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Properties of matrices
This is a version of Section 8.2.

Properties of matrix addition
We restrict attention to the set of all m X n matrices.

(MAL): (A+ B)+ C = A+ (B + (). This is the associative law
for matrix addition.

(MA2): A+ O = A =0+ A. The zero matrix O, the same size
as A, is the additive identity for matrices the same size as A.

(MA3): A+(—A) =0 =(~A)+A. The matrix —A is the unique
additive inverse of A.

(MA4): A+ B = B+ A. Matrix addition is commutative.

Properties of matrix multiplication

(MM1): The product (AB)C is defined precisely when the prod-
uct A(BC) is defined, and when they are both defined (AB)C =
A({BC). This is the associative law for matrix multiplication.

(MM2): Let A be an m X n matrix. Then I,,4 = A = AI,. The
matrices I, and I, are the left and right multiplicative identi-
ties, respectively. It is important to observe that for matrices
that are not square different identities are needed on the left
and on the right,

(MM3): A(B+C)=AB+ AC and (B+C)A = BA+ CA when
the products and sums are defined. These are the left and right
distributivity laws, respectively, for matrix multiplication over
matrix addition.

Properties of scalar multiplication
S1): 1A= A and —14 = —A.
S2): 04 = O.
S3): A(A+ B) = MA + AB where ) is a scalar.
S4): (M)A = A(pA) where X and y are scalars.
S5)
S6)

: (A+ pu)A = AA + pA where X and p are scalars.
: (AA)B = A(AB) = A(AB) where ) is a scalar.
Properties of the transpose
) (AT = A.
): (A+ B)T = 4" + B,
(T3): (AA)T == M\AT where ) is a scalar.
): (ABYf' = BT AT, Pay close attention to this property.



* Counterexamples
(1) Matriz multiplication 1s not commutative. For example, if

1 2 11
A= (12 ) man=( 1 1)
then AB s BA. One consequence of this is that
(A+ By # A* + 2AB + B?,

in general.

(2) The product of two matrices can be a zero matriz without either
matriz being a zero matriz. For example, if

1 2 -2 —6
A= (3 2 man= (2 %)
then AB = 0.

(3) Cancellation of matrices is not allowed in general. For example,
if

0 2 2 3 -1 1
A:(O l)andB=(1 4)and0=( 1 4)

then A # O and AB = AC but B # C.
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