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a) CidistdLlc?rtbanEve. 
b) Cid lcrves Eve. 
c) CidIsnottdllerthanhimself. 
d) Cidisu.cd. 
e) IfCidIstall lertbanFwetbenhelcrvesEve. 
f )  EitherCidlove6Eveorhelcrveshimself. 
g) CiddDesnotlavObathEveardA&m(Also: Itisnottheosethat 

bathCidLcwesEveenrlCidlove6A&m.) 
h) Cid is blcnd if enrl crily if he either 1- Eve or he 1- , 

himself. 

1-2. a) Ca b) TQ c) CcvTQ d) 'lbe->IPe e) W->Im 
f) Lea & Irsc g) Leav Irsc h) (Ue v Lea) & (Iac & Irsc) i )  Lec -> Cc 
j)'lkC&-Irsc 

1-3. C) ard g) are not Sentences of predhb I&. Ibe rest am. 

1-5. a) ( x ) ~  b)'(x)(Icxv-) c) (x)-v (XI- d) W)(PcaLW) 
e) W)Txa ti W)Txc f ) .  (x)(Qr -> -1. 9) W(Qr -> -1 h) W)(Qr -1 
i) (x) (Qr -> --I [Also: -W) (Qr -)I j) (x) (IJoe -> Cx) 
k) (x)We->-Cx) [ ( j )  a r d 0  ambcrthecErivalent~'-W)Fpe&Qr)'l 
1) W ) ( h a  & w, 3 (XI-(- & -1 [Also: -WIG= & -11 



2-3. a) true, b) false, c) true, d) true, e) true, f )  true, g) false, 
h) true, i) false, j) false, k) false 

2-2. Given S d z e x e  Substitutim Irrstance. 

i) (x) [ax -> (Lxx -> I30)l 

Ba, false - 
-Laa, false 
-Lba, false 

-1 true 
rn, false 
BavIaa , t rue  
Ebvlab, true 

Ba -> Iba, true 
Eb -> Lkb, false 

(Lba & Eb) v Ba, true 
(Lkb & Eb) v Eb, true 

Ba -> (ma -> Iaa) , false 
Eb -> (Lkb -> Iba) , true 

j)(x)[(BxvLax)->(Lxbv-Bx)] (BavIaa) ->(Labv*) , t rue  
(Bv Lab) -> ( L k b V  -Eb), false 

k) (Ex)[(-&m)<->(BxvLxb)]  (Iaa&~aa)<->(BavLab),fdLse 
(Lab & Lba) <-> (Eb v Lkb) , false 

2-4. a) true, b) false, c) false, d) true, e) false, f )  false, g) false, 
h) true, i) true, j) false 

2-5. al) true: A t  least cme Z1S citizen is a millionaire. 
a2) false: A t  least cme Z1S citizen is not m. 
a3) false: l Y m e  is a t  least cme hagpy poor persan, pmvidiw a 

substitution instanoe which makes this false. 
a4) true: 'Ihere is a t  least one unhappy millicmarie giving a true 

substitxion instance of this sentence. 
a5) false: cme ewnple of an mWqgy millicmarie pmvides one false 

suhstituion iIwmces, making this false. 
a6) true: Cne hagpy m i l l h i n a r e  gives a t rue  substituion instance. 
a7) true: Cne m m i l l h i a r e  makes the f i r s t  anjllnct true. Cne 

wkqpy millionaire makes the seam3 Cnjuwt true. 
a8) true: Cne hagpy poor person makes the antecedent of this 

CQlSditicPlal false (see a3). 
bl)  true. An odd integer, sucfi as 3, gives a t rue  substitution instame. 
b2) false. An odd integer, sucfi as 3, gives a false suhstituion 

-'true: -number i s a t  larstas la rgeas  i tse l f .  Soanyodd 
integer, sucfi as 3, give a true substitxion instance. 

W) false: an integer less than 17, swh as 6, gives a false 
substitxion instance. 

b5) true: Every integer is either odd or  not odd. So a l l  substitxion 
instancesaretnle. 

W) true: An odd irrteger a t  least as large as 17, sucfi as 21, 
prwides a true substitution ' 

b7) false: An odd t o  17, sudl as 3, prwide. a 
false substitution irstmce. 

b8) false: Zhe seccPrd rmjurct is false. 'Ihe integer 17 p i d e s  a 
false suhstitxion being neither less than 17 nor a t  least as large 
as 18. 

b9) false. 3 is odd M not a t  least as  large as 17. Thus 3 pmvides a 
substitution instance of the f i r s t  anjllnct which makes the f i r s t  conjunct 
false. 

2-6. a) Sqpce we have an intetpretation which rakes the premise true.  In 
this interpretation a l l  substituion irrstarroeS (SIs) of (x)Lxe w i l l  be true. 
'Iherenustbe a t  1eas toneaYhSI  ineachof  these interpretationsbgause 
e y q  interpretation has a t  least one drject in  it. T h y  any -tion 
w l u c h w k e s t h e p r e m i s e t r u e h a s a t l e a s t c m e t r u e ~ t u t i o n ~ o f  
(&)Lxe, the cmdusion, mkhg the cmdusion true.  So the amgnuera is 
valid. 

b) Lrrvalid. An interpretation in  which 'Lael is t rue  ard '(x)Ixer has 
a t  least one SI which is false w i l l  be an interpretation in  which the prwiSe 
is true and the m l u s i o n  is false, tha t  is, a CE (camter exanple). For 
aranple, D = {ale);  Laa & Iae & Lea & -Lee is sucfi an intezpretaticm bgause  
'Lee' is an SI of (x)Lxe and is false in  this intf?Ipretation. 

c) Lmmlid. Letts try to make a a. 'Ibis w i l l  have to be an interpre- 
tation in which \(&)Lxer is true and \Iaer is false. W e  canmake '(Ex)Lmr 
true in  ax bkeqmkation by mkbg just one.SI true, for V l e  'Lee1. It 



doeanutmatterwhattruthvalueweassignto'Laa'dIea' i n a u r a ,  s o a  
a i s D =  (a,e); L a a h - I a e h I e a h I e e .  

d) slqpxe we have an -tion in which '(x) (mc & IJpe)' is true. 
' Ih i swi l lbeanhteq&&at ion inwhicha l l  i t s S I ' s a r e t r u e ,  that i s a l l  
sentences such as 'Ba & Iae', 'Be & Iee', ani any athers with the names of 
the subsiMed for 'x' in 'Bx & b'. BTr sinm all these 
SIs are rrmj-, all their mjumb will be true in the hteq&&ation. 
That is 'Ra', 'ee' ani all other irrstanoes of '(x)mc' will  be true. So in 
S&I an -tion, ' (x) Bx' will be true. Therefore, the iaqment is 
valid. 

e) Invalid. is a -e: D =(a); -Ba & Laa. 
f )  Invalid. A w l e  is pmvided by a case i n  whi& saethiq 

is B d sar&hhg else bears relation L to a,  krt nathing does both of 
these. RBI- w e :  D;(a,b); Ba & -EO, & -Laa & Lab & Lba & Ihb. 

g) lb think abcut this i n f d l y ,  let 'Bx' mean \ x  is blard' ani 'IJry' 
mean 'x loves y'. T h e  premise says that a l l  b l a d s  1- e ani a l l  -lads 
lavea.  B u t i f t h a t i s t r u e , t h e n i t i s t r u e o f - t h a t i f w a r e  
blard they lave e d i f  nut blard thev 1- a. More ew&y, consider an 
e i t r a r y  interpl.etaticm in which 
the sI8 Of the - ~ l l ~ l u s i o n  in such 
Qcfi mjunct of this SI is an SI 
since the ~~3 is aswrmed true 
these SI'S W l l l  be true. So, the 

the&miseistrue. ~olls-deranyaneof 
an -tion, f d  say, w i t h  s. 
of ane of the mj& of the prEdse. 
in the h b r p m b t i o n  in question, a l l  
azgmmt is valid. 

3-1. a )  '2' a t  1 ani 2 is free. 
b) '2' a t  1 ani 'y' a t  2 are kxmxl. 
c) '2' a t  1 ani 3 is kxmxl. 'x' a t  2 is free. 
d) 'x' a t  1, 3, ani 6 ani 'y'at 4 arekxmxl. '2' a t  2 ani 5 is free. 
e) 'x' a t  1, 2, ani 5 is kxmxl. 'x' a t  3 ani 4 is free. 

(Note that  we dcn't say of names that  are either kxmxl or free.) 
f )  'y' a t  1 ani 4 is free. 'x' a t  2, 3, ani 5 is kxmxl. 

3-3. X is closed, so that u does nut ooay free in x. 'Ihus, the result  of 
w r i t i r q  i n a ~ m e  f o r u  inX is X i tself .  I n a t h e r m e ,  the s u b s t i m o n  
instances of (u)X ani (Eu)xare X itself. Plus if X is true inan inter 
-tion, a l l  its s u h s t i m o n  instances are true in the interpretation, so 
that  (u)X ani (Eu)X are both true in the h b q r e t a t i o n .  M i f  X is false 
i n a n ~ t i c m , n o n e o f i t s s u b s t i m o n ~ a r e t r u e i n t h e  
interpretation, so that (u)X ani (Eu)X are both false in the i n h q m b t i o n .  

3-4. a) Suppose wehave an h t m p x t a t i o n  inwhich a l l  the mud cbjects 
have pmperty B, krt sane unnamd cbject does nut have pmperty B. lhen a l l  
substimcminstancesfdwithnamesintheinterpreta~waildcollleaut 
true. Yetitwml.dnutbetrueinthishbrpmbticmthatallthingsare 
Bs. Also, consider an -ticm in which m mud things are B, krt 
saneunnamedthhyisa~. ~nsuchaninteqmbtion,msubsti~cm 
i r r s t a n c e s f d w i t h n a m e s i n t h e ~ t i c m w a i l d c o l l l e a u t t r u e ,  so 
that aur defintion of truth of an sristentidlly quantified sentence! waild 
tel lusthattheredoesnotexistaBintheinterpretat icm. Y e t ,  msuch 
an interpretation there is a B. 

b) In redl l i f e ,  many things do nut have ~mes .  We want aur system of 
logic to be applicable to such situations. Also, there are aakexts in which 
thereare,insane-,KH(Ethingsthantherearenames. l h e r e a r e l w m  
-thantherearenames, fo reenple .  Wecannot~meallnmS3ersatthe 
smne time. 

3-5. a )  We have to pmm that -(u) (. . .u.. .) is true in a given interpl.etation 
i f a n i o n l y  if (Eu)-( ... u...) istrue inthe interpretation. So, -that 
an interpl.etation is given. -(u) (. . .u.. . ) is true in the interpl.etabcm just 
in case the negation of the axquncticP1 of the instanzS 

-[(... a...) & (...b...) & (...c...) & ..;I 

is true in the interpretation, where we have..'+ncluded in the amjunction a l l  



t h e i n s t a r r c e s w h i c h c a n b e f d u s ~ a l l t h e n a m e s w h i c h m m e t h i n g s i n  
the irrterpretation. By De Morgan's law, this is equivalent to the 
disjum%icm of the negation of the irrstanoes, 

-(... a...) v -(... b...) v -(... c...) v ... 
d.Li& is tw inthe interpretation just in case (Eu)-( ... u...) is true in 
the -tion. 

b) lb pucrve i n f d l y  that the rule -(Eu) holds for infinite chains, we 
f i r s t  asslnoe that -( m)( ... u...) isstrue in an -tion (to dmw that 
(u)-( ... u...) mst be true in this mterpretation). NaJ, -(m)(...u...) 
IIeaIs that  there is rrothing in the (infinite) dcmain of this ht3Xpmhtion 
& t h a t  (...u...) i s t r u e o f  it. E u t t o s a y t h a t t h e r e i s n o ~ s u c h  
that  (...u...) is t rueof  it is just tosay that inthechain is 
& that (. . .u.. .) is false for it; and this is just to say that 
(u)-(. .. u...) is true in this -tion. 

Similarly for the rule -(u): Assum that -( u) (  ... u...) is true in an 
h t q p E b t i o n  w i t h  an infinite chain. 'IhlS that not eveqwq in 
thedanainis (...u ...). Eut,tosaythatnoteverythirrgissuch-and-SUChis 
just to say that  is not such-andd. 'Ibis is just to say that 
(m)-( ... U. ..I is true in this -tion. 

We want a notion of logical equivalenoe on which (4) and (5) w i l l  be said to 
be logically equivalent and which will guarantee that substitutiq one for 
theotherinaclosedserrtenzwillnotchangethetruthvalueoftheclceed 
sentence in any bbrpmtaticn. Eut har can (4) and (5) affect tha tnrth 
value of a closed sentence of which they are a part? 'Ihey dcn8t affect 
truth valws directly. FWher it is sentenzs which result by subsituting 
nannes for the free variables in (4) and (5) w h i c h  affect truth values of . . ombmuqsakems. SqpzewehavealaqerSentencewhichhas (4),  for 
ezample, as a subsentence. Pie truth value of the laqer sentenm in an 
-tion is determined, step by step, by the truth value of laqer 

and it is (6),  and the other sentences f o d  by writing a mme for the free 
*x8 in (4) wh ich  do the truth d&emmuq 

. . mmk. 
NaJletusdothesamewith (5). Weget 

the truth value of laqer sentenoes w i l l  be the saw. Ard clearly this will 
likewise be true for any pair of sentences uhich we fom fraa (4) and (5) by 
writing in the SAW mme for the SAW free variable. 

In short, (4) and (5) act just like logically equivalent Sentence when 
it comes to substiMion into laqer sentenoes i f  the fo l laww ccnditicn 
holds: (4) and (5) turn into g&, closed, logically equivalent smtewes 
when we -lace the free variables w i t h  names, always the same name for the 
saw variable. 

Of axnse, i f  we get logically equivalent sentences fraa a pair like (4) 
and (5) whenweptinonemme, anymmewillwork-whichmmeweusewcm't 
matter. Eut we dcn8t a t  this point have any nice way of proving that. So to 
get aur extended defif ion of logical equivaleme it 1- like we will have 
to talk abart an infinitely large set of closed sentences cbtained by p t t h g  
in all possible m for the free variables. Aml this is a very nessy 6ort 
of anl i t ion.  

Hawer, we can get the same effect in a very nice way. 'hke (4) and 
(5) and fom their bioonditicmal. Then fom what logicians call the 
bioonditiunl's Universal Closure, that is the sentenm which results f m  
the bioonditicnal by prefixing it-with universdl quantifiers, one for each 
free variable in the biccnditicnal. I f  this biccnditicnal is a logical 
truth, that is true in all hbqmtatiors, then in any h t a p m h t i o n  the 
substitutuion h s b m x s  of both ccmponents w i l l  have the same truth value, 
whichis jus t thecandi t ionwewant .  Ofcarrse, twoclosedsentencesare 
logically equivalent just in case their b i d t i c m a l  is a logcial truth, and 
a b i o o n d i t i ~ f o r m e d ~ t w l o c l o s e d ~ i s i t s o w n u n i v e r s a l  
c l ~ , b e c a u s e . s u c h a s e r r t e n z h a s m f r e e v a r i a b l e s t o b e M b y a  
prefixed universal quantifier. (see prcblem 12.3.) So we can give one 
definition which - cur old defintion of logical equivaleme and which 
alsocufersthenewcaseswewanttoinclude: 

lko opm or closed sentences are Logically Equivalent i f  and only i f  
the universal closure of their biccnditicmal is a logical truth. 

b) Naw let us dcuble check that this definition will make the law of 
substitution of logical equivalents mrk in the way we want. All we rei l ly  
&todoistosayingenerdlwhatwesaidforthespecMcaseof (4) and 
(5). ~ t h a t X a n d Y a r e t w o c p M s e n t e n c e s s u c h t h a t t h e u n i -  
closure of X <-> Y is a logical truth. SuFpase that we start w i t h  a senteme 
Z and form a I~RJ sentence Z* by subitituting Y for X in Z. We need to shaw 
that Z and Z1 are logically equivalent aco~rdirg to cur old, more restricted 
definition of logical equivalenoe. Eut the truth of Z in an interpretation 
iscarpletelydeterminedbythetruthvalueofthesubstituitoninstanoesof 
Z and of the subsentenoes of Z. Hcwever, i f  the universal closure of X <-> Y 
is a logical truth, whenwer a substitution hstance arises which is 
identical to X w i t h  names substi- for X's free variables, the sentence 
which results by substituting the saw names for the same variables in Y will 
havethesawtruthvalue. !husifYccxarsinanotherwiseidentical 
sentence hte& of XI the snre truth values w i l l  result a t  all stages of 
evaluating truth values of ccmponents and substitution irstanzs. In 
particular, Z and Z* will have the same truth value, and s h o e  this holds for 
all interpretat im,  Z and Z* w i l l  be logically equivalent. 

I f  (6) a d  (7) are logically equivalent (as they are by the rule -(u) 1, in 
any -tion they will have the same truth value. So their effect on 



-(u)S(. . -u.. .) 
-(u) [SX -> (. . .u.. .)I 
(m)-[su -> (...u...) 1 
(m) [Su & -(... u...)] 
(rn)s-(. . .u.. .) 

-(rn)S(. . .u.. .) 
-(al)[Su & (. .. u...)] 
(uj-[su & (...u. ..)I 
(u)[su -> -(... U...)] 
(u)s-(. . .u.. .) 

Wurite rule 
- (u) 
C 
Wurite Fule 

In the follawing amwys  to transcriptions, keep in m h d  that logically 
eplivalent -ens are always +ly good tmmcnph . . 

ons. If yan 
answer differs fmm the answer given here, yan ansxx is still right if it 
is logically eplivalent to the amwr  given here. Pie follawing logical 
eplivalenzsaretheaneswhichmstoftenmnrertcmenatlual~ ',Itim 
intoanother: 

x->(Y->Z) is logically eplivalent to (my) ->Z 

x->Y is logically eplivalent to -Y->-x 

-(al) (X & Y) is logically eplivalent to (u) (X -> -Y) 

-(u) (X -> Y) is logically eplivalent to (rn) ( X & -Y) 

4-3. a) (x) $ace, (x) (Px -> Lxe) 

e) (Ex)p(- & -Dx) , (Ex) (Px & - & -Dx) 

i) (X)C~, (XI (cx -> -1 

j) (Wp(Ey) H, (EX) [ m  & (3) (PY & WI 

k) (x)P(Y) pIiKY, (XI [Px -> (Y) (Py -> W )  1 

1) (Wp(y)pIiKY, (Ex) [Px & (Y) (Py -> W )  I 

m) (Ex) P(Y) *, (Ex) [Px & (Y) (Py -> Lyx) I 

n) (X)p(W)pIiKY), (x)([Px-> (Ey)(Py& -11 

0) (XI p(Ey) *, (XI [Px -> (Ey) (Py & Lyx) I 

44. 
a) (XI (Fx -> -1 
b) (x) ((3r -> -Fx) 
c) (Ex) (Px & IJQ) -> Iea, or eplivalently, (x) [ (Px & IJQ) -> Iea] 
d) -(Ex) (Px & Iex) , or eplivalently, (x) (Px -> -M) 
el (x)-Fx 
f) (Ex)(Px & Ex) -> m 
9) -(XI (cx -> w 
h) (Ex) (cx & -w 
i) (x) (Px -> -) 
j 1 (=I -> -W 
k) (XI (a -> -1 
1) -(x) (Ex -> cx) 
m) (x) (B -> -Ax), or (Ex) (B & -Ax) 
n) -(XI (Ax -> w ,  
0) (XI (a -> -1 
PI -(XI (FX -> -1, or, eplivdently, (Ex) 0% & -1 
9) (XI (B -> -1 
r) (x) (Ex -> --) 
s) (XI (IJQ -> 
t) (Ex) (B & -1 
u) (XI [Fx -> (Y) (Py -> - W )  I, passibly (XI rm -> -(Y) (Py -> W )  I 
v) (XI [ (Ey) (Dy & W )  -> (Ey) (CY & W )  I 
w) (XI [ (Px & -1 -> 1 
x) (XI (- -> -1 
Y) (XI [Px & -1 -> -1, also (Ex) r (Px & -1 & -1 
2) (XI[(- & IJQ) -> -1 
aa) -(x) [Px & IJQ) -> Lxe] 
w (x)[(Px & 'I-) -> -1 
~ 3 )  (XI -> IJQ) 



C) (x) (cx <-> Lax), and (Ex) (cx <-> Lax) 

4-7. 
a) Sameare is the m of sanwne. 
b) Ncbody is an animal. 
C) . thatpursisafurrycat.  
d) = p u r s i s m t a - c a t .  
e) NoaplelovesbothMamandhre. 
f )  Everyone does m t  love both Adam and hre. 
g) A l l  dogs and cats love eadl other. 
h) A l l  dogs and cats love other. (g and h are logically equivalent.) 
i) Sameare loves same m of sanwne. (Or, -loves samxm's m.) 
j) SamaDne loves saaaone who has a m. 
k) Any b l d  fuzzy tail is the tail of a cat. 
1) A l l  scms love a cat i f  and only i f  they love a dog. 



1 (x) (-BX v I M )  P 

2 ( p B X  A 

1 (x) (Km > m )  P 
2 I-* P 

f 



(X) (xxx<->Px) P 
(XI (Kix & (- > -1 p 

Aev Lea P 
:Ex)Lax > A P 
:Ex)Lxa > A  P 

5-3. a) 'Ihere is saneone wl.lo likes bath pickles and chicken (premise!. M*s 
call this person Doe. So Doe likes pickles and Doe likes chicken. S l n m  Doe 
likes pickles, scmecne likes pickles. S h  Doe likes chicken, saneone likes 
chicken. 'Iherefore ( d u s i c n )  there is saneone wlm likes pickles and there 
is sameone wl.lo likes chicken. 

(Note: T h e d u s i c n o f  thisargumentisElcrr justarestateamto£ the 
premise. P l e d u s i c n a u l d b e t m e a n d t h e p r e m i s e f a l s e ! )  

b) Either i) everyone likes pickles or ii) evesycne likes chicken 
(premise). W e ~ b y c a s e s .  Casei) S k g p x e ~ l i k e s p i c k l e s .  
Fbr ewmple, Arb llkes pickles. But then Arb likes mther pickles or 
chicken. S h  Arb  a u l d  have been anyone, everyone likes either pickles 
or chicken. Case ii) Su~pose everyone likes chicken. For -let Arb 
likes chicken. But then Arb likes either pickles or chicken. S h  Arb 
a u l d  have been anyone, ewqnx?e likes either pickles or chicken. We see 
that we reach the same d u s i c n  in case i) and case ii), kR we are given 
in the premise that either case i) or case ii) holds. So, by argument by 
cases, ( d u s i c n )  eveyme likes either pickles or chicken. 

(Again, the d u s i c n  is not just a lestatement of the premise. The 
dus i cncanbe t rueand thepremise fa l se . )  



Be > Oe 2 3  
3,4,>E 

m! eisnot  
arbitrary in line 5, 
so we can't m l y  UI. 

1 (X) (Hff > Lxx) P 
- 

2 Hff A 

3 ,uE 
2,4,>E 
5,UI 

7 Hff > (x)Lxx 2-6,>1 

In lirraa 3 ard 4, \a1 o u a ~ ~  
arbitrarily. In line 5, \a1 oocllrs 
in an aaWmptim, so \a1 does not 
oms arbitrarily a e  that 
asqkhm is in effect. Hum the 
assaptian has been dkdmgd in 
line 10, 'a1 ocans arbitrarily 
asain. 

12 & o 3;UE 
4151= 7 -&VC 6,vI 

(XI P- & a) 6tUI 8 1 (XI (-a v c) 7tUI 
9 (X) (-Px V C) 1,2-5,6-8,AC 



'(XI P 

-(Ex) -Px A 

-Fa A 

I (Ex) -Px 3,= - (EX) - ~ x  2,R 
E41 3-5 ,RD 
(XI Px 6,UI - (x) 13 

(M) -Px 2-8.m 
(XI Ox A 

(XI (-<--I 1,R 
ca 88uE 
a<-* 9 ,uE 
d lO,ll,OE 
(XI - l2 ,UI 

(X) a<-> (x) Ox 2-7,s-13,OI 

I - 
& #at lines 2-7 hkate 

5-5. j), using -Px insteal of Px. 

- 

(Y h Y  &DSAKE! b ocarrs in the asslmpticm of 
the sub-derivaticm. Sinm line 3 qxems 
line 4, we can't m l y  UI to line 3. 

(x) (Ix > Jx) P 

(Ex) (Jk & w 
-(W (Jk & I&) -(a & d) 

Jll v -a 
Js > -a 
(x) (Jx > -I&) 
-(x) (Jk > -I&) 

( M I  (Jx & I&) 

T h i s p r u b l e m c a n b e ~  just 
as bell by assmhg 'A8 first 
then 'A > W8. 





(x)(mV-) > - I  1lR 
( W v G d )  > Idd 4,UE 
-(W V Gd) 3151m 
-W & Cd 61m 
-Fd 7 1 a  
-Gd 7 1 a  
(Ex) -a 81= 
( a )  -Gx 91= 
(Ex)-Fx & (Ex) -Gx 10, 11, &I 
W)-Fx&(Ex)-Gx 2,3-12,EE 

(Ex) (Jxx & Jxf) A 

(X)(Jxx>Jxf) 1,R 
Jdd > Jdf 41uE 
Jdd 3,a 
Jdf 3,a 
Jdf 5,6,>E 
A & -A 7,8,a 

A & -A 2,3-9,EE 
-(Ex) (Jxx & Jxf) 2-10, -I 

a ~ I U E  
(XI ( a  > v "1) 1lR 
W > (IhhVRad) 6,UE 
-Ma ~ I R  
-Ma & -Rad 5,8, &I 
-(Ihh v -3 9,m 
-Ai 7 , 1 0 , ~  
(Ex) -a Ill= 

:)+ax > (Ex) -Fx 4-12,>I 
.->(Ex)-Fx 2,3-U,EE 

31R 
51R 

A 6 -A 6-8, RD 
A 6 -A 2,3-9,EE 
A 10,&E 
-A 10,hE 
Ex) Fx 2-1P, -I 

Noticethatinq) weQlaottakeancckltradictioninthe fanaof 'Fa' ard 
'-Fd' frun the irPlermost to the second sub-derivation because \dl is isolated 
to the ilmenK& derivation. We solve this prcblem by using 'Fa' ard '-Fa1 
to derive another oarrtradiction which does mt use Id1. Pie need to do this 
arises in the next few prcblems, so we introduoe t m  nev derived rules to 
sinplify an mrk. 

for "ocntradicticnl' 



(m) (. . .u.. .) Inprt for derived rule 
(u)(( ... u...) > X) 

ii) Asamwz all rules in the text except EE. Also the derived rule 
given in 5-8 i) (derived form of E )  . 

3 

4 
5 
6 
7 

1 1 (m) (. . .u.. .) ~ rgut  for derived rule 

b (. .. b...) A 

(u)((...u . > 2,R 
(.-.b...) > X 4 1 m  
X 3,5,>E 

2 

3 

Notethat inprt i i )  o f thepmof*~areus i rq~der ivedEru le to  
get the primitive EE rule. Thus b, uhid appeared in the Suwerivatim 2-3, 
can appear in line 4. But we m q d m  b to be isolated to lines 2 4  to 
guarantee that b is arbitrary at line 4. 

X 1,3-6,EE 

(. .. b...) A Chcc6e b as a unplletely mw mime 
so it w i l l  be arbitrary insline 4. 

Ix 
4 
5 
6 

plerelevantfeatureof~rulesisthis: inapplyingEIycucdn 
- 1 y V i z e c m  justamhsbmeofa~mewithmorethanam 
ocamme. But in mlyirq UI ycu nust universally gendize cm a l l  
oaxmxs of the ram cm uhid ycu are gemmlizbq. (..%...) > X 2-3, >I 

(u)((..u. . 4,UI 
X 1,5,E (&rived farm) 

D=(a,b) ; -Iaa & lab & m & -~hb 

Ihe relevant fea- of the rules is this: in -1ybq UE ycu are free 
to imtantbte a uni\nezsally quantified sentenoe w i t h  a nane that almady 
occurs. in aplying E y& aust start a sub4a5vaticnI 
the e x b k k h U y  quantified sentemewithan isolated~me, am3 so a ram 
uhid is nev to the wble derivaticm. 



D=(a,b) ; Id. & -Lab & Iba & -Lbb 

( G m  v ( W B K  P 

p) A 

A 

m v q b  3 ,VI 
( 8 )  ( R  v Q) 4,= 
(Ex) (Ey) (= v Q) 5,= 

(-) (Ey) (Px v Q) 2 , 3 4 , =  

9 

:: 
12 

14 

aim A 

I * v Q  9 ,VI 
(Ey) (* v Q) lo,= 
(Ex) (Ey) (= v Q) 11,= 

(m)(Ey)(PxvQ)  8,9-12,= 
(EX) (Ey) (Px v Q )  1,2-7,8-13 ,AC 

6-1. j) 
1 

2 

3 

4 

: 
7 

8 
9 
10 
11 
I 2  

,(Ex) (Ey) (PxvQy) p 

$(Ey) (Pa v W) A 

b W v q b  + A 

F A 

4,= 
I:E;Ev(Ex)BK 5,- 

P A 

7,EI I [ : ; ~ v  ( a ) m  8,vI 
(WPx  v (WBK 3,4-6,7+,AC 

(WPx  V ( = ) a  2,3-10,EE 
( W P x V  (Em% 1,2-11,EE 



(x) (Ey) ( a  > QY) 1,R 
(Ey) ( m  > QY) 4,UE 
b W > *  + A 
W 3,R 

6,7,>E 
a,= 

, (EX)@ 5,6-9,EE 
(-)a 2,3-10,EE 
K) PX > (EX) gx 2-ll,>I 

A 

(2) (w) ( (Jzw 61 -RJ) > Gz) 3,R 
(W) ( (Jaw 61 -RJ) > Ga) 8 ,UE 
(Jab & -Fb) > Ga 9 ,UE 
-Fb 7,= 
(Y) Jay 4,R 
Jab 12 ,uE 
Jab & -Fb ll,l3, &I 
Ga 10, U,>E 
( W W  =,= 

(m Gz 6,7-16,EE 
(we 5,6-17,= 

( W G z  .1,4-18,E 
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P- A 

( W  * 81H 
(Ex) -a v (Ex) 9,vI 

(-1 -a v (Ex) * 
4.5-7.8-10.K 

(Y) (2) ( W  ( W  & -1 
(2) ( W  (- & W )  
( W  (- & *) 
c w & m  6 
w 
m 
(x) -m v (x)-* 
I (XI -- 
f 

lE= - (x) -m 
(XI -* 
-m 
A & -A 

A & -A 
A & -A 

A & -A 
:Y) (2) (W ( W  & 

6 
7 
8 
9 
10 
11 
12 
13 
14 
l5 

I 

(XI a 3tR 
Pa 6tUE 
(Y) (Py > QY) 5,7,>E 
w > Q a  8tW 
Qa 7,9,>E 
(Ex) a 10,H - ( W  a 2tR 
A & -A 1ltl2,CD 

A & -A 4,513,EE 
-(x)Px 3-14, -I 
Nates: I oculd have =lied -1 to line 2 irrstead of l k  11 and 12, hrt 

it build have taken an additioml step. Also I hstanthted line 4 before 
line 5. Wark an existerrtial generdlizatims before universal generdlizations. 



Y) (fi h  By) 
A a h B b  

(XI (Ey) (Ax h  By) 
(W (PJ, h  By) 

Aa h  Bb 
Bb 
Ab 
A b h B b  
(a) (Ax h  Jw 

(Br) (Ax h  Bx) 

Ih h  (x) (lh > Rxa) A 



- 
2 (Ey) (w) (-&-UP) 1,m 
3 b (w) (Ez) (LrwtiLbz) A 

I l f  (EZ) (lab & -LbZ) ~ I U E  
clIab & -Ikc A 

V WHICH S F X  L.E.: 

6-1. f) and lst exauple in cbp. 6 
6-1. g) and 2nd exauple in cbp. 6 

6-1. h) and q) 
6-1. i) and 3 )  

6-1. 1) & 6-8I.d) 
6-1. m) and 3rd 9 l e  in cbp. 6 

6-1. n) and p) 
6-1. 0) and 6-8. b) 



5-5. d) and e) 
5-7. e) and f )  
5-5. 1) and k) 
5-5. b) and u) 

5-5. s) an3 5-7. g) 
5-5. p) and 5-7. h) 

6-6. d) 
(x) (Px v Qx) is not logically equivalent to (x)Px v (x)Qx 

-: D=(a,b) EB h -Fb & Qa & Qb In this int~xpmtaticn, 
(x)(PxvQx) is true - t h a t  is, e v e r t h i n g i s s w h t h a t  it iseither P o r Q .  
[ N a y ,  a is P  and b is Q.] m, (x)Px v (x)Qx is false s h  both 
dbjunctsare f a l s e - t h a t  is, it is f a l s e t h a t  everything is P  [b i s n o t ] ,  
andi t i s fa lse thateverythingisQ[aisnot] .  

(Ex) (Px & Qx) is not logically equivalent to (Ex)Px 6 (Ex)Qx 

-: D=(a,b) Pa & -Fb & Qa & Qb (Exp12~t im is simFlar to 
tha t  above.) 

Hb 3,= 
(XI rn > -1 1,R 
W > A b  51m 
Pb 4,6,>E 
Tab 31= 
PbhTab 7,8,&I 
(EY)(AY my) 9,m 

v)(Ay&Tay) 2,3-10,E 
(ItytiTay) >ow) (AYrnY) 2-11, >I  

: (EY) W&Txy) >ow (AY&Txy) l.2,m 



(Y) ( (W ww-=a>Lay) LuE 
(Ez) ~ k ~ ) > L a a  3,UE 

l?=- A 

I?- A 

-Rab 5,R 
ma & -Rab 6,7,U 
W )  (=a -1 a,= 
(&)-)>- 4,R 
Laa 9,10,>E 
(-1 - ll,= 
-CPx)L= 2,R 

- R b a  6-l3, -I 
-IeB>-m 5-14, >I 
(Y) (-RYb > dfy) 15,UI 
(XI (Y) (+w'-w) 16,UI 

a! (Ey) Lay A 

1°F A 

( ~ ) ( ( E Y ) W ( E y ) ( ( z ) I y z h L x y ) )  1,R 
@Y)Lay>(Ey) ((Z)Iyz-Y) 5,m 
(Ey) M Y  4,H 
(Ey) ((z)Iyz-Y) 6,7,>E 
c (z)Icz & Lac bA 



( x ) ( B D ( Y ) ~ ) )  1 3  

71R 

13,UE 
8,14,>E 
51R 

(Y) (2 )  ((wyW)*~) 19JJ 
( 2 )  (-1-1 20,UE 
-&Wac) >Wc 21,UE 
ib & Wac 15,18,&1 

22,23,>E 
8-24, >I 

(Y) (Dy > W )  25rm 
> (Y) (h' > -1 7-26, >I 

:) (-(Y) (-1 271m 
: W ( Y )  (Dy>Wxy) 2,4-28,EE 



I 

(XI (& > -1 2,R 
7 , m  
6,8,>E 

(XI (Y) ( ow-) > W )  1,R 
(Y) ( ( w m )  >Ray) 10,UE 
( M b h I B d ) > R a b  11,UE 

4,R 
=,a 
9 , 1 4 , h I  
12,15,>E 
6-16, > I  

(Y) (By > IQY) 1 7 m  
B a h ( y ) ( B y > I Q y )  5 , 1 8 , h I  
(W ( W ( Y )  ( W W )  1 19,= 

W ( W ( Y )  ( W W )  3,4-2O,EE 
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1 a ,  b (Vx) (Ex > W 
2 a ,  b (Vx)= 
3 '(Q & Cb) 

A 

4 
I 

4B 
I 

-Cb 
5 * E a > c a  * E b > C b  

I-- I I-- 
6 -Ea Q -Eb 

I 
Cb 

7 Ea X m X 
X X 

1 
2 

a (Vx) (Fx > Gx) 
-Ga 

3 -Fa 
4 * F a > =  

5 
I 

-Fa 
I 
Ga 
X 

INWLZD. C.E.: =(a) -Fa & -Ga 

INPTAZ3D. C.E.: D=(e,g) +4e & -Eg & -Fe 

* A >  (Vx)Mx 
A 

* -(lq & Mi) 
I A I 

INVAI;ID. C.E.: D=(d,j)  -Pd L Aj L W L -Kj 



1 a, b (Vx) (Sx<-yW 
2 -(a v a) 
3 - s Y  
4 --Ta 
5 Ta 
6 Sa<-- 

7 
I 
Sa 

I 
-sa 

8 Ta a 
9 Sbc-m X 

10 
I-- 
4, 

I 
Sb 

11 a, Ib 
X 

INVAI;ID. C.E.: D=(a,b) Ta & Ib & Sa & -4, 

Itw&ID. C.E.: D=(a,b) A & Ga & 4. If I had used 'b' in line 5, the 
tree warZd have clcsed. 

INKUZD. C.E.: D=(a,b) -A & Da & 4%. If I had used the - name in 
l ines4ard5,thetreewwldhaveclcsed.  

INVAWD. C.E.: D=(a,b,c) -Pa & Fe & & Qc. If I h&d used 'a' or 'b' in 
line 5, the tree wwld have clcsed. 



7-2. e) 
1 * A v B  
2 

P 
* A > ( I x ) ~  

3 
P 

* B > (]x)Nx 
4 

P 

I 
-Ng -c 

5 A 
I 
B 

I 
1 v 

6 
I-- 

-A 
I-- * ( I x ) ~  -A * (]XI& 2 > 

I 
7 X Na 

I I 
Na 

I I 
6 I 

8 
I-- I-- I-- 

,-B * (]x)Nx -B * (]x)Nx -B * (]x)Nx 3 > 
9 N b  X N b  X N b  8 1  

I lWUD.  C.E.: I)=(a,b,g] (A & Na & Nb & -Ng); (A 61 -Ng & Na & -B) 
( B L - A L - N g L N b ) ;  ( B h N a h N b h - N g )  

If I had used 'g' in line 9, the t reekmld have closed. A l s o  note: the NEW 
NAMEScmlyhavetobemtoabrarrfi. 

7-3. a )  
1 
2 

* (]XI(- > Br) P 
* - W ) ( -  & *) 

3 
-c 

4 
a @I(- & *) 2 - 

* m > Q a  
I I 

1 I 
5 -Fa 
6 

Qa 4 > 
* m & *  * m & *  

7 
3 v 

m m 
8 

6 & 
'Qa Qa 6 & 
X X 

VALID. N o t e t h a t I w o r k s d C n l h l b e f 0 r e l h 3 .  

7-3. b )  
1 
2 

* (1x)- P 
* --(]XI* 

3 
-c 

4 
* (]XI* 2 - 

Q 
5 -Cb 

1 I 
INVALZD. C.E.: I)=(a,b] & -Cb. If I had used the same name in lines 3 1 
4 a r r l 5 ,  thetreekmldhaveclosed. 

A 

Note that in line 6w rrm~ need cmly be rrew to a branch. A l s o ,  in line 7 ,  I 
cml~usedl ine2- tha twasencu#l toge t thehrancf i toc lase .  Simi l2vly1  I 
med& c m l y  line 4. 

X 
INVALD. C.E.: I)=(a,b] Ga & & & Ila & -Hb 

W. On line 8, I imtanthtd W ) P x f  cmly with #bf anel W ) - P x f  cmly 
with laf sime that was encugh to get both branches to clase first. A l s o ,  
do- lines 3 anel 4 before line 2 saves work. Ihe practical guide: l k r k  
mbmnchhq rules before bmmhiq nrlesgl still a~plies! 
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7-3. g) 
1 * -(Vx)Px > (1x)QX P 
2 * -((lX)-gx > -(Vx)-Px) -c 
3 * (IXI-gx 2 -> 
4 * -(Vx)-Px 2 -> 
5 a, b (Vx) -a 4 - 
6 a 

I A I 
3 I 

7 * -(Vx)Px * (1x)QX 1 > 
8 a (Vx)- @ 7 --;I 
9 Pa I 8 V 
10 -Pa -Pa 5 v 
11 X -a 5 v 
lNVALTD. C.E.: E={a,b) -Pa & -a & Q a  & @. I w a i t e d  to instantiate line 
5 with 'a' until I htrduxd the new- ,bt working cn (1x)QX in l ine 7. 
I could have saved a small ammt of witirq by doirq l ine  6 f i r s t ,  wriw 
'-Pa' a s l i n e 7 .  But thenIddhavehadtore tumto l ine6wi tA  'b'. In 
th i sose theonea rde r i sa sgDodas theo the r .  

7-3. h) 
1 * Jq > ( I x ) ~  P 
2 a (Vx)(= > -1 P 
3 * -(Jq > -(Vx) -Lac) C 
4 JS 3 -> 
5 * -(Vx)-Lx 3 -> 
6 a (Vx) -- 5 - 
7 

I I 
* ( I x ) ~  1 > 

8 X Ka 
9 

7 I 
2 v 

10 
I-- 

-Ka 
I 
Ia 9 > 

11 X -la 6 V 
X 

W. A t  line 9, I only imb&kbd 2 with 'at because I lwked ahead and 
eawthatthatuaIldbeesmqhtogetallbranA&toclose. ~ f m t a l l  
branheshadclOSedI~dhavehadtdreturnto2andirrStantiateitwith 
'q' as well. 

11 
INVNJD. C.E.: 

* (1x)fPr €4 (1x)Gx * -(Vx)-(Hx & Gx) 
* ( I x ) ~  
* 

a, b (Vxl-Obc & Q) 
Ha 
QJ 

* -(Ha & Ga) 
I A 

-Ha 
I 

-Ga 
X * -(Hb & QJ) 

I-- * I 
4 

=(arb) Ha & -lib & -Ga & -lib X 

7-4. al) 



74. bl) 

74. cl) 

74. dl) 

INVAIJD. C.E.: D=(a,b} Eh & -R, & Qa & (b 

P 
C 
2 Y 
2 Y 
3 Y 
4 Y 
5 I 
6 I 
1 v 

9 v  
1 v 

l l v  

P 
C 
1 & 
1 & 
2 -1 
3 I 
4 I 
5 v 

8 4 
5 v 

10 4 





7-4. kl) 7-4. il) 

I 
7 - ~ a  i 

INWUD. C.E.: D=(a,b) -A & Fb & -Pa X 

ItWZlD. C.E.: D=(a,b) Pa & -RI 

DWAIJD. C.E.: D=(a,b) -A & Pa & -RI 

( 1 x) (Lam<->Lex) 
e (Vx1-l 

-(IN- 
a (Vx) -- 

Lba<->Ieb 
I 

Iba 
I 

-Iba 
Ieb -Ieb 
Lea Iea 
-Iea -1ea 
X X 



8-1. d) TEST FOW arrrrUrr,ICPICN 

8-1. a) TEST FOW LOGIm TWIH 

8-1. b) TEST FOW 

1 (Vxlrnv (Vxl* 

2 
I 

a (vx)rn 
I 

a (Vx)* 
3 Na -Na 

NCrr A OWlmMCPI(3N. C.E.: D=(a) Na; D=(a) -Na 

-[W)rn v (Vx)*l 
-(VxW 

* -(Vx)* 
(IN* 
(1x1- 

-Na 
* *  

W 
C.E.: D=(a,b) -Na&Nb 
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KIT A aMRADICPION. C.E. : D=(a) Ba; >(a) -Ba 

8-1. e) TEST KR LOGICAL TWIH 

8-1. f) TEST FOW mTmADICPIcH 

t?X A armuU,ICPI(3N. C.E. : D=(a,b) Fa&-% 

KIT A LCGICAC TWIH. C.E.: D=(a) -Fa; D=(a) Pa 



8-1. g) TEST FUR CXMWDICI'ICN 8-1. i) TEST FUR IDGICAL TRLm 

8-1. h) TEST FUR a3NIRADICI'ICN 

1 * (Vx) ( m  v Jx) > [ (1x1 -lor > (1x1 Jxl 
I 

2 * -(Vx) ( m  v Jx) 
I * (]x)-m > (]x)JX 

I I ----"- 
3 *(]x)-(~vJX) * -(]XI-K% 

I 
* (1X)JX 

4 -(Ka v Ja) a PI-m Ja 
5 -Ka * -Ka 
6 J a  Ka 
m A O~E~ADI~CN. C.E.: B(a) - W a ;  Ka; Ja 

8-1. h) TEST FURIDGICALTIUlM 

8-1. i) TE3T FUR CONlRADICI'ICN 

NOT A IDGICAL TIUlM. C.E.: &(a) Na6Ha; -Na 

8-1. j) TEST FOR CCNIRAMCI'ICN 

NOT A (xMRADICI'ICN. C.E.: D=(a,b) Ha- 

8-1. j) TEST FUR IDGICAL TIUlM 



rn A ammmIcrICN. C.E.: D=(a) -SaM;a; -Sa&ICa 

8-1. k) msr Em ICGICAL a(Lml 
-{(lX)C-sx & (Qr v W I  v [(VxIQr > (Vx)(Sx v WI) 

-(lx)C-sx & (- v WI 
-[(Vx)Qr > (Vx) (sx v WI 

a (Vx)-[-=& ( Q r V W I  
(VxIQr 

-(Vx) (Sx v -1 
(IX)-(Sx v w 
-(Sa v Ka) 

Sa 
-Ka 

-[-sa & (Gav Fa)] 
I A 

*--Sa 
I * -(Ga v Ka) 

Sa -Ga 
X -Ka 

IDGICAt a(Lml Ga 
X 

a (Vxl-Fx 
a (Vx)Sx 

(lX)[(-Fx > > Fx] 
(-Fa > Sa) > Fa 

I- * -(-Fa > Sa) I 
-Fa 
-Sa 
Sa 
X -Fa i 

X 



(3x) (m v mhr) 
a (Vx)(m > -W 
a (Vx)(Dx > w 

a (Vx) [Jx<-> (Dx v IW) ] 
J a v m  
Ja>-Ha 
m>Ha 

Ja<->(nil v Ha) 
l- 

Ja 
I m 

I-- I I-- 
J a  -Ha J a  

I 
-Ha 

X I-- I I-- I I--! 
-m Ha -Da Ha -m Ha 

I 1  
X X I x  X 

I-- 
Ja J a  Ja. J a  

l- - I 
*Da>Ha -(->Ha)  m>Ha -(m>Ha) 

I-- I X X 
Ha 

I m 

8-3. A aentradicticm is true in NO ' A oollsistent sentence ir 
trmin-(-m-) i n t e r p r e t a t i ~ ! & i c a l t r u t h i s t r u e i n ~  
-0nS. (A set of is ansistent if there is an 
-Cal in Wcfi they are all true. so ane sertence is andstnet i 
t M r e i s a n w t i c n i n a c f i t h a t c n e - i s t r u e . )  m a  
logical truth is caslstent, and a a&mdbtion is inarrr,isterrt (i.e., not 
cormistent). 

isnotP, t h e r e m x l n t b e ~ ~ & i s b a t h P a n d Q .  
Now go back and (a)-(d). Note hm the universal quantifier 

distr ibutesweramj l lnct i0n~Mnotdis j~ , ih i le theexistent ia l  
quantifier distributes wer disjumticns M not anjllncticns. If you think 
abatt it a bit ycu will see that this synmetry mn be explained by appeal to 
-Is laws and the rules of logical equivalence - (u) md -(ELI) . 

e) ,  f ) ,  g), and h): In cases the p d m  of sentme8 are lagidly 
equivalent. 

Note fore), f ) ,  g), h), j) and k): You can mua either quantifier Wfi 
g w e r n s a a r d i t i c n a l t o t h e ~ o f t h e a r d i t i c n a l ,  iftheplrmtified 
variable is not feree in the anteoedpnt. you ynn t  merve the quantifier 
t o t h e ~ w e n i f t h e q u a n t i f i e d v a n a b l e ~ s n o t ~ i n t h e  
amsqunt. Imbadauniversdiquantifiergovedng aarditicnalcnrnrerts 
toan-quantifierandan-quarRifierqwer&qa 
o c n d i t i d ~ t o a u n i v e r s d i q u a n t i f i e r w h e n t h e q u a n t i f i e r s a r e m n r e d  
to the anteoedent ( w i t h  the quantified variahle not o u x r b g  free in the 
amseqmk). It is not hard to see that this is because a arditimal of the 
f a n n X - > Y i s l a g i c a l l y e q u i V a l e n t t o - X v Y .  Whenthequantifierlrcmsin 
fmm the whale m t i c n a l  to the antecedent it has to m through the 
negaticm sign, and this a universal quantifier to an exfstential 
quantifieranclamlexistentialcplantifiertoauniversdlquantifier. 



IJUT A IlX;ICAL !IFUlH. C.E.: D=(a,b) -Ba&Eb 

1 (1x1 (IY)  ( W  6, - W )  S 
2 ( l Y ) ( U Y  & - I y a )  1 3  
3 Lab & -Iba 2 1 
4 Lab 3 & 
5 -Iba 3 & 

rur A ~ N E W I C ~ T M .  C.E.: D=(a,b) hbii-Iba. Note: you can sk ip  line 2 if 
yaz &It meet to use different ~ m e s  when instarrtiam ( I x )  a!ri ( I y ) .  

8-5. d) IEjT m meat TRmi 
1 * -(]XI ( IY)  ( W  & - W )  4 
2 a W ) - ( ~ Y )  ( W  & -W) 1 -1 
3 - ( l u )  ( U Y  & - I y a )  z, v 
4 a W ) - ( U Y  & -W) 3 -1 
5 -(Ida & - Ida)  4 v 

6 
I 

-Ida 
I 

-Ida 5 -& 
7 Ida 6 - 

rur A meat m. c.E.: m(a) Ida; D=(a) -Ida 

1 
2 

( IX)  W )  (fi > FJy) 

3 
a W ) ( -  > W )  

Fa >/Fa 

4 
I 

-Pa 
I 
Fa 

NUT A ~~~. C.E. : D=(a)', -Fa; D=(a) Fa 



1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
LOGICAL TRVM 

* -(]XI W )  > W )  
a (Vx)-W)(Fx>W) 

* -(vy)(Fa > FYI 
* (1Y)-(Fh > FYI 

* -(Fa > Fb) 
Fa 
-Fb 

* -W)(Fb > FYI 
* (lY)-(Fb > FYI * -(Fb > Fk) 

Fb 
-Fe 
X 

It@mrrE TmE. wr AOClNlRADIcmCH. 
C.E.: D=(a,b,c ....) ; IQb & & Fbc & -Ex32 & ...... 

8-6. a) 
1 * (1x1 (lY1-Y S 
2 * (1x1 (1Y)--Y S' 
3 * ( I Y ) ~  1 I 
4 * (1~)-Lby 2 I 
5 Iac 3 I 
6 -LM 4 1 

a3NSBl?EW, WMEL: Lk(a,b,c,d) Ia&-LM. Note: Yau can skip lines 3 and 
5 i f y c u a r e s u r e n c l t t o ~ e c t ~ n & r ~ !  

14 2 

-TREE. m. D=(a,b,c ,...) p... 
[The msdel has objects a,b,c ,.... Each hem relatian M to the mxt; each 
fails to bear the relatian M to a.] ,, 







8-7. i) TEST (IY) Orx)W/B (1y)W 
1 * (IY) OrxIW 
2 * -Orx) (1y)W 
3 * (Ix)-(Iy)W 
4 * (1x1 W)-W 
5 b PI- 
6 a W)-Iby 
7 Iba 
8 -Iba 

Ihe a m p ~ n t  is vdlid. X 

8-7. i) TEST - Orx l ( l~ )W/( l~ )Orx)W 
1 a,b,c Orx) (1y)W 
2 * -(1y)(Vx)W 
3 * (vY1-W)W 
4 a,b,c (vY) (1x1-W 
5 * (1Y)rzry 
6 Lab 
7 * (]XI-- 
8 -Ua 
9 (1Y)Iby 
10 (IY) Lcy 
11 (1x1 -- 
l2 ( 1x1 -- 

LhS9,10 , l l ,  d l 2 w i l l ~ A n t h e r ~ m e s w h i c f i n u S t g 0 b a c k ~  
lines 1 a d  4. Clearly the tree is infinite, so the argmumt is invalid. 
!the -1e is &te oarplicated. Since the argumePrt frcm the first 
t o t h e ~ s e n t e n c e i s i r n m l i d t h e s e n t e n c e s a t e N u r I W ( n L L Y ~ .  

Lines 10-19 
arefrrm 
line 4, V 
all O c l p b i n a t i ~ ~ l ~  
of arb, c into 
Orx)W)-W ' 

ItWiWD. C.E. : =(a, b,c) - I ~ & - L a b t i - I a c & - I b a & - ~ & & - ~ b c & - ~ ~ & ~ ~ a =  



X 
a (Vz) [ (Jaa & Jaz) > Jaz] 

* (Jaa & Jaa) > Jaa 
I A 

- 12 -(Jaa & Jaa) 
I 

I-- I Jaa . X 
l3 Jaa Jaa 
IlwAUD. C.E.: *{a) Jaa 



9-3. we are given the rules: 
I &  





I 
-/Pa<-> (x) L (xa > pa) ] I 

Pa I 

* -(XI(= > Pa) 
-Pa 1-0 

(Ix)-(=a > Pa) a (XI (=a > Pa) 1 - 0  
-(h >Fa) 

* a=a > Pa 
I 

3 -v;v 
b a  I-- * Pa 4 I 
-Pa X 5 ->;4 > 
X X 5 -> 



-(XI (Y) ( 2 )  [ (x=Y & I n )  > Xnz]  
(1x1 (IY) ( l Z ) - t  (=Y & I n )  > -1 

- r ( e b & h )  >ecJ 
&&bC 

9-7. we have to shcwthat the statements that  = is reflexive, synmetric 
and tmmitive a m  all logical truths. 



(IXIpX 
C (XI (- v -1 

-(Fa v Pb) 
Fc 
-Fa 
-Pb 

c=avc& 
I A - I 

c=b 
Fa Pb 
X X 



9-9. Suppose player A b e l q  to tm soazex teams, lbm I aml TWm 11. 
further that A is teanmateswith player B anlbm I, anlvith player 

C r n l b m I I .  Inthiscase, A h o l d s t h e  relatiCnbeing-teampateS-- 
s o E x m r c t e a m t o B ,  a m l A h o l d s t h i s r e l a t i a n t o C ,  t u t B d o e s m t h o l d t b  
relatirn to C. Thus, the relatian baing-teammaates-fn-a- fails 
to be an equivalence relatian in this case, as it is mn-transitive. 

'Ihere m y  be c- urder wh ich  this relatim is an quivaleme 
relati~ewnt2mqhcmeormorepeqlebelargtomcnrethancmeteam- 



Mmely, those c- in d c i I  whenever a player, PI is on more than 
crre team, all of his teamnates are also on all of the teams that P plays on. 
'Ihiswarldcorrespand, intheatmeewmple,totheciranastancesinwhiciI 
player C wts also a maober of !ham I ,  arrl Player B a member of !ham 11. In 
such -, the relation beiny tes--terua warld be 
an &valenoe ane, since it warld be transitive as well as reflexive arrl 
synmetric. 

WlE: &swers for mises 9-10 arrl9-11 are given in the form of bath 
derivati- arrl truth trees. A l l  of the derivati- crime f imt ,  foilawed by 
all of the - trees. 
9-10. a) 9-11. c) 



I 
9-11. 'a) 

* -(lx)(M(x) v -W 
a,f (a) CW-(PfW v -Fx) 

* -(FE(a) v -Fa) 
-Ff(a) 
-Fa 

* -(Fff(a) v Ff(a)) 
-Fff (a) 

* --FfW, 
=(a) 

X 





el (-1 (- & (Y) (Sya -> y-x) & M I  
f )  (Ex) [& & (Y) (By -> P a  & -1 
9) (W ( (Ey) (Fxy & rn) & (2) [ (Ey) (ny & rn) -> =I & w 
h) (-1 (Ey) [- & (2) (Sze -> & Sya & (2) (Sya -> -Y) & -1 
i) (W (Ey) [& & (2) (& -> =) & Dy & (2) (m -> -Y) & Cxyl 
3 (-1 (Ey) (a & (2) [ (Sza & +) -> -1 & We & (2) (m -> -1 & -1 
k) (Ex) (Ey) (-1 (W [Pye & (2)- -> -1 & s w  (2) (sw -> -1 & ma & 
(2) (Sza -> m) & Fw & (2) (FZV -> pu) & oal] 

9-13. WWI an expressia-~ has two definite desmiptims we have f a x  cptims 
for negatim. We can let neither, or just the finst, or jus t  the secand, or 
bath definite descriptim have primary q. Plus the neqatim of i) oauld 
be: 

b b r e  than two definite d e ~ ~ i p t i o r ~  can be treated analcgously. In 

I pruvide here in  the answm. 

zulsw3x in whi& a l l  the definite descriptiubs have primary scape: 



10-1. a)- as part of the metdlanguirge. b) Menticned as part of the &j& 
-. c) used as part of the mztalarquage. d) W c n e d  as part of the 
w a r r g u a g e .  

fact 

10-3. Given the assuption that Zk X and Zk Y we have to shou that  Zt= X&Y, 
that is that i f  we have an -tion, I, in which all the sentenms in  2 
are true, I is also an interpretaka in which XhY is true. So let us 
alpposethatwehaveaninterpretatian, I, inWhichalltheserrterroesinZ 
aretrue.  S i n O e w e a r e g i v e n t h a t Z ~ X , w e ) o l a r t h a t X i s t r u e i n I .  
Lik&riss, sbware@venthatzkYw)olarthatYistrueinI. mt 
since X andY areboth true in I, so is x&Y, bythe truth table definition of 
'&' . 
10-4. &. :  I f  ~ k x & ~ t h e n ~ k ~ a n d ~ k ~ .  lbshwthat th iEj i sSrxnd 
wemust shar that i f  Z ~ U Y ,  then Z ~ X X Z ~ Y .  Su~pose that z ~ x & Y  
and suppose that  rn have an hteqx&ation, I m which all the in Z 
amtrue .  ' IhenXhYis t rue inI .  ButthenXandYarethemselv~eachtrue 
in I, by the truth table definition of '&'. 

Fbr the niles I w i l l  streamline -ition. 'BE rule is 
always stated using slngle turnstiles. Tb shw sam3nes we llust Qrmnstrate 

statementwithdoubleturnstil the- es. IneachcaseIwil ldo 
this by assumiq that w are given an interpretation, I, in which all the 
~ i n Z a r e t r u e a n d t h e n s h o u t h a t t h e s e n t e n o e 0 r ~  
follaving the relevant double turnstile are also true in I. 

VI: I f  Z k  XI then ZF XVY, and i f  Zk Y, then Zk XVY. 
S b a l l s e n t e n = e s i n z a r e t r u e i n I a n d z ~ ~ i s a s s u m e d , X i s t r u e  

in I. 1t follows that XVY is true in I by the truth table definition of 
'v'. I f  ZF Y is assmaed, Wi is 1ikewisetrueinI .  

VE: If  ZkXVY ard ZF -XI then Zk Y. I f  Zk XVY and 2 k  -Y, then 
zk x. 

s i n m a l l s e n t e n = e s i n z a r e t r u e i n I a n d z ~ X V Y a n d z ~ - x a r e  
assumed, b o t h X V Y a m 3 - X a r e t r u e i n I . l h e n Y i s t r u e i n 1 ,  bythetruth 
table definition of 'v'. Sasdness of the seccPld half of the rule is the 
Sam?. 

<->I: If Z k X->Y and Z Y->XI then z k X<->Y. 
W e a r e g i v e n t h a t d L l ~ i n Z a r e h i n I a r d b a t h Z ~ X - > Y  

and zk Y->x, s q q O s 2  that X is true in I, Ihen, since x->Y is true in I, 
Y i s a l m t r u e i n I .  Ontheotherhard, m t h a t Y  i s t r u e i n I .  Ihen, 
since Y->x is true in I, x is also true in I. the truth table 
definition of '<->' tells us that X<->Y is true in I. 

-+Ply tells us that X->Y and Y->X are bath true in I. 

->E: I f  Zk X->Y and Zk XI then Zk Y. 
since all sentences in Z a re t rue  in I and z+ x->Y and zk XI x->Y 

andYarebo th t rue in1 .  lhenthetruthtabledefinitionof'->'tellsus 
t h a t Y i s t r u e i n I a l S 0 .  

-E: I f  zk -XI then Zk X. 
S i n c e a l l s e n t e n c e s i n Z a r e t w i n I a n d z ~ - x !  - X i s t r u e i n I .  

?he truth table definition of '-' then tells us that X ~s true in I. 

Treatment of ->I and -I require a.sanewhat diffenerrt s t r a t e s y , s h  
these rules call for aFpeal to sUb4erlvat ia .  'Ibis matter is 
mre fully in Volume 11, Section U-2. mt briefly: 

->I: If  Z , X ~  Y, then zk X->Y. 
W e  have to shw that i f  Z , X ~  Y, then Zk X->Y. Tmt I, w i t h  a l l  

sen tences inZt rue in1 ,  begiven. Wehavetoarrsidertwocases. -1: 
X is false in I. Then X->Y is true in I, since a ccnditicnal w i t h  a false 
anbcemt iB always true. Qse 2: X is true in I. since we are z d g  
t ha t a l l s e r r t en rms inZa re t rue in1 ,  whavethatallsentenmsinZ,Xare 
true in I. Sime we are a s s d q  that  Z , X k  Y, w then have that Y is tsue 
i n I .  S b X a n d Y a r e h a t h t r u e i n I ,  X->Y i s t n z e i n 1 .  

-I: If  Z,X+ Y&-Y, then zk X. 
L f 2 t ' ~ ~ t h a t a l l ~ i n Z a r e t r u e i n I a n d t h a t  

Z , X k  Y&-Y. mt Y&-Y can't be true in I, as it waild have to be i f  all 
SerrtenCesinZaretrueinI,  X w e r e t r u e i n I a n d Z , X k Y & - Y .  S i n c e w a r e  
assl+q that Z , X ~  Y&-Y ard a l l  sxhmes in Z are tw in I, X rmst mt be 
true m I, and so is false in I. That is, - X i s  true in I. 

10-5. a)Notsaurl .  Ie tZbethese t ( -A,B) .  'Ihenwehave-A,B+A->B 
and -A,Bk B M W - A , B ~  A. 

b) Sourrd. Suppose that both Z k X<->Y and Zk -X. Now suppose that 
all sentences in z are true in I. menX<->Y ard -x are true in I, and the 
truth table definition of '<->' tells us that -Y is true in I also. So 
z+ -Y 

C) Sand. Suppose we have Zk [(u)P(u) v (u)Q(u)l and an 
interpretation, I, in which a l l  the sentences in Z are true. 'Ihen(u)P(u) v 
(u)Q(u) is true in I, so that one of the dijumts is true in I. Tmt us 
suppce that it is (u)P(u) which is true in I. lhen a l l  the substitution 
-, P(s), of (u)P(u) are true in I. mt then so are all substiMion 
in-1 P(s) v Q(s) 1 of (u) [P(u) v Q(u) I true in 11  m *t(u) [P(u) v 
Q(u)l is true in I. The argument is the saw i f  the other disjunct, (u)Q(u), 
i s t r u e i n I .  

d) Not SaRd. M Z be the set (Pa,-Eb). 'Ihen Pa,-Ebk (Ex)PxM 
W Pa,-Ebk Eb 

e) Not SaRd. M Z be the set (Pa,-&,+a,Qb). llm 
Pa,-*,+a,gbk [Cm)Px & (Ex)BrI Pa,-~,*,Qb+ (WC- -1. 

10-6. ?he truth table method for detemhhg the validity of logic 
arguments wnrks by writing daJn a truth table for a l l  the smbxces involved 

is true in 1. -a of the truth table definition of '<->' and then s k l y  inspecting the lines of the truth table to see whether in all 
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l i n e s i n ~ & t h e ~ a r e a l l t r u e ' t h e d ~ i o n i s a l s a t r u e .  Given 
a f ini te  llrmber of sentemes whicfi use a finite rrndmr of senterroe letters, 
aKfi a truth table can always be -. Sinoe tkre a m  cnly finitely 
many lines to inspect, the pmcdum will give a definite answer after sane 
finite - of steps. 

10-7. We med no subscripts on the double -e. Ihe double b m e t i l e  
~ t h a t a r r y ~ t t c n ~ m a k e s a l l ~ t o ~ l e f t ~ f t h e  
ckubleturrstiletruealsomakesthesentemetotheri~true. Bttthere 
is cmly ane definition of truth in an interpretation. -y there is 
aiiyanewaytourderstanlthedoubleturrrstile. 

1 H .  A a n r m e t h a t ~ t Z a r d ~ * s X .  Yk~mearrsthatthereisapmof of Z 
usingpredsesinY. BttY*sXjustnwnsthatanysentenceinYisa 
sentence in X. Hence a proof of Z using prdsea in Y is also a pmof of Z 
us@ pndses in X. So there is a pmof of Z using sentenms in X, that is 
xk 2. 

1 0 - 9 . A s s u m e t h a t Y ~ Z a r d Y * s X .  AssmaethatIisaninterpretationin 
whichall--ofxaretrue. W e h a v e t o s h a r t h a t Z i s t r u e i n I .  
Y*& just means that any sentence in Y is a smtence in X, so a l l  the 
SenteneeainYare t rue inI .  S i n o a e a r e a s s d n g ~ ~ z ,  i t f ~ l l c w s t h a t  
Z i s t n l e i n I .  

10-10. t X mearrs that there is a proof of X using no prpmises. X 
m e a r r s t h a t X i s t n l e i n a l l i n t e r p r e t a t i o n s .  

10-11. We need to that (EI)W(I,X) i f f  W T  X A&-A. I w i l l  do this by L shaving that -(EI)w(I,x) i f f  XP *A. m e  key that no I makes &A 
true. H c r u ~ a a i l d e v e r y I ~ c f i m a k e s a l l t h e s e n t P n z s i n X t r u e m a l a e  
&Atme? Q l l y b y ~ b e i r g m I ~ c f i ~ a l l t h e s e n t e n c e s i n X t r u e ,  
that is, -(EI)W(I,X). Ootlversely, i f  -(EI)W(I,X), then sinoa there 
a r e m I ~ s ~ d I m a k e a l l t h e ~ i n X t r u e ,  i t i s v a a x u s l y t r u e t h a t  
any arfi I * A6-A true. ('Ihe last step on be anfus@. m pint is 
that i f  every substitution irstance of 'Px' is false, then ' (x) (Px-> Qx) ' is 
autcmatidly true, siKm a l l  substiMion instances of '(x) (Px-*) ' are 
wm3iticndls true because of having a f a l e  antecedent.) 

10-12. The danrrstration of the equivalence of D6 ard M' suffices to shaJ 
that rn ard m1 are likewise equivalent i f  mte that the rule-E tells us 
that -(EI)Mod(I,X) ard (I)-Mod(I,X) are equivalent. 

10-U. As defined in D6, D6', D7 ard rnt msiskq ard incansisknq all 
cnrrernwhictssenteKzsaretrueorfailtobetrueinsapeoral1 
-tias. Truth in hkqmix~ t ions  is a sewantic fact. So these 
definitians all characterize semantic noti- of cansistency ard 
incmsistency. 

' Ibsaythatasetof-,X, i s s e a p l r r t i c a l l y ~ i s t e n t i s t o  
~ythatthereismIinuhidIallthesentencesinXaretrue.Aparalle1 
n o t i a n ~ f s y n t a c t i ~ c a n s ~ ~ ~ ~ w i l l ~ ~ ~ ~ ~ r n w h a t i s o r i s  

provable. We can prove that x is samntically inxmSistent,by prcrvidig 
a derivaticn us* p m n h s  taken ficm X ard deriving a cmbzd~ction. So 
the sensible syntactic axrnterpart of samntic incansistency is pmvability 
of a amtradictian: 




