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1. Each part of this question is worth & marks.
(a) A set X containg 12 clements.

i. How many subsets docs X have? [3 marks]

ii. How many of those subsets contain exactly 8 clements? [2 narks]
(b) Let A4 = {1,2,3,4,5,6}, B = {4,5,6}, C = {a,b,¢,d} and D =
{a,d}.
i. What is the cardinality of A x C'? [2 marks]
ii. What is the set (A\ B) x (C\D)? |3 marks]

(c) Write _
34+ 4i\?
5+ 6{

in the form a + ib where @ and & are real munbers,
(d) Find both square roots of 33 + 56i.
(e) Find the roots of the quadratic z? — 4z + 13,
(£) Write 2% ~ 622 + 212 — 96 ay
irreducible quadratic factors,
(g) Calculate A2 where

a product of real linear and real
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(h) Find all solutions to the following system of real lincar cquations
using elementary row operations

T+y+z =1
T+ 2y + 3z
3r+4dy+5: = 3

|
—

and show that your solutions work.

(i) Find the adjugate and inverse of the following matrix

= B =
[ NP N |

1
1
1

Show that your inverse works.

(J) Let a =i— 2j + 5k and b — —=3i — 4j + 6k. Calculate the angle
between a and b to the nearest degree.

(k) Leta=i—2j+5kand b = —3j — 4j+ 6k. Find a non-zero vector
orthogonal to both a and b.

() Leta=i-2j+5k b = ~di—-4dj+6k and ¢ = 5i + 7j + 4k.
Calculate the scalar triple product [a, b, c).
Each of the following questions is worth 10 marks.
2. (a) Prove that there are infinitely many primes. [5 marks]

(b) Prove that the sum of the angles in a triangle is 180°. Make clear
any assumptions you make. [5 marks|
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3. (a) Define what is meant by a Pythagorean triple. Lot
C={@yeR2®+y* =1}

be the unit circle in the plane with centre the origin. Define what
is meant by a rational point on C. Cive an example of an srmational
point on C. Prove that every rational point on C arises from a
Pythagorean triple. |5 marks]

(b) Prove that VP is irrational for cach prime p. You may use without
proof the result that if p | a? then p | a. [5 marks]
4. (a) Prove that the complex number z is real if and only if z = 2,
(2 marks]

(b) Prove that for complex numbers ¢ and v we have that Juv| =
[u| |v]. [3 marks]

(¢) Prove that every non-zero complex number has n nth roots. [5 marks]

5. (a) Let A, B and C be n x n real matrices. Prove that (AB)C' =
A(BC). [5 marks]

(b) Prove that if A and B are mvertible n x 7 matrices then AB is
invertible and determine its inverse in terms of the inverses of A
and B. [5 marks]

End of paper
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