = > 10}.
() E={z: x € X and z is prime}.
(f) F={z: xe X and (r <4 oraz>T7)}

4. Write down how many elements each of the following sets contains.

5. This question concerns the following diagram where A, B,C' C X. Use
Boolean operations to describe each of the eight regions. For example,
region (1) is AN BNC.

oy
&)

6. Let A, B,C C X. Draw Venn diagrams to illustrate each of the follow-
ing sets.
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(a) AUBNC)U(ANB)U(ANBNCQO).
(b) Show that
(ANBNC)U(ANBNC)U(ANB)

and

(ANB)U(ANC)
are equal.

(c) Show that
(ANBNCYU(ANBNC)uBUC
and X are equal.
7. (a) Prove that
aV((bAc)V(maAb)V(aN—-bAc)

and
aVb
are logically equivalent.
(b) Prove that
(maN=bAc)V(maAbAc)V (aN—b)

and
(@A =b)V (maAc)
are logically equivalent.

(c) Prove that
(@aNbAC)V (maNbAc)V —bV —e

is a tautology.

8. What is the connection between Questions 6 and 7 above?
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2.2 Boolean algebras

In 1854, George Boole wrote a book [5] where he tried to show that some
of the ways in which we reason could be studied mathematically. This led,
perhaps indirectly [18], to what are now called Boolean algebras and was
also important in the development of propositional logic and set theory. To
motivate the definition of Boolean algebras, I shall begin by listing some
logical equivalences in propositional logic which were proved in Exercises 1.4.
I shall use t to mean any tautology and f to mean any contradiction.

1. (pvVgVr=pV(gVvr).
pVqg=qVp.
pVf=p.

(pAg)AT=pA(gAT).

(PAq)V(pAT).
pVgAT)=(mEVaAlVr)
pV-p=t.

10. pA—p=Ff.

In this section we shall make the following substitutions in the above list:

S S Al o

B
> >
~—~ &
L

=
S
Il

’ PL \ Boolean algebra ‘

\% +
A

t 1
f 0

to get exactly the definition of a Boolean algebra. This will be an algebraic
system rather than a logical system. It is adapted to dealing with truth tables
and so with circuits, as we shall see.
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2.2.1 Definition and examples

Formally, a Boolean algebra is defined by the following data (B, +,-, 7,0, 1)
where B is a set that carries the structure, + and - are binary operations,
meaning that they have two, ordered inputs and one output, a + a is a unary
operation, meaning that it has one input and one output, and two special
elements of B: namely, 0 and 1. In addition, the following ten axioms are
required to hold.

(Bl) (z+y)+z=a+(y+2).
(B2) x+y=y+uz.

(B3) 2+ 0=ux.

B4) (z-y)-z=2-(y-2)

(B5) z-y=y-x.

(B6) z-1=ux.

B z-(y+z2)=z-y+x-z
B8) x+(y-2)=(z+y) (z+2).
(B9) z+7=1.

(B10) -z = 0.

These axioms are organized as follows. The first group of three (B1),
(B2), (B3) deals with the properties of + on its own: brackets, order, special
element. The second group of three (B4), (B5), (B6) deals with the proper-
ties of - on its own: brackets, order, special element. The third group (B7),
(B8) deals with how + and - interact, with axiom (B8) being odd looking.
The final group (B9), (B10) deals with the properties of a +— a, called com-
plementation. On a point of notation, we shall usually write xy rather than
x - y. Because of (B1) and (B4), we can write sums and products without
the need for brackets. We shall now describe three examples of Boolean al-
gebras with, ironically, the last and simplest being the most important when
it comes to circuit design.
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Example 2.2.1. The Lindenbaum algebra. This is the Boolean algebra as-
sociated with PL. I have described it, in a rather cavalier fashion, as being
obtained from PL by replacing = by =. How to do this in a mathemati-
cally legitimate way is quite involved so I shall only sketch out the idea here.
Denote by Prop the set of all wif in propositional logic. The key is the be-
haviour of = on the set Prop as described by Proposition 1.4.13. The first
three properties tell us that = is an equivalence relation. 1 shall not define
these here but I shall describe what this means. For each wif A, we define
the set
[A] = {B: B € Prop and B = A}.

These sets have an interesting property either [A] N [B] = 0 or [A] = [B].
Define LL to be the set of all these sets. We now make the following definitions

[A]-[B]=[AAB], [A]+[B]=[AV B]and [4] = [-4].

These definitions do make sense. For example, if [A] = [A'] and [B] = [B/|
then [AV B] = [A"V B]. If A is any tautology define 1 = [A] and if B is any
contradiction define 0 = [B]. Using Proposition 1.4.13, it is then possible
to show (with some work) that with these definitions L really is a Boolean

algebra. The Lindenbaum algebra is used in more advanced work to prove
results in PL. This algebra is named after Adolf Lindenbaum (1834-1923).

Example 2.2.2. The Power set Boolean algebra. This is an important class
of examples of Boolean algebras which arise naturally from set theory. Let
X be a set and recall that P(X) is the set of all subsets of X. We now define
the following operations on P(X).

\ BA \ Power sets \

+ U

N
1 X
0 0

With the help of Theorem 2.1.6, it is straightforward to prove that
(P(X),u,n,~,0,X)

is a Boolean algebra. In fact, it can be proved that the finite Boolean algebras
always look like power set Boolean algebras.
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Example 2.2.3. The 2-element Boolean algebra B. This is the Boolean
algebra we shall use in circuit design. It is defined as follows. Put B = {0, 1}.
We define operations ~, -, and + by means of the following tables. They are
the same as the truth table for =, A and V except that we replace T" by 1
and F' by 0.

Tyl x-y T|Y||lr+Yy
T| T 111 1 111 1
11 0 110 0 110 1
0 1 01 0 01 1

00 0 00 0

You can check that B is essentially the same as the Boolean algebra P({0,1}).

2.2.2 Algebra in a Boolean algebra

Boolean algebra is similar to but also different from the kind of algebra you
learnt at school. Just how different is illustrated by the following results.
The results we prove will be true in all Boolean algebras because they are
proved from the Boolean algebra axioms.

Proposition 2.2.4. Let B be a Boolean algebra and let a,b € B.
1. a> =a-a = a. Idempotence.
2. a4+ a = a. Idempotence.
3. a-0=0. The element 0 is the zero for multiplication.
4. 1+a=1. The element 1 is the zero for addition.
5. a=a+a-b. Absorption law.
6. a+b=a-+a-b. Absorption law.
Proof. (1)

a = a-1by (B6)

= a-(a+a) by (B9)
a-a+a-aby (B7)
a® + 0 by (B10)
a® by (B3).
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(2) is proved in a very similar way to (1). Use the fact that the Boolean
algebra axioms come in pairs where - and + are interchanged and 0 and 1
are interchanged. This is an aspect of what is called duality.

(3)

a-0 = a-(a-a) by (B10)
= (a-a)-a by (B4)
= a-a by (1) above
= 0 by (B10).

(4) The dual proof to (3).

()
at+a-b = a-1+a-bby (B6)
= a-(1+b) by (B7)
= a-1by (4) above
= a by (B6).
(6)

a+b = a+ 1b by (B6)
= a+ (a+a)bby (B9)
= a+ab+ ab by (B7) and (B5)
= a+ ab by (5) above

These properties can be used to simplify Boolean expressions.
Example 2.2.5. Simplify
T+ yz+xy+ xyz.

At each stage in our argument we are explicit about what properties we are
using. I shall use associativity of addition throughout to avoid too many
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brackets.

r4+yz+rzy+aoyz = (z+Ty)+ yz+ xyz by commutativity

(x +vy) + yz + xyz by absorption
= x+ (y +yz) + zyz by associativity

x +y + xyz by absorption

x+ (y + y(xz)) by commutativity and associativity

x + (y + xz) by absorption
= (x4 x2) 4+ y by commutativity and associativity

= x4+ y by absorption.

We may now use Venn diagrams to illustrate certain Boolean expressions
and so help us in simplify them.

Example 2.2.6. We return to the Boolean expression
T+ yz+ Yy + Yz

that we simplified above. We interpret this in set theory where the Boolean
variables z, y, z are replaced by sets X, Y, Z. Observe that zy translates into
Y \ X. Thus the above Boolean expression is the set

XUYnNn2))uY\X)u((Xn2)\Y).

If you draw the Venn diagram of this set you get exactly X UY. This
translates into the Boolean expression x 4y which is what we obtained when
we simplified the Boolean expression.

A more complex example of proving results about Boolean algebras is
included below. It is important to at least know the result, if not the proof.
It shows that the analogue of De Morgan’s laws hold in any Boolean algebra.

Proposition 2.2.7. Let B be a Boolean algebra.
1. Ifa+b=1 and ab= 0 then b = a.

2. a=a.

3. (a+b) = ab.
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4. ab=a+b.

Proof. (1) We are given that a +b =1 and ab = 0. Our goal is to show that
b = a. We know that a +a = 1 by (B9). Thus a + b = a + a. Multiply
both sides of the above equation on the left by b to get b(a + b) = b(a + a).
This gives ba + b? = ba + ba by (B7). Now ba = ab by the commutativity of
multiplication and b? = b. It follows that ab+ b = ab + ab. But ab = 0 by
assumption. It follows that

b= ab.

Now a + b = 1 by assumption. Multiply both sides of this equation on the
left by @ to get a(a+b) = al = a by (B6). By (B7), we have that aa+ab = a.
By (B10), we have that aa = 0. It follows that

a = ab.

We have therefore proved that b = a.

(2) By (B9), we have that a +a = 1 and by (B10), we have that aa = 0.
But we also have by (B9) and (B10) that a+a =1 = a+a and aa = 0 = aa.
By part (1), we deduce that a = a.

(3) By (B9) and (B10), we have that (a +0) + (a+b) = 1 and (a +

b)(a+b) = 0. We now calculate

(a+b)+ab=(a+ab)+b=a+(b+b)=a+1=1
and B B o B
ab(a + b) = aba + abb = baa + abb =0+ 0 = 0.

It follows by uniqueness that (a + b) = ab.
(4) The proof of this case is similar to that in part (3). O

Exercises 2.2

1. Prove that b+ b =10 for all b € B in a Boolean algebra.
2. Prove that 0b = 0 for all b € B in a Boolean algebra.

3. Prove that 1 +b =1 for all b € B in a Boolean algebra.
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4. Prove the following absorption laws in any Boolean algebra.
(a) a(a+b) = a.
(b) a(a+0b) = ab.

5. Simplify each of the following Boolean algebra expressions as much as
possible. You might find it useful to draw Venn diagrams first.

(a)
(b)
()
(d) zyz + zyz + xyz + zyz.
(e)
(f)

c) zy+ay + xy.

TYz +xyz + xyz.
T+yz+xy+yrz.

6. Let B ={1,2,3,5,6,10,15,30}. Let m,n € B. Define m - n to be the
greatest common divisor of m and n. Define m + n to be the lowest
common multiple of m and n. Define 0 = 1 and define 1 = 30.

(a) Show that with these definitions B is a Boolean algebra.

(b) How is this Boolean algebra related to the Boolean algebra of all
subsets of the set {2,3,5}7

(¢) How do you compute complements of elements?

7. Let X = {0, 1} be any two-element Boolean algebra. Prove that + must
behave like V, that - must behave like A and that complementation must
behave like negation.

2.3 Combinational circuits

In this section, we shall describe how Boolean algebra can be used to help
design the kinds of circuits important in building computers. The discovery
that Boolean algebras could be used in this way is due to to Claude Shannon
(1916-2001) in his MSc thesis of 1937. Shannon went on to lay the foun-
dations of information theory; his work underpins the role of cryptography
used in protecting sensitive information.
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A computer circuit is a physical, not a mathematical, object. It is con-
structed out of transistors, resistors and capacitors and the like and powered
by electricity. We shall not be dealing with such real circuits in this course.
Instead, we shall describe some simple mathematical models which are ideal-
izations of such circuits. Nevertheless, the models we describe are the basis
of designing real circuits and their theory is described in all books on digi-
tal electronics. Currently, all computers are constructed using binary logic,
meaning that their circuits operate using two values of some physical prop-
erty, such as voltage. This feature will be modelled by the two elements of the
Boolean algebra B. We shall work with mathematical expressions involving
letters such as x,v, z; these are Boolean variables meaning that x,y, z € B.
Circuits come in two types: combinational circuits, which have no internal
memory, and sequential circuits, which do. In this section, we describe com-
binational circuits which are, to a first mathematical approximation, nothing
other than Boolean functions f: B™ — B".3

2.3.1 How gates build circuits

Let C' be a combinational circuit with m input wires and n output wires. We
can think of C' as consisting of n combinatorial circuits C1, . . ., C,, each having
m input wires but only one output wire each. The combinational circuit C;
tells us about how the ith output of the circuit C' behaves with respect to
inputs. Thus it is enough to describe combinational circuits with m inputs
and 1 output. Such a circuit is said to describe a Boolean function f: B™ — B
where B™ represents all the possible 2 inputs. Boolean functions with one
output are described by means of an input/output table. Here is an example

3Real combinational circuits have features that are not captured by our simple model.
These are discussed in books on digital electronics.
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of such a table.

o lyl= ] f@y,2) |
0[0]0] 0
o[0T 1
0[1[0] 1
0[1[1] 0
1[0j0] 1
10/1] 0
110 0
111 0

Our goal is to show that any such Boolean function can be constructed
from certain simpler Boolean functions called gates. There are a number of
different kinds of gates but we begin with the three basic ones.

The and-gate is the function B?> — B defined by (x,y) — z - y. We use
the following symbol to represent this function.

T vy
Y

The or-gate is the function B*> — B defined by (z,y) — = +y. We use
the following symbol to represent this function.

. T+
y Y

Finally, the not-gate is the function B — B defined by =z — . We use
the following symbol to represent this function.

Diagrams constructed using gates are called circuits and show how Boolean
functions can be computed as we shall see. Such mathematical circuits can
be converted into physical circuits with gates being constructed from simpler
circuit elements called transistors which operate like electronic switches.

Example 2.3.1. Here is a simple circuit.
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(z-y)+2

Example 2.3.2. Because of the associativity of -, the circuit

Xz

and the circuit

T (y-2)
y

z

compute the same function. Similar comments apply to the operation 4.

The main theorem in circuit design is the following. It is nothing other
than the Boolean algebra version of Theorem 1.7.2, the result that says that
every truth function arises as the truth table of a wif.

Theorem 2.3.3 (Fundamental theorem of circuit design). Every Boolean
function f: B™ — B can be constructed from and-gates, or-gates and not-
gates.

Proof. Assume that f is described by means of an input/output table. We
deal first with the case where f is the constant function to 0. In this case,

floy, .. xm) = (X1 - T7) Ty - oo - Ty

Next we deal with the case where the function f takes the value 1 exactly
once. Let a = (ay,...,a,) € B™ be such that f(ay,...,a,) = 1. Define
m =y ... Ym, called the minterm associated with a, as follows:

Yi = [E_l lf(ZZZO
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Then f(x) = y1 - ... Ym. Finally, we deal with the case where the func-
tion f is none of the above. Let the inputs where f takes the value 1 be
ai,...,a,, respectively. Construct the corresponding minterms my, ..., m,,
respectively. Then

f(x)=m; +...+ m,.

]

Example 2.3.4. We illustrate the proof of Theorem 2.3.3 by means of the
following input/output table.

o lyl=]fly,2) |
0]0]0] 0
o[0T 1
0[1[0] 1
0[1(1] 0
1[0/0] 1
10/1] 0
110 0
111 0

The three elements of B® where f takes the value 1 are (0,0,1), (0,1,0) and
(1,0,0). The minterms corresponding to each of these inputs are = - 3 - z,
Z-y-zand x-y-z, respectively. It follows that

flz,y,2)=2-y-z2+Z-y-Z24+x-7y-Z.

We could if we wished attempt to simplify this Boolean expression. This
becomes important when we wish to convert it into a circuit.

Example 2.3.5. The input/output table below

El

[EXF]
0

z1Y
010
01
110
111

1
1
0

defines exclusive or or zor. By Theorem 2.3.3, we have that

TDyYy=T -y+x-y.
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We may describe this by means of a parse tree just as we did in the case of

wif.
(- (-

This parse tree may be converted into a circuit in a series of stages but
requires two further circuit elements. First, we require two input wires: one
labelled = and one labelled y. But in the parse tree x occurs twice and y
occurs twice. We therefore need a new circuit element called fanout. This has
one input and then branches with each branch carrying a copy of the input.
In this case, we need one fanout with input x and two outward branches and
another with input y and two outward branches. In addition, we need to allow
wires to cross but not to otherwise interact. This is called interchange and
forms the second additional circuit element we need. Finally, we replace the
Boolean symbols by the corresponding gates and rotate the diagram ninety
degrees clockwise so that the inputs come in from the left and the output
emerges from the right. We therefore obtain the following circuit diagram.

TDyY

For our subsequent examples, it is convenient to abbreviate the circuit
for xor by means of a single circuit symbol called an zor-gate.
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szx@y

Example 2.3.6. There are two further gates that you are likely to encounter.

The first is the nor-gate
x
Z nor y
hs

This has the following input/output table

’x‘nynory‘
00 0
01 0
110 0
111 1

and is just the Boolean algebra version of the PL binary connective nor.
The second is the nand-gate

z
x nand
y :D Y

This has the following input/output table

|2 |y | 2 nory|
0[]0 0
0[1 1
1]0 1
1]1 1

and is just the Boolean algebra version of the PL binary connective nand.

The following theorem is nothing other than the Boolean algebra version
of Proposition 1.6.4.

Theorem 2.3.7 (Nor-gates and nand-gates).

1. Every Boolean function f: B™ — B can be constructed from only nor-
gates.

2. FEwvery Boolean function f: B™ — B can be constructed from only nand-
gates.



128 CHAPTER 2. BOOLEAN ALGEBRAS

2.3.2 A simple calculator

The goal of this section is to show that we can actually build something
useful with the theory we have developed so far: we construct, in stages, a
circuit that will add two 4-bit binary numbers together. In everyday life, we
write numbers down using base 10 but in computers, it is more natural to
treat numbers as being in base 2 or binary. We begin by explaining what
this means.

Recall that a string is simply an ordered sequence of symbols. If the
symbols used in the string are taken only from {0,1}, the set of binary
digits, then we have a binary string. All kinds of data can be represented by
binary strings but here we are only interested in the way they can be used
to encode natural numbers. The key idea is that every natural number can
be represented as a sum of powers of two. How to do this is illustrated by
the following example. Recall that 20 =1,2' =2, 22 =4, 23 =38, ...

Example 2.3.8. Write 316 as a sum of powers of 2.

e We first find the highest power of 2 that is less than or equal to our
number. We see that 2% < 316 but 2° > 316. We can therefore write
316 = 28 + 60.

e We now repeat this procedure with 60. We find that 2° < 60 but
26 > 60. We can therefore write 60 = 2° + 28.

e We now repeat this procedure with 28. We find that 2* < 28 but
25 > 28. We can therefore write 28 = 2% + 12.

e We now repeat this procedure with 12. We find that 23 < 12 but
24 > 12. We can therefore write 12 = 28 + 4. Of course 4 = 22.

It follows that
316 = 28 + 25 4 21 + 23 4 2%

a sum of powers of two.

Once we have written a number as a sum of powers of two we can encode
that information as a binary string. How to do so is illustrated by the
following example that continues the one above.
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Example 2.3.9. We have that
316 = 2°% +2° + 24 + 2% 4 2%,
We now set up the following table

28 |27 120 1 25 [ 24 23|22 |2t |20
17070} 1}1}]1}1,0]O0

which includes all powers of two up to and including the largest one used.
We say that the binary string

100111100

is the binary representation of the number 316.

Given a number written in binary it is a simple matter to convert it back
into base ten.

Example 2.3.10. We show how to convert the number 110010 written in
base 2 into a number written in base 10. The first step is to draw up a table
of powers of 2.

20 12423222t |20
11170]0]1]0

We now add together the powers of 2 which correspond to a ‘1’. This is just
25 + 2% + 2! = 50 which is the corresponding number in decimal.

We have shown how every natural number can be written in base 2. In
fact, all of arithmetic can be carried out working solely in base 2 although
we shall only need to describe how to do addition. The starting point is to
consider how to add two one-bit binary numbers together. The table below
shows how this is done.

’ \ H carry \ sum ‘
0 0

== OoO

= OO

0 1
0 1
1 0

However, this is not quite enough to enable us to add two arbitrary binary
numbers together. The algorithm for doing this is the same as in base 10
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except that you carry 2 rather than carry 10. Because of the carries you
actually need to know how to add three binary digits rather than just two.
The table below shows how.

| | | [ carry | sum |
1 1

ORI OO O -

OO OO
OO == OO =

[ Nesl el Iy Nan) TS
Ol = OO O

How we use the above table to add two binary numbers together is illus-
trated in the following example.

Example 2.3.11. We calculate 11 4+ 1101 in binary using the second of the
two tables above. We first pad out the first string with Os to get 0011. We
now write the two binary numbers one above the other.

Now work from right-to-left a column at a time adding up the digits you see
and making any necessary carries. Observe that in the first column on the
right there is no carry but it is more helpful, as we shall see, to think of this
as a 0 carry. Here is the sequence of calculations.

0J0[1]1 0[1]1 0J0[1[1 0[0[1]1
11]0]1 1[1[0]1 1101 1[1]0]1
[ [ [ Jo] [ | JoJo][] [oJofo][1]o[0]0[O]
L[ [ (1o [] [rfefof [fufajufoj [1]1]1]1]0]

We find that the sum of these two numbers is 10000.

We shall describe in stages how to build a circuit that will add up two
4-bit numbers in binary.
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Example 2.3.12. Our first circuit is known as a half-adder which has two
inputs and two outputs and is defined by the following input/output table.

10|
1
1

This treats the input z and y as numbers in binary and then outputs their
sum. Observe that s =z @ y and ¢ = x - y. Thus we may easily construct a
circuit that implements this function.

ADANID

In what follows, it will be useful to have a single symbol representing a
half-adder. We use the following.

T

T

Y

y —— s F—

But as we have seen, the half-adder will not be quite enough for what we
need.

Example 2.3.13. Our next circuit is known as a full-adder which has three
inputs and two outputs and is defined by the following input/output table.

(zlyl=]c|s]

0[0]0]0]0
00101
0[1]0(0]1
O[1]|11]0
1{0(0] 0|1
110110
17170 1/0
11111




132 CHAPTER 2. BOOLEAN ALGEBRAS

This treats the three inputs as numbers in binary and adds them together.
The following circuit realizes this behaviour using two half-adders completed
with an or-gate.

r — C
Y — S &

z S — suIn

To understand why this circuit works, I need to introduce some notation.
I shall write sum(u,v) to mean the sum digit obtained when the two 1-bit
binary numbers u and v are added. I shall write carry(u,v) to mean the
carry digit obtained when the two 1-bit binary numbers v and v are added.
The sum-digit that results from adding x, y and z is

sum(sum(z,y), ).
The carry-digit that results from adding x, y and z is
carry(z, y) + carry(sum(zx, y), 2)
since carry(x,y) and carry(sum(z,y), z) are never both equal to 1.

We shall represent the full-adder by means of the following box-diagram.

|

sum

—{carry

We now have the ingredients we need to build a circuit that will add
together two 4-bit binary numbers.
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Example 2.3.14. Full-adders are the building blocks from which all arith-
metic computer circuits can be built. Specifically, suppose that we want
to add two four bit binary numbers together where we pad the numbers
out by adding 0 at the front if necessary. Denote them by m = azasaiag
and n = bzbybiby. The sum m + n in base 2, which will be denoted by
m—+n = c4C3C2C1Co, is computed in a similar way to calculating a sum in base
10. Thus first calculate ag + by, write down the sum bit, ¢y, and pass any
carry to be added to a; 4+ b; and so on. Although ag + by can be computed
by a half-adder subsequent additions may require the addition of three bits
because of the presence of a carry bit. For this reason, we actually use four
full-adders joined in series with the rightmost full-adder having one of its
inputs set to 0.

C3 C2 1 Co

Cq — —— 0

az bg az p, ar b, o b,

One point to observe in all this is that we did not use Theorem 2.3.3 di-
rectly. That guarantees that we can build any combinational circuit we want
but to do so using the method employed in its proof would be prohibitively
complicated except in small cases. Instead, we designed the circuit in stages
taking what we constructed at one stage as a building block to be used in
the next.

2.3.3 Transistors

The hardware of a computer is the part that we tend to notice first. It is also
the part that most obviously reflects advances in technology. The single most
important component of the hardware of a computer is called a transistor.
Computers contain billions of transistors. In 2017, for example, Wikipedia
claimed that there are commercially available chips containing 7 - 2 billion
transistors. There is even an empirical result, known as Moore’s law, which
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says the number of transistors in integrated circuits doubles roughly every 2
years.

Transistors were invented in the 1940s and are constructed from semi-
conducting materials, such as silicon. The way they work is quite complex
and depends on the quantum-mechanical properties of semiconductors, but
what they do is very simple. The basic function of a transistor is to amplify
a signal. A transistor is constructed in such a way that a weak input signal
is used to control a large output signal and so achieve amplification of the
weak input. An extreme case of this behaviour is where the input is used
to turn the large input on or off. That is, where the transistor is used as
an electronic switch. It is this function which is the most important use of
transistors in computers. From a mathematical point of view, a transistor
can be regarded as a device with one input, one control and one output.

e If 0 is input to the control then the switch is closed and the output is
equal to the input.

e If 1 is input to the control then the switch is open and the output is 0
irrespective of the input.

A transistor on its own doesn’t appear to accomplish very much, but more
complicated behaviour can be achieved by connecting transistors together
into circuits. Because of De Morgan’s laws (for Boolean algebras), every
Boolean expression is equal to one in which only - and = appear. We shall
prove that and-gates and not-gates can be constructed from transistors and
so we will have proved that every combinational circuit can be constructed
from transistors.

I shall regard the transistor as a new Boolean operation that I shall write
as x Oy. This is certainly not standard notation (there is none) but we only
need this notation in this section. Its input/output behaviour is described
by the following table.

e [yl[z0y]
010 0
110 1
011 0
111 0

Observe that x Oy # ydx. Clearly, xt Oy = x-y. We now carry out a couple
of calculations.
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1. 10y = 1y = y. Thus by fixing x+ = 1 we can negate y.

2. Observe that z -y =z - y. Thus
r-y=zx0y=z0(10vy).

We have therefore proved the following.

Theorem 2.3.15 (The fundamental theorem of transistors). Every combi-
national circuit can be constructed from transistors.

Exercises 2.3

1. Construct circuits using and- or- and not-gates for each of the following
three input/output behaviours.

Lz [y 2] Sy, 2) [ 9@y 2) [ h(z,y,2) ]
010]0 0 1 0
0101 0 0 1
0110 0 0 1
011 0 0 0
1100 0 0 1
1101 1 0 0
11170 0 0 0
1111 0 1 0

2. Simplify each of the following combinational circuits as much as possi-
ble.
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Y

3. The following diagram shows a circuit with two inputs and one output.
Write the output u as a Boolean expression in terms of the inputs x

and .
1>

4. The following diagram shows a circuit with three inputs and one output.
Write the output u as a Boolean expression in terms of the inputs z, y

and z.
> u

5. Convert the following numbers into binary.

6. Convert the following binary numbers into decimal.
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(a) 111.
(b) 1010101.
(c) 111000111.

7. Carry out the following additions in binary.

(a) 11+ 11.
(b) 10110011 + 1100111.
(c) 11111 + 11011.

8. Show how to construct a nor-gate from transistors.

9. A Fredkin gate has three inputs, a, b, ¢ and three outputs, a/,b', . It
behaves as follows. If c =0 thena’ =aand t/ =b. If c=1thend =b
and b’ = a.

a) Draw up an input/output table for this gate.

Write down Boolean expressions for o', 0, ¢ if a = 0.

(a)

(b) What happens if you connect two such gates in series?

()

(d) Write down Boolean expressions for a’,V/, ¢ if a =1 and b = 0.

(e) Write down Boolean expressions for o/, 0, ¢ if ¢ = 1.

10. A Toffoli gate has three inputs a,b,c and three outputs o', b, c. It
behaves as follows: ¢’ =a, ¥’ =b and ¢ = ab & c.

2.4 *Sequential circuits*

Suppose that we want to add three 4-bit binary numbers together. We can
use the combinatorial circuit of the previous section to calculate the sum of
two such binary numbers but then we would have to remember that result and
add it to the third 4-bit binary number to calculate the total sum of the three
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numbers. It follows that to build a real calculator and, more expansively, a
real computer, we shall need memory. But now time will play a role since if
there is no time there can be no memory.

Example 2.4.1. 1 have drawn a picture below of a ‘black box circuit’. It
has one input wire and one output wire and your job is to figure out what it
is doing. You are allowed to input bits and observe what comes out.

input — ? —— output

You begin by inputting a 0 and a 0 is output. You then input a 1 and a 0
comes out again. If this were a combinational circuit then you would be able
to say now that the output was always 0. But, just to be sure, you input 0
again but to your surprise a 1 is output. Thus, whatever this circuit is, it
is not a combinational one. Rather than continuing with further examples,
I shall tell you exactly what thus circuit is doing: it always outputs the
previous input. It is our first example of a sequential circuit since it has a
very limited form of memory: an extreme short-term memory, if you like.
This particular circuit is called a delay and we shall use it as a building block
in making more complex sequential circuits.

The concept of state plays an important role in understanding circuits
with memory. A state is simply a memory configuration. Here is an example.

Example 2.4.2. The diagram below shows an array.

X1 | T2

X3 | T4

Each cell of the array can hold one bit. There are therefore 2* = 16 such
arrays

00 111
from 010 to 1t

Each of these 16 possible arrays can be regarded as a particular memory or,
as we shall say, a state. We encountered a concrete example of this situation
where we used two coins to record ‘memories’. In that case, there were four

states: HH, HT, TH, TT.
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A sequential circuit is a combinational circuit which has access to a mem-
ory. The following diagram is a schematic representation of how such circuits
are to be regarded. We shall make this precise soon.

combinational
input ——  circuit ——— output
current next
state state
memory

This diagram has one additional difference with a combinatorial circuit and
that is feedback. This is represented by the loop that comes out of the
combinational circuit, passes through the memory, and then goes back into
the combinational circuit. Thus the current state and the input determine
the next state and the output.

Example 2.4.3. We begin with an example to illustrate how the above
schematic diagram is realized in practice. We start with the purely combi-
national circuit below.

4>ﬁ>

It is easy to check that u = Z - (x + y). Alternatively, we can construct an
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input/output table to describe the behaviour of this combinational circuit.

T[1]1]0
1[1]0]1
110[1]0
110(0]1
0[1[1]0
0101
0[0[1]0
0[0(0]0

I shall now relabel the above circuit and interpret its behaviour in a different
way.

D
e

The Boolean variables s and t are now interpreted as the inputs whereas the
Boolean variable A is interpreted as the current state and A" is interpreted
as the next state. We can still use an input/output table to describe the
behaviour of this circuit.

(Als]t[A7]
T[1]1] 0
111]0] 1
10[1] 0
110[0] 1
0[1/1] 0
0[1/0] 1
00(1] 0
00/0] 0

But now we can also use a state transition diagram. This is constructed
directly from the above table. First, we describe the input alphabet. We
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write the two inputs as a single vector

(1)

There are four possible values of this vector which we assign letters to for
convenience

(8 () () (1)

Thus our input alphabet is {a, b, c,d}. There are two states corresponding
to the two possible values of A. We now use the above table to construct the
following finite-state automaton.

a,c,d b a,b

c,d

It is important to observe that the input/output table can be reconstituted
from this diagram. If we remove the input d then our finite-state automaton
becomes more symmetric.

a,c b a,b

Observe that a has no effect on the state but when c is applied, the automaton
always goes into state 0 whereas when b is applied it always goes into state
1. Thus this automaton is capable of remembering one bit. Because of the
way it functions, it is called a flip-flop.
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I have used A and A% as memory variables where A% can be read as
next A. However, we still don’t quite have a real circuit. Given what we are
doing, we could redraw it by connecting AT to A. The drawback of this is
that you have to know how to handle the feedback correctly. The approach
I prefer is to introduce an explicit delay gate.

Iy
D]
s
>
This serves to act as a partition between the current state on the left hand
side and the next state on the right hand side.

I shall mathematically analyse the above example but an understand-
ing of this analysis is not needed to carry out computations or solve
problems. It is included for completeness. Our starting point was
a Boolean function F': B®> — B which was described by means of a
combinational circuit. In this case, u = F(z,y,2) = zZ- (x +y). Essen-
tially, such functions are timeless. In our sequential machine, y and
z are replaced by s and ¢. But now, s: N — B and ¢: N — B. The
idea is that we have discretized time into 0,1,2,.... Thus s(¢) is the
value of the s-input at time ¢, and similarly for r(¢). These are known
functions. We now define a new function A: N — B by

A(t+1) =r(t) - (At) + s(t)).

This looks problematic because A appears on both sides of the above
equation. But there is a difference. On the right hand side, we evaluate
A at t whereas on the left hand side we evaluate A at ¢ + 1. If we
know the value of A at t = 0 then we can calculate the value of A
at any subsequent time using the above equation. This is an example
of defining a function by recursion. However, in our case recursion
simplifies. This is because A, r, s can each only assume a finite number
of values. This means that we can, in fact, forget about the time
variable ¢ and work instead with the operator A — AT. Thus our
equation above can be written simply

At =7 (A+5s)
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which in turn can be encoded by means of a finite-state automaton.
Let me now describe the general case of a sequential circuit. We
are given input variables x, output variables y and state variables A
together with two Boolean equations

AT =D(x,A) and y = O(x, A)

where the first equation described the dynamics, that is how the states
change with inputs, and the second equation describes the outputs,
that is how the output is calculated on the basis of input and state.

We shall now work towards a theorem that will show that sequential
circuits and finite state automata are different ways of thinking about the
same thing. We begin with a finite state automaton A = (Q, A,0) where
Q ={q,...,qn} is the set of states, A = {ay,...,a,} is the input alphabet
and 0: Q X A — @ is the state transition function. At this stage, we do
not assume that there is an initial state or terminal state. The first step is
to label the states by means of binary strings. We shall do this in the most
straightforward way and use one-hot encoding. This simply means that we
use binary strings of length m and endode state ¢; by the binary string of
length m which consists solely of zeros except in position ¢ where there is a
1. We now have to encode the input alphabet. Let r be the smallest natural
number such that n < 2".

Exercises 2.4

1. In this question, denote the input by x and the memory variable by
A. Construct (a) an input/output table for the following finite-state
automaton and then (b) a Boolean equation expressing A" in terms of
x and A and finally (c) a sequential circuit.

0 0,1
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2. In this question, denote the input by x and the memory variables by
A and B. Construct (a) an input/output table for the following finite-
state automaton and then (b) Boolean equations expressing A* and
BT in terms of z, A and B and finally (c) a sequential circuit.

0



Chapter 3

First-order logic

7. What we cannot speak about we must pass over in silence. —
Ludwig Wittgenstein.

PL is useful, as we have seen, but also very limited. The goal of this final
part of the course is to add features to PL that will make it more powerful
and more useful although there will be a price to pay in that the resulting
system will be intrinsically harder to work with. We shall study what is
known as first-order logic (FOL) and sometimes predicate logic. Essentially

FOL = PL + predicates 4+ quantifiers.

This logic is the basis of applications of logic to CS, such as PROLOG. For
mathematics, we have the following

Mathematics = Set theory + FOL I

3.1 First steps

First-order logic is a more complex system than propositional logic so we
shall proceed in a way that combines the informal with the formal.
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3.1.1 Splitting the atom

Recall that a statement is a sentence which is capable of being either true or
false. In PL, statements can only be analysed further in terms of the usual
PL connectives until we get to atoms. The atoms cannot then be further
analysed. We shall show how, in fact, atoms can be split by using some new
ideas.

A name is a word that picks out a specific individual. For example, 2, 7,
Darth Vader are all names. Once something has been named, we can refer
to it by that name.

At its simplest, a sentence can be analysed into a subject and a predicate.
For example, the sentence ‘grass is green’ has ‘grass’ as its subject and ‘is
green’ as its predicate. To make the nature of the predicate clearer, we
might write ‘— is green’ to indicate the slot into which a name could be
fitted. Or, more formally, we could use a variable and write ‘x is green’. We
could symbolize this predicate thus ‘G(z) = ‘x is green’. We may replace
the variable x by names to get honest statements that may or may not be
true. Thus G(grass) is the statement ‘grass is green’ whereas G(cheese) is
the statement ‘cheese is green’. This is an example of a I-place predicate
because there is exactly one slot into which a name can be placed to yield a
statement. Other examples of 1-place predicates are: ‘z is a prime’ and ‘z
likes honey’.

There are also 2-place predicates. For example,

P(z,y) = ‘x is the father of y’

is such a predicate because there are two slots that can be replaced by names
to yield statements. Thus (spoiler alert) P(Darth Vader, Luke Skywalker) is
true but P(Winnie-the-Pooh, Darth Vader) is false.

More generally, P(z1,...,x,) denotes an n-place predicate or an n-ary
predicate. We say that the predicate has arity n. Here x1,...,z, are n
variables that mark the n positions into which names can be slotted.

Most of the predicates we shall meet will have arities 1 or 2. But in theory
there is no limit. Thus F'(z1, z2, x3) is the 3-place predicate ‘x; fights xo with
a r3'. By inserting names, we get the statement

F(Luke Skywalker, Darth Vader, banana)

(deleted scene).
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In FOL, names are called constants and are usually denoted by the rather
more mundane a, b, c,... or ai,as,as.... Variables are denoted by x,y, z. ..
or xy,Ts,x3,.... They have no fixed meaning but serve as place-holders into
which names can be slotted.

An atomic formula is a predicate whose slots are filled with either vari-
ables or constants.

We now turn to the question of what predicates do. 1-place predicates
describe sets'. Thus the 1-place predicate P(z) describes the set

P ={a: P(a) is true }
although this is usually written simply as
P ={a: P(a)}.

For example, if P(z) is the 1-place predicate ‘x is a prime’ then the set it
describes is the set of prime numbers. To deal with what 2-place predicates
describe we need some new notation. An ordered pair is written (a,b) where
a is the first component and b is the second component. Observe that we use
round brackets. As the name suggests: order matters and so (a,b) # (b,a),
unlike in set notation. Let P(z,y) be a 2-place predicate. Then it describes
the set

P ={(a,b): P(a,b) is true }

which is usually just written
P ={(a,b): P(a,b)}.

A set of ordered pairs where the elements are taken from some set X is
called a binary relation on the set X. Thus 2-place predicates describe binary
relations. We often denote binary relations by Greek letters. There is a nice
graphical way to represent binary relations at least when the set they are
defined on is not too big. Let p be a binary relation defined on the set X.
We draw a directed graph or digraph of p. This consists of vertices labelled by
the elements of X and arrows where an arrow is drawn from a to b precisely
when (a,b) € p.

LAt least informally. There is the problem of Russell’s paradox. How that can be dealt
with, if indeed it can be, is left to a more advanced course.
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Example 3.1.1. The binary relation

p={(11),(1,2),(2,3),(4 1), (4,3),(4,5),(5,3)}

is defined on the set X = {1,2,3,4,5}. Its corresponding directed graph is

Example 3.1.2. Binary relations are very common in mathematics. Here
are some examples.

1. The relation x | y is defined on the set of natural numbers N =
{0,1,2,3,...} if z exactly divides y.

2. The relations < (less than or equal to) and < (strictly less than) are
defined on Z ={...,-3,-2,-1,0,1,2,3,...}.

3. The relation C (is a subset of) is defined between sets.
4. the relation € (is an element of) is defined between sets.
5. The relation = (logical equivalence) is defined on the set of wif.

For convenience, I shall only use 1-place predicates and 2-place predicates
(and so also only sets and binary relations), but, in principle, there is no limit
on the arities of predicates and we can study ordered n-tuples just as well as
ordered pairs.

3.1.2 Structures

We begin with two examples.

Example 3.1.3. Here is part of the family tree of some Anglo-Saxon kings
and queens.
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dEgbert = Redburga ¢

d Ethelwulf = Osburga ¢

|
| |
o Ethelbald o' Alfred = Ealhswith @

|
| | | |
oEthelfleda o Edward QElfthryth oEthelgiva

We shall analyse the mathematics behind this family tree. First, we have
a set D of kings and queens called the domain. This consists of eleven
Tolkienesque elements

D Egbert,  Redburga, Ethelwulf, Osburga, FEthelbald, Alfred,
- | Eahlswith, Ethelfleda, FEdward, ZAlfthryth, FEthelgiva

But we have additional information. Beside each name is a symbl ¢ or @
which means that that person is respectively male or female. This is just a
way of defining two subsets of D:

M = {Egbert, Ethelwulf, Ethelbald, Alfred, Edward}
and
F = {Redburga, Osburga, Eahlswith, Ethelfleda, Alfthryth, Ethelgiva}.

There are also two other peices of information. The most obvious are the
lines linking one generation to the next. This is the binary relation defined
by the 2-place predicate ‘x is the parent of 3’. It is the set of ordered pairs
7. For example,

(Ethelwulf, Alfred), (Osburga, Alfred) € .

A little less obvious is the notation = which stands for the binary relation
defined by the 2-place predicate ‘x is married to y’. It is the set of ordered
pairs p. For example,

(Egbert, Redburga), (Redburga, Egbert), (Ethelwulf, Osburga) € f.

It follows that the information contained in the family tree is also contained
in the following package
(D7M7F77T7:u)'

b
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Example 3.1.4. This looks quite different at first from the previous example
but is mathematically very closely related to it. Define

(NE,O, <, )

where E and O are, respectively, the sets of odd and even natural numbers
and < and | are binary relations.

We define a structure to consist of a non-empty set D, called the domain,
together with a finite selection of subsets, binary relations, etc.

FOL is a language that will enable us to talk about structures.

3.1.3 Quantification: V, J

We begin with an example. Let A(x) be the 1-place predicate ‘z is made of
atoms’. I want to say that ‘everything is made from atoms’. In PL, I have
no choice but to use infinitely many conjunctions

A(jelly) A A(ice-cream) A A(blancmange) A . ..

This is inconvenient. We get around this by using what is called the universal
quantifier V. We write
(V) A(x)

which should be read ‘for all z, z is made from atoms’ or ‘for each z, = is
made from atoms’. The variable does not have to be x, we have all of these
(Vy), (Vz) and so on. As we shall see, you should think of (V) and its ilk as
being a new unary connective. Thus

is the parse tree for (Vz)P.

The corresponding infinite disjunction

P(a)VPB)VPE)V...
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is true when at least one of the terms of true. There is a corresponding
existential quantifier 3. We write

(32)A(z)

which should be read ‘there exists an x, such that P(z) is true’ or ‘there is
at least one x, such that P(z) is true’. The variable does not have to be z,
we have all of these (Jy), (3z) and so on. You should also think of (3z) and

its ilk as being a new unary connective. Thus

is the parse tree for (3x)P.

3.1.4 Syntax

A first-order language consists of a choice of predicate letters with given ari-
ties. Which ones you choose depends on what problems you are interested in.
In addition to our choice of predicate letters, we also have, for free, our logical
symboms carried forward from PL: = A, V, —, <>, ®; we also have variables
Z,Y,...,T1,T,...; constants (names) a,b...aq,as,...; and quantifiers (Vx),
(Vy), ... (Vxy), (Vag), .... Recall that an atomic formula is a predicate letter
with variables or constants inserted in all the available slots. We can now
define a formula or wff in FOL.

1. All atomic formulae are wif.

2. If A and B are wif so too are (—A), (AN B), (AV B), (A — B),
(A< B), (A@® B), and (Vx)A, for any variable x and (3z)A for any

variable z.

3. All wif arise by repeated application of steps (1) or (2) a finite number
of times.

I should add that I will carry forward to FOL from PL the same conventions
concerning the use of brackets without further comment.

We may adapt parse trees to FOL. An expression such as P(x1,x9,3),
for example, gives rise to the parse tree
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The quantifiers (Vz) and (3x) are treated as unary operators as we have seen.
The leaves of the parse tree are either variables or constants.

Example 3.1.5. The formula (Vz)[(P(z) — Q(x)) A S(z,y)] has the parse

tree

We now come to a fundamental, and quite difficult, definition. Choose
any vertex v in a tree. The part of the tree, including v itself, that lies below
v is clearly also a tree. It is called the subtree determined by v. In a parse
tree, the subtree determined by an occurrence of (V) is called the scope of
this occurrence of the quantifier. Similarly for (3x). An occurrence of a
variable z is called bound if it occurs within the scope of an occurrence of
either (Vz) and (3z). Otherwise, this occurrence is called free. Observe that
the occurrence of x in both (Vz) and (3z) is always bound.

Example 3.1.6. Consider the formula (P(z) — Q(y)) — (Jy)R(x,y). The
scope of (Jy) is R(x,y). Thus the x occurring in R(z,y) is free and the y
occurring in R(z,y) is bound.
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A formula that has a free occurrence of some variable is called open oth-
erwise it is called closed. A closed wif is called a sentence. FOL is about
sentences.

Example 3.1.7. Consider the wiff
(Fz)(F(x) A G(x)) = (Gr)F(z) A (32)G(x)).

I claim this is a sentence. There are three occurrences of (3z). The first
occurrence binds the z in F(z) A G(z). The second occurrence binds the
occurrence of z in the second occurrence of F(z). The third occurrence
binds the occurrence of x in the second occurrence of G(z). It follows that
every occurrence of x in this wff is bound and there are no other variables.
Thus the wif is closed as claimed.

I shall explain why sentences are the natural things to study once I have
defined the semantics of FOL.

3.1.5 Semantics

Let L be a first-order language. For concreteness, suppose that it consists of
two predicate letters where P is a 1-place predicate letter and @) is a 2-place
predicate letter. An interpretation I of L is any structure (D, A, p) where D,
the domain, is a non-empty set, A C D is a subset and p is a binary relation
on D. We interpret P as A and @ as p. Thus the wif (3z)(P(z) A Q(z, ))
is interpreted as (3x € D)((x € A)A((z,z) € p)). Under this interpretation,
every sentence S in the language makes an assertion about the elements of
D using A and p. We say that I is a model of S, written [ F S, if S is true
when interpreted in this way in I. A sentence S is said to be universally (or
logically) valid, written E S| if it is true in all interpretations.

Whereas in PL we studied tautologies, in FOL we study logically
valid formulae.

We write S; = S5 to mean that the sentences S7 and Sy are true in exactly
the same interpretations. It is not hard to prove that this is equivalent to
showing that E 57 <> 5.

The following example should help to clarify these definitions. Specifi-
cally, why it is sentences that we are interested in.
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Example 3.1.8. Interpret the 2-place predicate symbol P(z,y) as the binary
relation ‘z is the father of ¢y’ where the domain is the set of people. Observe
that the phrase ‘x is the father of 3’ is neither true nor false since we know
nothing about x and y. Consider now the wff (Jy)P(z,y). This says ‘z is
a father’. This is still neither true nor false since x is not specified. Finally,
consider the wff S; = (Vz)(Jy)P(z,y). This says ‘everyone is a father’.
Observe that it is a sentence and that it is also a statement. In this case, it
is false. I should add that in reading a sequence of quantifiers work your way
in from left to right. The new sentence Sy = (3z)(Vy)P(x,y) is a different
statement. It says that there is someone who is the father of everyone. This
is also false. The new sentence S3 = (Vy)(3x)P(z,y) says that ‘everyone has
a father” which is true.

We now choose a new interpretation. This time we interpret P(z,y) as
‘r <y’ and the domain as the set N = {0, 1,2,...} of natural numbers. The
sentence S says that for each natural number there is a natural number at
least as big. This is true. The sentence S, says that there exists a natural
number that is less than or equal to any natural number. This is true because
0 has exactly that property. Finally, sentence S35 says that for each natural
number there is a natural number that is no bigger which is true.

As we see in the above examples, sentences say something, or rather can
be interpreted as saying something. Thus a sentence interpreted in some
structure is a statement about that structure and is therefore true or false in
that interpretation.

I should add that sentences also arise (and this is a consequence of the
definition but perhaps not obvious), when constants, that is names, are sub-
stituted for variables. Thus ‘Darth Vader is the father of Winnie-the-Pooh’
is a sentence, that happens to be false (and I believe has never been uttered
by anyone before).

3.1.6 De Morgan’s laws for V and 1

The universal quantifier V is a sort of infinite version of A and the existential
quantifier is a sort of infinite version of V. The following result is therefore
not surprising.

Theorem 3.1.9 (De Morgan for quantifiers).
1. —\(V:L')A = (EL’B)—\A.
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2. =(3x)A = (Vz)-A.

Exercises 3.1

The following were adapted from Chapter 1 of Volume II of [45].
There are some liberties taken in the solutions. Read [45] for
more background.

In the following exercises, use this transcription guide:

a: Athelstan (name)
e: Ethelgiva (name)
c: Cenric (name)

M (zx): z is marmalade — the colour, not what you put on your toast (1-place
predicate)

C(z): x is a cat (1-place predicate)
L(z,y): = likes y (2-place predicate)
T(x,y): z is taller than y (2-place predicate)

1. Transcribe the following formulae into English.
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2. For each formula in Question 1, draw its parse tree.
3. Transcribe the following English sentences into formulae.

(a) Everyone likes Ethelgiva.
(b) Everyone is liked by either Cenric or Athelstan.

(c) Either everyone is liked by Athelstan or everyone is liked by Cen-
ric.

(d) Someone is taller than both Athelstan and Cenric.

(e) Someone is taller than Athelstan and someone is taller than Cen-
ric.

(f) Ethelgiva likes all cats.
(g) All cats like Ethelgiva.
(h) Ethelgiva likes some cats.
(i) Ethelgiva likes no cats.
(j) Anyone who likes Ethelgiva is not a cat.
(k) No one who likes Ethelgiva is a cat.
(1) Somebody who likes Athelstan likes Cenric.
(m) No one likes both Athelstan and Cenric.
4. This question is about interpreting sequences of quantifiers. Remember

that Vx can be read both as for all x as well as for each x. Consider
the following 8 sentences involving the 2-place predicate P.
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(d) Bz)(Fy)P(z.y)
(e) (Vy)(Vz)P(z,y).
(f) Fy)(Vz)P(z,y).
(g) (Vy)(3x)P(x,y)
(h) (Fy)(Fz)P(z,y)

Consider two interpretations. The first has domain N, the set of natural
numbers, and P is interpreted as <. The second has domain ‘all people’,
and P is interpreted by the binary relation ‘is the father of’. Write
down what each of the sentences means in each interpretation and
state whether the interpretation is a model of the sentence or not. You
may use the fact that (a)=(e) and (d)=(h).

3.2 Truth trees for FOL

We begin with a motivating example.

Example 3.2.1. Consider the following famous argument.
1. All man are mortal.
2. Socrates is a man.
3. Therefore socrates is mortal.

Here (1) and (2) are the assumptions and (3) is the conclusion. If you agree
to the truth of (1) and (2) then you are obliged to accept the truth of (3).
This cannot be verified using PL but we can use what we have introduced so
far to analyse this argument and prove that it is valid. We introduce some
predicate symbols. We interpret M (z) to be ‘@ is mortal’, and H(x) to be
‘r is a man’. OQur argument above has the following form.

1. (Vz)(H(z) — M(x)).
2. H(Socrates).

3. Therefore M (Socrates).



158 CHAPTER 3. FIRST-ORDER LOGIC

We prove that this argument is valid. If (1) is true, then it is true for every
named individual a and so H(a) — M (a). Thus for the particular individual
Socrates we have that H(Socrates) — M (Socrates). But we are told in (2)
that H (Socrates) is true. We are now in the world of PL and we have that

H (Socrates) — M (Socrates), H(Socrates) F M (Socrates).

Thus M (Socrates) is true.
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Truth tree rules for FOL

Given a sentence (V) A(z), where A(z) here means some wff containing
x, then if we replace all free occurrences of x in A(z) by a constant a,
we have instantiated the universal quantifier at a. There is a similar
procedure for existential quantification.

The leading idea in what follows is this: convert FOL sentences into
PL wff by means of instantiation.

e All PL truth tree rules are carried forward.

e De Morgan’s rules for quantifiers

e New name rule.

(1) (Fz)A(x)v
|
Afa)
where we add A(a) at the bottom of all branches containing (1)
and where a is a constant that does not already appear in the
branch containing (1).

e Never ending rule.

(2) (Vx)A(x) *
|
A(a)
where we add A(a) at the bottom of a branch containing (2) and
a is any constant appearing in the branch containing (2) or a is
a new constant if no constants have yet been introduced. [The
rationale for the latter is that all domains are non-empty]. We
have used the * to mean that the wif is never used up.
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We use truth trees for FOL in the same way as in PL.

e To prove that F X we show that some truth tree with root =X closes.

e To prove that Xy,...,X,, F X we show that some truth tree with root
X1,...,X,, X closes.

e To prove that X =Y prove that F X <> Y.

We shall describe how these rules are applied by means of examples.

Examples 3.2.2.
1. Show that the following is a valid argument
(Vx)(H(x) = M(x)), H(a) F M(a).
Here is the truth tree.

X—H(a) Mf(a) X
2. Show that the following argument is valid

(Fz)(Vy) F(z,y) E (Vy)(3z) F(z, y).
Here is the truth tree.

(V)= F(z,b) *
F(a,b)

|
- F(a,b) X
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3. Prove that
F (3z)(A(z) A B(z)) — ((3x)A(x) A (x)B(x)).

Here is the truth tree.

~((32)(A(z) A B(z)) — ((Fr)A(z) A (Bz)B(x))) v
(32)(A(z) A B(z)) v

~((32)A(z) A ( z)B(z)) v

4. Prove that (Vz)(Vy)A(z,y) = (Vy)(Vz)A(z,y). Here is the truth tree.
(Vo) (Vy) Az, y) < (vy) (Vo) Az, ) v

(Vo) (Vy)A(z,y)x  ~(Vx)(Vy) Az, y)
(YY) (Vo) Az, y) v (Vy) (Vo) Az, y) *
(3y)(3x)-A(z,y) v and similarly

(3z)=A(z,a) v
~A(b, a)
(Vy) A (b, y) =
A(b,a) X

There are, however, some major differences between PL and FOL when
it comes to the behaviour of truth trees.
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Examples 3.2.3.

1. Truth trees can have infinite branches. Here is an example.
(Vo) (3y) R(z, y)

(Fy)R(a1,y) v
R(a1, az)
(By)R(as,y) v
Rla,a)

and so on

2. There are sentences that have no finite models. See Question 10 of
Exercises 3.2.

3. The order in which the rules for truth trees are applied in FOL does
matter. If we place at the root the wif (Vx)(3y) P(z,y) and P(a)A—P(a)
then we can get an infinite tree if we repeatedly apply the tree rules
to the first wif but an immediate contradiction, and so a closed finite
truth tree, if we start with the second wff instead.

Exercises 3.2

1. Prove that
(Vz)R(z) = () R().

Explain informally why it is a valid argument.

2. Prove that
(Vz)(Vy)R(z,y) = (Vo) R(z, ).

3. Prove that
(Fz)(Fy) F(z,y) = Fy)(Bz) F (2, y).

4. Prove that
(Vz)(P(z) AQ(x)) = (Vo) P(z) A (V2)Q(z)).
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5. Prove that
(Fz)(P(z) vV Q(z)) = ((Bz)P(z) V (Fx)Q(z)).
6. Prove that

(V) P(z) v (V2)Q(z)) = (Vo)(P(r) V Q(x))

is logically valid. On the other hand, show that the following is not
logically valid by constructing a counterexample

(Vo) (P(z) v Q(x)) = (Vo) P(x) V (V2)Q(2)).

7. Prove that
(F2)[D(x) — (Vy)D(y)]
is universally valid. Interpret D(z) as ‘z drinks’ with domain people.
What does the above wff say in this interpretation? Does this seem
plausible? Resolve the issue. (This is a famous example of Raymond
Smullyan).

8. For each of the following formulae draw a parse tree and demonstrate
that the formula is closed and therefore a sentence. Then show that
each sentence is logically valid.

(a) (Va)P(z) = (3z)P(z).

(b) (32)P(z) = By)P(y)-

(¢) (vy)((Vz)P(z) = P(y)).

(d) Gy)(Py) = (Vo) P(x)).

(e) ~(Fy)P(y) = [(Vy)((Fz)P(z) = P(y))].

9. This question marks the beginning of using our logic in mathematical
proof. Let R be a 2-place predicate symbol. We say that an interpre-
tation of R has the respective property (in italics) if it is a model of
the corresponding sentence.

o Reflexive: (Vx)R(x,x).
o [rreflexive: (Vx)-R(x,x).
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o Symmetric: (Vx)(Vy)(R(z,y) — R(y,x)).
o Asymmetric: (Vx)(Vy)(R(x,y) — —~R(y,x)).
o Transitive: (Vx)(Vy)(Vz)(R(x,y) AN R(y, z) — R(x, z)).

[llustrate these definitions by using directed graphs.

Prove the following using truth trees.

(a) If R is asymmetric then it is irreflexive.

(b) If R is transitive and irreflexive then it is asymmetric.
10. Put S = F} A 5 A F5 where

o Fy = (v)(3y)R(z,y).
o [ = (Vz)-R(x,x).
o Iy = (Va)(Vy)(V2)[R(z,y) A Ry, z) = Rz, 2)].

Prove first that the following is a model of S: the domain is N and
R(z,y) is interpreted as < y. Next prove that S has no finite models.
That is, no models in which the domain is finite.

3.3 The Entscheidungsproblem

Let’s start with PL. If I give you a wff, you can decide, using a truth table for
example, in a finite amount of time whether that wif is a tautology or not.
The decision you make does not require any intelligence; it uses an algorithm.
We say that the problem of deciding whether a wif in PL is a tautology is
decidable.

Let’s turn now to FOL. The analogous question of whether a formula
in FOL is universally valid or not is usually known by its German form,
the Entscheidungsproblem, because it was formulated by the great German
mathematician David Hilbert in 1928. Unlike the case of PL, there is no
algorithm for deciding this question. This was proved independently in 1936
by Alonzo Church in the US and by Alan Turing in the UK. Turing’s reso-
lution to this question was far-reaching since it involved him in formulating,
mathematically, what we would now call a computer.
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