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ANSWERS TO EXERCISES IN VOLIME IT, CHAPTER 1

1-1.Notetbatﬂmeareagreatmny(1ogimllyeqxivalwt!)correct
transcriptions. I.tyurmdoesmtlookjustlﬂceﬂ\e following, it
does not autamtically mesn your answer is wrong. In a few cases I have
indicated one altermative transcription.

ther Cid loves Eve or he loves himself.

q) ciddoesmtlmbothEv_emﬂAdm(uso: Tt is not the case that
both Cid Loves Eve and Cid loves Adam.)
cid is blond if and only he either loves Eve or he loves 9

j-2.a8) Ca b) Tca ¢) CcVTca d)'lbe->n>e- e) Toe > Ice
f) Lea & Iec g) Lea v Iec h) (lae v lea) & (lac & I1ec) i) lec => Cc
j) Tec & -lec

1-3. ¢) and Q) are not sentences of predicate logic. The rest are.

1-4. a) Adam does not love himself. :
b) Ifmloveshjxs'elfhb—ismttallerthanhjmelf.
c)NeittEriscjdblaﬂmdoesheloveEva. . )
d)misamtifmﬂaﬂyifeiﬁxerheisblaﬂcrhelovesnve.
e)smmeistallsrtbanc.id. :
f)Admlovesevezymeaxﬂcidlovesevetycxe. (Also: Adam loves

1-5. a) (x)Ixe b) (%) (Icx v 1ax) c) (Mlax v (x)Iex  4d) (Ex) (Txa & TXC)
e (B)Txa & (Bx)Dxc f) (x)(Cx > 1ex). g) () (Cx => Ixe) h) (Bx)(Cx & Lex)
i) () (Cx => -Lex) [Also: -(Bx) (Cx & Lex)]  J) (x) (Ixe => -Cx)

k) (x)(xe => -cx) () and (k) are both equivalent to ‘- (Ex) (Ixe & Cx)')
1) (%) (Ia & Ixs) m) (X)-(Laa & Ixc) [Also: - (Ex) (b & 1xc) ]



ANSWERS TO EXERCISES IN VOIME II, CHAPTER 2

2-1. The following are samples of correct answers. Other correct answers
can be dbtained by changing the truth value of the atomic sentences listed, :
and by adding more names with the attendant further atamic sentences formed !
with the further names. :
a) D= {a,b}; laa & ~lab & Iba & -Ibb :
b) D= {a,b); Ta & -Tb & ~Iaa & -lab & -Iba & Ibb

c) D= (a,b}; Laa & Iba & Ibb

d) D= {b}; -Fb

e) D = {a,b};

Ga & =Gb & Laa & -Lab & -Iba & Ikb & -Raa & Rab & -Rba & Rub
f) D= (a,c}; Fa

Roc & -¥Ma & -Mc & Raa & Rac & Rca & -Reo

Note that the answer for a) is also a correct answer for ¢), amd the answer
faor c) is a correct answer for a). The answer for b) is a correct answer
for a) and for b) - an interpretation can always have more information than '
the minimm required. But the answers for a) and for ¢) are not correct
answers for b) because they do not give truth values for ‘Ta’ axd ‘Tb’.

2-2. Given Sentence Substitution Instance.

a) (Ex)Bx Ba, false
Bb, true
b) (Ex)-Ixa -laa, false
-Iba, false
c) (x)Ixa . laa, true
Iba, true
d) (Ex)lbx Iba, true
Ibb, false

e) (x)(Bx v lax) Ba v laa, true

Ebvl.ab,_h.ue
f) (Ex) (Ixa & Ihx) laa & Iba, true
i Iba & kb, false

g) (x)(Bx -> Lbx) Ba -> Lba, true
. Bb -> Ibb, false

h) (Ex)[(Ibx & BEb) v BX] (Iba & Eb) v Ba, true

(Ikb & Bp) v Eb, true
1) (0)[Bx > (Lot => Ixa)) Ba ~> (Laa -> laa), false
Bb -> (Ibb =-> Iba), true

(Ba v laa) => (Lab v -Ba), true

3) () [(Bx v lax) > (b v -Bx)]
. (Bb v Lab) => (Ibb v -Eb), false

K) (Ex)[(Ilax & Ixa) <=> (Bx v Lxb)] (laa & Laa) <-> (Ba v Lab), false
(Lab & Iba) <=> (Bb v Ibhb), false
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2-3. a) true, b) false, c) true, d4) true, e) true, f£) true, g) false,
h) true, i) false, Jj) false, k) false

2-4. a) true, b) false, c) false, d) true, e) false, f) false, g) false,
h) true, i) true, j) false

2-5. al) true: At least ane US citizen is a millionaire.

az2) false: At least ane US citizen is not happy.

a3) false: There is at least one happy poor person, providing a
substitution instance which makes this false.

ad) true: There is at least one unhappy millionarie giving a true
substituion instance of this sentence.

a5) false: ane example of an unhappy milliocnarie provides one false
substituion instances, making this false.

a6) true: One happy millinoinare gives a true substituion instance.

a7) true: One happy millinojare makes the first conjunct true. One
unhappy millionaire makes the second camjunct true.

a8) true: One happy poor person makes the antecedent of this
conditional false (see a3).

bl) true. An odd integer, such as 3, gives a true substitution instance.

b2) false. An odd integer, such as 3, gives a false substituion
ll. St:alm-

b3) true: Every mmber is at least as large as itself. So any odd
integer, such as 3, give a true substituion instance.

b4) false: an integer less than 17, such as 6, gives a false

b5) true: Every integer is either odd or not odd. So all substituion
instances are true.

b6) true: An odd integer at least as large as 17, such as 21,
provides a true substitution instance.

b7) false: An odd integer not equal to 17, such as 3, provides a
false substitution instance.

b8) false: The secand conjunct is false. The integer 17 provides a
false substituion instance, being neither less than 17 nor at least as large
as 18.

b9) false. 3 is odd but not at least as large as 17. Thus 3 provides a
substitution instance of the first conjunct which makes the first conjunct
false.

2-6. a) Suppose we have an interpretation which makes the premise true. In
this interpretation all substituion instances (SIs) of (x)Ixe will be true.
There must be at least ane such SI in each of these interpretations because
every interpretation has at least one dbject in it. Thus any interpretation
which makes the premise true has at least ane true substitution instance of
(Ex)Lxe, the conclusion, making the conclusion true. So the argument is
valid.

b) Invalid. An interpretation in which ’lae’ is true and ’(x)Lxe’ has
at least one SI which is false will be an interpretation in which the premise
is true and the conclusion is false, that is, a CE (counter example). For
example, D = {a,e}; Laa & lae & Lea & -Lee is such an interpretation because
'ILee’ is an SI of (x)Lxe and is false in this interpretation.

c) Invalid. Let’s try to make a CE. This will have to be an interpre-
tation in which ‘(Ex)Ixe’ is true and ‘lae’ is false. We can make ’(Ex)ILxe’
true in our interpretation by making just one ST true, for example ‘Lee’. It
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does not matter what truth value we assign to ‘Iaa’ and Lea’ in our CE, so0 a
CE is D = (a,e}; laa & -Lae & Lea & Lee.

d)St;:posewehaveanintexpretatiminwhim‘(x)(m&me)'igmze.
This will be an interpretation in which all its SI’s are true, that is all
sentences such as ‘Ba & Lae’, ’Be & Lee’, and any others with the names of
the interpretation subsituted for ‘x’ in ‘Bx & ILxe’. mtsmceallth&se
SIs are conjunctions, all their comjuncts will be true in the interpretation.
That is ’Ba’, ’Be’ and all other instances of ’(x)Bx’ will be true. So_in
such an interpretation, /(x)Bx’/ will be true. Therefore, the argument is
valid.

e) Invalid. Here is a counterexample: D ={a}; -Ba & Iaa. ]

£f) Invalid. Aoamtezaranpleisprwidedbya@s?mmldxscmet}mg
is B and something else bears relation L to a, but nothing does both of
these. For example: D={a,b); Ba & -Bb & -laa & Lab & I.ba'& Ikb.

g) To think about this informally, let ‘Bx’ mean ‘x is blond’ and ‘Ixy’
mean ‘x loves y’. The premise says that all blonds love e and all non-blonds
love a. But if that is true, then it is true of everyone that if they are
blond they love e and if not blond they love a. More exactly, consider an
arbitrary interpretation in which the premise is true. Consider any cne of
the SIs of the conclusion in such an interpretation, formed say, with s.
Eadlca'ljmmctofthisSIisanSIofaxeoftheca'ljl.‘mctsiofthe.prause.
simethepreniseisassmedtmeinthejntemet;atlmmquestlm,all
these SI's will be true. So, the argument is valid.
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ANSWERS TO EXERCISES IN VOLUME II, CHAPTER 3

3-1. a) ‘z’/ at 1 and 2 is free.
b) 'z’ at 1 and ‘y’ at 2 are bourd.

c) ‘'z’ at 1 and 3 is bound. ‘x’ at 2 is free.
d) ‘x’ at 1, 3, and 6 and ‘y’at 4 are bound. ‘z’ at 2 and 5 is free.
e) ‘x’ at 1, 2, and 5 is bourd. ‘x’ at 3 and 4 is free.

(Note that we don’t say of names that they are either bound or free.)
f) ‘v’ at 1 and 4 is free. ‘x/ at 2, 3, and 5 is bound.

3-2. a) (Ex)Ixa
b) (X)Bx v Ba
c) Ba <> (x) (Lax v Bx)
d) (Ex)(Bx => Ba) & (x)(Ba => Bx)
e) (Ex)Bx v ((Ey)By ->Laa)
f) (Ex)[(R@ -> Da) -> Rax]
g) (v)(z){(say Vv (Hz -> Laz)] <-> (Sca & Hy)}
h) (z){(Paa -> Kz) & (Ey)[(Pay v Kc) & Paa])
1) (v) {[(Ex)Max v (Ex) (Mxy -> Mya)] & (Ex)Max}
3) (X)(Rta -> Rab) v [(Ex) (Rex v Fem) => Raa)

3-3. X is closed, so that u does not occur free in X. Thus, the result of
writing in a name for u in X is X itself. In other words, the substitution
instances of (u)X and (Bu)x are X itself. Thus if X is true in an inter-

pretation, all its substitution instances are true in the interpretation, so
that (u)X and (BEu)X are both true in the interpretation. And if X is false
in an interpretation, none of its substitution instances are true in the

interpretation, so that (u)X and (Eu)X are both false in the interpretation.

3-4. a) Suppose we have an interpretation in which all the named abjects
have property B, but same unnamed dbject does not have property B. Then all
substitution instances formed with names in the interpretation would came out
true. Yet it would not be true in this interpretation that all things are
Bs. Also, consider an interpretation in which no named things are B, but
same unnamed thing is a B. In such an interpretation, no substitution
instances formed with names in the interpretation would come out true, so
that our defintion of truth of an existentially quantified sentence, would
tell us that there does not exist a B in the interpretation. Yet, in such
an interpretation there is a B.

b) In real life, many things do not have names. We want our system of
logic to be applicable to such situations. Also, there are contexts in which
there are, in same sense, MRE things than there are names. There are more
mmbers than there are names, for example. We cannot name all mumbers at the
same time.

3-5. a) We have to prove that -(u)(...u...) is true in a given interpretation
if and only if (Eu)=(...u...) is true in the interpretation. So, suppose that
an interpretation is given. =-(u)(...u...) is true in the interpretation just-
in case the negation of the conjunction of the instances

“[(eee@ees) & (ceeberl) & (voeCurd) & ..0]
is true in the interpretation, where we have;;j;cluded in the conjunction all
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the instances which can be formed using all the names which name things in
the interpretation. By De Morgan’s law, this is equivalent to the
disjunction of the negation of the instances,

=(vee@de..) V =(..bell) V=(...Col) VoL

which is true in the interpretation just in case (Bu)=-(...u...) is true in
the interpretation.

b) To prove informally that the rule -(Eu) holds for infinite domains, we
first assume that -(Eu)(...u...) is true in an interpretation (tostmthat
(W-(...u...) mst be true in this interpretation). Now, —(Eu)(...u...)
means that there is nothing in the (infinite) domain of this interpretation
such that (...u...) is true of it. B.xttosayﬂuattheneismthmgstm
that (...u...) mmnofltm]usttosayﬂatevezyﬂmgmﬂ)edmamls
such that (...u...) is falge for it; and this is just to say that
(W=~(...u...) is true in this interpretation.

Similarly for the rule -(u): Assume that -(u)(...u...) is true in an
interpretation with an infinite dcmain. This means that not everything in

the damain is (...u...). But, to say that not everything is such-and-such is
Justtosaythatsmeﬂungismtsx:h-am—m This is just to say that
(Eu)~(...u...) is true in this interpretation.

3-6. a) ’Ibseem.rtoa;proachtlﬁspnblan, consider the open sentences
(4) —(Y)Ixy

(5) (Ey)-Ixy

Wewantamtlmofloglcalequlvalememwudi(nand(5)w111besa.1dto
be logically equivalent and which will guarantee that substituting one for
the other in a closed sentence will not change the truth value of the closed
sentence in any interpretation. But how can (4) and (5) affect the truth
value of a closed sentence of which they are a part? They don’t affect
truth values directly. Rather it is sentences which result by subsituting
names for the free variables in (4) and (5) which affect truth values of
containing sentences. Su;posewhavealcn;ersentencemdxhas(n,for
example, as a subsentence. The truth value of the langer sentence in an
interpretation is determined, step by step, byt.hetn;lthvalueofthelcn;er
sentence’s substitution instances, and/or camponents and /or substitution
instances of camponents. Atsanepomtmtheprocessofdetemmmgthe
truth value of longer sentences by looking at substitution instances one will
cbtain sentences such as

(6) —(y)Lay
and it is (6), and the other sentences formed by writing a name for the free

’x’ in (4) which do the truth determining work.
Now let us do the same with (5). We get

(7) (Ey)-lay

If (6) and (7) are logically equivalent (as they are by the rule -(u) ), in
any interpretation they will have the same truth value. So their effect on
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the truth value of longer sentences will be the same. And clearly this will
likewise be true for any pair of sentences which we form fram (4) and (5) by
writing in the SAME name for the SAME free variable.

In short, (4) and (5) act just like logically equivalent sentence when
it comes to substitution into langer sentences if the following condition
holds: (4) and (5) turn into gemuine, closed, logically equivalent sentences
when we replace the free variables with names, always the same name for the
same variable.

Of course, if we get logically equivalent sentences fram a pair like (4)
and (5) when we put in one name, any name will work - which name we use won’t
matter. But we don’t at this point have any nice way of proving that. So to
get our extended defintion of logical equivalence it locks like we will have
to talk about an infinitely large set of closed sentences cbtained by putting
in all possible names for the free variables. And this is a very messy sort
of condition.

However, we can get the same effect in a very nice way. Take (4) and
(5) and form their biconditional. Then form what logicians call the
bicorditional’s Universal Closure, that is the sentence which results from
the biconditianal by prefixing it with universal quantifiers, one for each
free variable in the biconditional. If this biconditional is a logical
truth, that is true in all interpretations, then in any interpretation the
substitatuion instances of both camponents will have the same truth value,
which is just the condition we want. Of course, two closed sentences are
logically equivalent just in case their biconditional is a logcial truth, and
a biconditional formed fram two closed sentences is its own universal
closure, because such a sentence has no free variables to be bound by a
prefixed universal quantifier. (See problem 12.3.) So we can give one
definition which covers our old defintion of logical equivalence and which
also covers the new cases we want to include:

Two open or closed sentences are Logically Equivalent if and only if
the universal closure of their biconditional is a logical truth.

b) Now let us double check that this definition will make the law of
substitution of logical equivalents work in the way we want. All we really
need to do is to say in general what we said for the special case of (4) and
(5). Suppose that X and Y are two open sentences such that the universal
closure of X <=> Y is a logical truth. Suppose that we start with a sentence
Z and form a new sentence Z’ by subsitituting Y for X in Z. We need to show
that Z and 2’ are logically equivalent according to our old, more restricted
definition of logical equivalence. But the truth of Z in an interpretation
is campletely determined by the truth value of the substituiton instances of
Z and of the subsentences of Z. However, if the universal closure of X <-> Y
is a logical truth, whenever a substitution instance arises which is
identical to X with names substituted for X’s free variables, the sentence
which results by substituting the same names for the same variables in Y will
have the same truth value. Thus if Y occurs in an otherwise identical
sentence instead of X, the same truth values will result at all stages of
evaluating truth values of campanents and substitution instances. In
particular, Z and Z’ will have the same truth value, and since this holds for
all interpretations, 2 and Z’ will be logically equivalent.
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ANSWERS TO EXERCISES IN VOIIME II, CHAPIER 4

4-1.

h) (Ex)cBx, (Ex)(Cx & Bx)
Ifﬂﬁ'é(.‘i(’un Rewrite rule D e, (x)(ex => -x)
%E‘i}fé?‘ {i( f::;;j::;%l e 3) (Ex)p(Ey)plxy, (Ex)[Px & (Ey)(Py & Lxy)
(Bu)S=(...u...) Rewrite Rule K) ()p(y)plxy, (%) [Px => (¥) (Fy => Lxy))
:fgﬁfé& 'I-.“'(Ilfu...)] Rerite mile 1) (Ex)p(y)plxy, (Ex)[Px & (y) (Py => Lxy)]
s s, @ m) (EX)p()plyx, (Ex)[Px & (y) (Py —> Iyx))
(0)S=(...u...) Rewrite rule n) (X)p(Ey)plxy), (x)([Px => (Ey)(Py & Ixy)]
4-2. o) (X)p(Ey)plyx, (x)[Px => (Ey)(Py & Lyx)]
(Eua)S(...u...) 4-4.
T CEs b >
SED G, e e S EUPe Do) - tan or ettty (oo ¢ ) > 1o
=(u)-{sa & (...u...)] C, IN e) (x)-Fx o o equivalently, () (Px => -Lex)
—(Eu){Su & (...u...)] =(u) f) (Ex)(Px & Bx) > Ba
(Eu){Su & (...u...)] DN g) —(x) (X => Fx)

h) (Ex)(Cx & -Fx)

In the following answers to transcriptions, keep in mind that logically
equivalent trmascriptions are always equally good transcriptions. If your

f) (Ex)p(Bx & Ixe),

9) (Ex)p(y) clxy,

(%) (Px -> —CX)
(xx) (Cx => —Dx)

answer differs from the answer given here, your answer is still right if it ];8 98()(?1;:-16&)
is logically equivalent to the answer given here. The following logical m (%) (Dx > -Ax), or (Ex)(Dx & ~AX)

equivalences are the ones which most often convert one natural transcription
into another: .

=(x) (Ax > Dx),
(x) (Qx -> x)

(Ex) (Px & Bx & Lxe)

(Ex) [Px & (y) (Cy —> Ixy)]

o (Y ; ; ; - p) ~(x) (Fx => Cx), or, equivalently, (Ex)(Fx & —Cx)
X->(Y->2) is logically equivalent to (X&Y)->2 a) () (Dx -> %) )

r) (x)(Bx -> -Lxa)

s) (%) (Lxa -> Bx)

t) (Bx) (Dx & —Cx)

u) (x)[Fx => (y) (Py => -Ixy)], possibly (x)[Fx —> -(y) (Fy —> Lxy)]
v) (x)[(Ey) (Dy & Ixy) => (Ey)(Cy & Ixy)]

w) () [(Px & Sxa) —> Bx)]

xX) (%) (Sxa —> -Sxe)

Y) (X)[Px & Sxa) —> -Sxe], also (Ex)[(Px & Sxa) & -Sxe]
2) (X)[(X & Ixa) —> Ixe]

aa) -(x)[Px & Lxa) -> Ixe)

bb) (x)[(Px & Txe) -> Txa)

oc) (x) (Ixe —> Lxa)

4-5. a) (x)p(Ey)plxy, and (Ey)p(x)plxy
b) (Ex)p(y)plxy, and (y)p(Ex)plxy

X->Y is logically equivalent to -Y->-X
-(Eu) (X & ¥) is logically equivalent to (u) (X => -Y)
-(u) (X -> Y) is logically equivalent to (Eu)( X & ~Y)
4-3. a) (x)plxe,
b) (Ex)plex,
c) (x)plex, (x)(Px —> Lex)
d) (Ex)c(Ey)plxy, (Ex)[Cx & (Ey)(Dy & Lxy]
e) (Ex)p(-Cx & -Ix),

(%) (Px => Lxe)

(Ex) (Px & Lex)

(Ex) (Px & =Cx & -Dx)
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c) (%) (Cx <=> lax), and (Ex)(Cx <-> Lax)
d) (x)cFx, and ~-(x)cFx
e) (¥)p-Ixa, and -(x)plxa

4-6.

a) (X)[(Px & Fx) = Dx], anmd (x)(Ax -> Dx)

b) (x)[(Ey) (Rxy & Wy & Ay) -> Bx], and (x)[Wx &(Ey) (Kxy & Ay) —> Bx]
c) (x) (Rax —> Sx), and (x) (Sx —> Lax)

d) (x)[Dx —> (Cex & Wex)], and Cee & (%) (Dx -> Wex)

4-7.

a) Someone is the son of sameone.

b) Nobody is an animal.

c) Not everything that purrs is a furry cat.

d) Samething that purrs is not a furry cat.

e) No ane loves both Adam and Eve.

f) Everyone does not love both Adam and Eve.

g) All dogs and cats love each other.

h) All dogs and cats love each other. (g and h are logically equivalent.)
i) Sameone loves same son of samecne. (Or, Sameone loves someone’s son.)
j) Someone loves sameone who has a son.

k) Any blord fuzzy tail is the tail of a cat.

1) All sons love a cat if and only if they love a dog.

4-8.

a) (¥)[(Fx & Ox) —> Qx]

b) (x)[(Fx & &) —> Ox]

c) -(Bx)(Fx & Ox & Qx) ((c) and (d) are logically equivalent.

d) (X)[(Fx & Cx) = =Ox] Either answer given is correct for either

problem. )

e) (X)[x => (Fx & Cx)]. The sentence may be ambiguous, with the following
altemative transcription: (x)[x => (Qx => FX)]

f) (Ex) (Fx & CX & Q%)

g) (Ex) (Fx & Ox & Q%)

h) (Ex) (Cx & Ixa) & (Ex) (Dx & Lxa)

i) (x)[(x & -Fx) —=> Ox]

J) =) [(Fx & &) => Ox]

k) (x)[(x & Fx) —> Ox]

1) (Ex) (Fx & Cx & Qx) The sentence is ambiguous. An alternative
transcription is (x)[(Fx & x) => Qx].

m (x)fox => (Fx & O]

n) -Da & -Ca

o) (Ex) (Ey) (Px & Sxy)

p) (Ex) (Ey) (Sxy & Bx)

9 (Ex) (Bx & Cx & Lax) & (Ex)(Bx&Q(&I.ex)

r) The sentence is ambiguous. One reading is the same as (q) The
other is (Ex) (Bx & Ox & Lax & Lex)

s) =(x) (Px => lex)

t) (Ex) (Ox & Fx) & (EX) (Cx & ~Fx)

u) (x){x > (-lxa & -Lxe)]

v) (Ex) (Fx & Ixe)
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w) (%) [(By) (Py & Ixy) —=> Px]
x) (Ex) (Px & (Ey)Syx)
y) (x) (Sxa —> Sxe)
Z) (Ex)Sax & (x) (Px = Ixa)
aa) (x)-(Ax & Fx) & (Ex) (Ax & (Ey)Tyx)
bb) (x)[(Ax & Fx) => (Ey)Tyx]
cc) (x) (Px => -(Ey)Syx)
ad) -(x) (Px -> (Ey)Syx)
ee) (Ex)(Bx & Lxe) & (EX) (Bx & -Lxe)
ff) (%) [(Fx & Cx) => Lax]
) (%) [(Bx & Ixx) => Ixe]
hh) (Ex) (Isx & Lex)
ii) ) {[(Px & (y) (Lxy ~> =Cy)] => (y) (Ixy — > -Dy)}, or equivalently,
. OO{[(Px & (¥) (Cy = -Lxy)] => (y) (Oy => -Ixy) )
33) (x).{x => [(Ey) (Py & Ixy) -> Ixe]} This is ambigquous, and also
transcribes as, (x){Cx => [(Y) (Py => Ixy) => Ixe]}
kk) (x) (Px -> (Ey)Syx) -> Lea This is ambiguous and also transcribes as,
(Ex) (Px & (Ey)Syx) -> Lea.
1) (x) [Px => [(By)Syx => Lxe)]
mn) The same as (11)
mn) (Ex) (Px & (Ey)Syx) -> Lae (I don’t think this is ambiguous.)
oo) (x)[(Px & (Ey)Syx) —> Ixa] (I don’t think this is ambiguous.)
rp) (Ex) (Px & (Ey)Syx & Ixa), This is ambiguous and also transcribes as,
(x) [(Px & (Ey)Syx) —> Lxa]
) (x)[(x & (Ey)Syx) -> (Ixe <> -Fx)]
1r) (x)([Px &(Ey) (Cy & Ixy)] => (Ey) (Ay & Lxy))
ss) (x)([Px & (Ey) (Py & Ixy)] => (y) (Ay => -Ixy)}
tt) (Ex) (Sxa & -Fx)
w) (Ex)[Sxa & (Ey) (Fy & Syx)] => (Ex) (Fx & Sxa)
wW) (X)(Sxa -=> Sxe). This is ambiguous and also transcribes as
(Ex) (Sxa & Sxe)
wW) (X)[Px > (Lxe ->Bx)] => (X) (Px -> -Ixe)
xx) (x){Px —> (y)(Py => -Ixy)], This is ambiguous and also transcribes as
(x)[Px => =(y) (Py => Lxy)]
YY) (x)[Px => —(Ey) (Py & Lxy)]
2z) (x)[Px => (y) (Py => -Ixy)]
aaa) I get three ambiguous readings
(x) [Px => =(y) (Fy => Ixy)]
(x) [Px => (y) (Py => -Ixy)]
=(x) [Px => (y) (Py => Lxy)]
bbb) (%) [Px => =(y) (Py => -Ixy)], which is logically equivalent to
(x)[Px => (Ey)(Px & Lxy)]. That is, "Nobody loves nobody." ocames to
"Everyone loves sambody."
ox) (%) [Ax => (-Fx <=> Ixa)]
add) (%) {Px > (y)[(E2)Lyz -> Lxy]}. An alternate ambiguous reading is
(x) {Px ~> (Ey)[(Ez)Lyz & Lxy]}
eee) (x)([(Ey)(Cy & Oxy) & (Ey)(Dy & Oxy)] —> (Bx & Lxa))
£ff) (x)([Px & (y) (Sya =>~Ixy)] => ~(2)(Sze -> -Ixz))
999) (%) [(Ey) (Oxy & Cy & ~Lya) => (Ey) (Oxy & Dy & (Ez)Tzy)]
hhh) (x) [Sxa -> -(Ey) (Oxy & Ay & Fy & ~(Ez)Tzy)]
iii) (x)([Px & (y) (Ixy => =(E2)Tzy)] => (z) [(W) (Aw & Iwz) —> -Oxz])
333) () (EY)[Sxy & (2)[(Az & -(Bw)Twz) -> -Oyz]] => (-Lxa & -Ixe))
kkk) (x)([Px & (y) (Ley -> Ixy)] => (Ez)[Pz & (W) (Iwe —> Lwz) & Ixz])
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(x) (Px => -Ixs)

(x) (v) [(Dx & Py) -> Hxy]

=(x) (Rx => Hx) & =(x) (Dx > Hx)

(Ex) (Ey) (Sx & Sy & Bxy)

(%) [(Sx & Rxt)-> -Fxc]

(%) [(Px &x) -> (Ey) (Cy & Exy)]

(Ex) (Px & -(Ey) (Cy & Exy) & (y)[Px & (Ey) (Bx & Exy] -> Sxy)
(x) Mx => (Ipx <> -8x)]

(Ex) [Ix & O & (y) (Hy —> Ray)]

=(x)([(Ey) (Hy & Ry & Oxy) & (z) (w) (Hw & BWw & Ozw)] —> Txz)
(Ex) (¢ & (Ey) (Px & Oyx) & (2)[(Dz & Ozx) —> Myz]}

=(Ex) [(Px & (y) (Sx > Txy)]

(X)[(Px & Tx) => -Tjx]

(%) (Y) (Px & Py & Axs & Aym) -> - Ixy]

(x)[(Px & -Wx) => (y) (Sy => Cxy)]

T8l v (Ex) (Px & Tsx & Tx1)

(Ex) (By) (Ix & Sys & Txy) & (Ex) (Ey) (-Ix & Sys & Txy)
(x) (¥) [Px & Py & Idd & Iyd) -> Ixyc], or
(x) {Px -> ([MX &

(Ey) (Cy & Fxy)] <> (Ey) (Ty & Gy & Wxy) )
Syb)

X) (Y)[(Px & Py & Ex & Dx & Mx & -5y & =1y) -> Fxy]
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ANSWERS TO EXERCISES IN VOIUME II, CHAPTER 5

5-1. a) 5-1. f)
1 | (x) (Px & Dx) P 1 | (x)(-Bx v Lcx) P
T I
2 |¥k & Dk 1,UE . 2 | (x) Bx A
3 2,588 I
3 Bd 2,UE
5-1. b) 4 (x)(-Bx v Lex)  1,R
5 - v LA 4,UE
1 | (x) (Px & Dx) P 6 13 R 3,5,VE
T 7 | (x)Bx > ILcod 2-6,>I
2 |id&Dd 1,UE .
3 |[RR&R 1,UE S5-1. q)
4 (M@ 2,&E
5 |DR 3,&E 1 | (x) (Ixx > Lxh) P
6 |pd &Kk 4,5,&1 2 |-Lmh P
T
5-1. ¢) 3 | (x) Laox A
T
1 | (x) (Dx > Kx) P 4 LI 3,UE
2 | (x)Dx P 5 (x) (Lo¢ > Lxh) R
T 6 Imm > Imh 5,UE
3 IDA>RK 1,UE 7 -Imh 2,R
4 |D8 2,UE 8 ~Lmm 6,7,DC
5 |k 3,4,5E 9 |=(x)Ixx 3-8,-I
5-1. d) S-1. h)
1 | (x) Mx > A) P
1 1 (x) (Rt v Rxk) P
2 | |eaMx A 2 |(y)-Ryk P
T T
3 Ma 2,UE 3 |R38 v RX 1,UE
4 (%) Mx > A) 1,R 4 |-RX 2,UE
5 Mi>A 4,UE 5 |RX® 3,4,VE
6 a 3,5,>E 6 I|Rft v REk 1,UE
7 | ()M > A 2-6,>1 7 |-rfk 2,UE
8 |rRPE 6,7,VE
5-1. e 9 |rAe & RIt 5,8,&I
1 (x) (Fx v Hx) P
2 | (x) (Fx > Dx) P
3 | (x) (% > Dx) P
I 5-2. a)
4 |FBv g 1,UE
S |Ff > 2,UE 1 |Na P
6 |HP > DB 3,VE I
7 |DB 4,5,6,AC 2 |NavGa 1,vI
8 IBvH 1,UE 3 | (®) (v 6x) 2,EI
9 |FB>1B 2,UE .
10 |HB > 16 3,UE
11 B 8,9,10,AC
12 |Dp & B 7,11,&
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5-2. b)

1 | (%) (Kx & Px) P

b §
2 |KA & PA 1,UE
3 |Ka 2,&E
4 |Pa 2,&E
5 |(Bx)Rx 3,EI
6 |(Ex)Px 4,ET
7 |(B)kx & (EX)Px 5,6,&1
5=2. c)
1 | (x) (Hx > -Dx) p
2 |py P

b i
3 |Hg > -Dg 1,UE
4 |-Hg 2,3,DC
5 | (Bx)Hx 4,EI
5-2. d)
1 ()Ax & (X)Tx P

b §
2 | (x)Ax 1,&E
3 | (0™ 1,&E
4 |A& 2,UE
5 |ma 3,UE
6 |AaA &TS 4,5,&1
7 | (Ex) (Ax & Tx) 6,EI
5-2. e)
1 |[FavNh P

b
2 |Fa A

b
3 (Ex) Fx 2,E1
4 (EX)Fx v (BEX)Nx 3,vI
5 |Nh A
T

6 (Bx) Nx 5,EI
7 (EX)Fx v (EX)Nx 6,vI
8 |(EX)Fx v (BX)Nx

1,2-4,5-7,AC
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5-2. f)
1 [ (x)(Sx v Ix) P
b
2 |savJa 1,UE
3 |sa A
I
4 (Ex)Sx 3,EI
5 (B)sx'v (Ex)Jx 4,vI
6 |Ja A
b4
7 (Ex)Jx 6,E1
8 (EX)sx v (Bx)dx  7,vI
9 |(Ex)sx v (Ex)Jx 2,3-5,6-8,AC
5-2. g)
1 |[(X)R@a > (X)Rax P
2 |Rea P
b
3 | (Ex)Rxa 2,ET
4 |(x)Rax 1,3,>E
5 R‘:% 4,UE
6 |(Ex)Rax 5,E1
5-2. h)
1 |Lae v Lea P
2 [(Ex)lax > A P
3 |(X)Ixa >A P
I
4 |Lae A
1
5 (Ex)lax 4,EI
6 (Ex)lax > A 2,R
7 A 5,6,>E
8 |1ea A
f
9 (Ex)Ixa 8,E1
10 (EX)Ixa > A 3,R
1 | |a 9,10,>E
12 |A 1,4-7,8-11,AC
5-2. i)
1 |{(EX)Jx > Q P
2 (x)Ix P
b
3 |J& 2,UE
4 | (Ex)Jx 3,EI
5 |Q 1,4,>E

5-2. j)
5-2. k)
1 | (x) (Max v Mex) P
2 |[-(Ex)Max v By P 1 | (%) (Ko<->Px) P
3 |-(Ex)Mex v By P 2 |[(X)(Kjx & (Px > Sx)) P
T T
4 |Mab v Meb 1,UE 3 |Kjj<—>Pj 1,UE
5 | Mab A 4 |Kjj & (Pj > sj) 2,UE
T 5 (K33 4,8E
6 (Ex)Max 5,E1 6 [Pj>sSj 4,8E
7 -(Ex)Max v By 2,R 7 |Pj 3,5,<E
8 By 6,7,VE 8 5 6,7,>E
9 |(Ex)sx 8,EI
9 |Meb A
b § 5-2. 1)
10 (Ex) Mex 9,EI
11 ~-(EX)Mex VvV By 3,R 1 | (%) (-0xx v Ix) P
12 By 10,11,vE 2 | (x) (Ix > Rxm) P
13 |By 4,5-8,9-12,AC I
14 | (Ex)Bx 13,EI 3 | (x)omx A
b {
4 (o=%1 3,UE
5 (x) (-0xx v Ix) R
6 -84 v 18 5,UE
7 Ia 4,6,VE
8 () (Ix > Rxm)  2,R
9 I8 > Fam 8,UE
10 Ram 7,9,>E
11 (Ex) Rxm 10,EI
12 | (x)0xx > (EX)Rm  3-11,>I

5-3. ' a) There is samecne who likes both pickles and chicken (premise). Let’s
call this person Doe. So Doe likes pickles and Doe likes chicken. Since Doe
likes pickles, somecne likes pickles. Since Doe likes chicken, scmeone likes
chicken. Therefare (canclusicn) there is sameone who likes pickles and there
is sameone who likes chicken.

(Note: The conclusion of this argument is NOT just a restatement of the
premise. The canclusion could be true and the premise false!)

b) Either i) everyone likes pickles or ii) everyone likes chicken
(premise). We argue by cases. Case i) Suppose everyone likes pickles.
For example, Arb likes pickles. But then Arb likes either pickles or
chicken. Since Arb could have been anyone, everyone likes either pickles
or chicken. Case ii) Suppose everyone likes chicken. For example, Arb
likes chicken. But then Arb likes either pickles or chicken. Since Arb
could have been anyone, everyone likes either pickles or chicken. We see
that we reach the same canclusion in case i) and case ii), but we are given
in the premise that either case i) or case ii) holds. So, by argument by
cases, (canclusion) everyone likes either pickles or chicken.

(Aain, the canclusion is not just a restatement of the premise. The
canclusion can be true and the premise false.)
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5-4.

1 [(x)(Bx > Cx) P

2 [B8 > 1

3 |Be A

1

4 Be > Ce 2

5 Ce 3

6 {x)Cx MISTAKE!
arbitrary in line 5,
S0 we can’t apply UI.

5-5. a)

1 | (x)(Fx & Gx)
b 4

[

-

2 |[FA&GA
3 |F8
4 {xX)Fx
5-5. b)
1 (x) (Mx > Nx)
2 {X)Mx

T
3 |M& > NS
4 |ma
5 |N&
6 {X)Nx
5-5. ¢)
1 |a

T
2 |[AvNa 1
3 | ()4 v 2
5-5. d)

i(X)'Hx & (X)Qx P
2 | (x)Hx 1
3 | (X 1
4 (HA 2
5 |8 3
6 |HR & Qa 4
7 ] (x) (¢ & Qx) 6

-

- -

GVEHSEE

-

5-5. e)
1 | (%) (Fm & Kmx) P
I
2 |Kém & Kmd 1,UE
3 |K&m 2,&E
4 |Rmf 2,58
5 |{(x)RKdam 3,UT
6 | (x)Rmx 4,U1
7 [ ()Km & (x)Kmx 5,6,&1
5-5. f)
1 | (x) (Fx v Gx) P
2 [(x) (Fx > Gx) P
T
3 |[FAva& 1,UE
4 |[FA>G 2,UE
5 |-Ga A
| £
6 Fav Ga 3,R
7 Fa 5,6,VE
8 Fa > Ga 4,R
9 Ga 7,8,>E
10 5-9,RD
11 |(x)ex 10,UI
Notice in 5-5. f) how there are

no hats on ‘a’ in the sub-derivation
with assumption ‘-Ga’, but ‘a’ gets
a hat in ‘Ga’ when the assumption is
discharged. Because you can’t put a
hat on a name used in an assumption,
AC won’t work in this problem.

5-5. g)
1 [(-PxvCe P
I

2 | |eg-Px A

I
3 ~FA 2,VE
4 -Favc 3,vI
5 (x) (-Px v C) 4,UI
6 e A

b
7 -Hvc 6,vI
8 (x) (-Px v C) 7,U1
9 |(X)(-Px v C) 1,2-5,6-8,AC

5-5. h)

1 |(x) (R > Rax)
1

N

| (x)Rxb

T

B

D > Ra8

Ral®
{x)Rax

NN W

5-5. i)

(x) (Rdd > Rax)

(X)Rxb > (x)Rax

1 | ({x)(Gxh > Gxm)
I

HE

2 |Gah > Gam
3 |-G8m > -GAh
4 (x) (~Gxm > =Gxh)
5-5. J)
1 )(x) (Mx > Nx) P
2 (%) (Nx > Ox) P
I

3 |MA > N8 1,
4 |N8> 08 2,
5 [Ma A

I
6 Ma > Na 3,R
7 Na 5,6
8 Na > Oa 4,R
9 ca 7,8
10 > 08 5-9
11 | (x) (Mx > Ox) 10,

In lines 3 amd 4, ‘a’ occurs
arbitrarily. In line 5, ‘a’ ocaxrs
in an assumption, so ‘a’ does not
ocarr arbitrarily while that

line 10, ‘a’ occurs arbitrarily

again.

g

-

-

M o4

-

S‘DQ\I - O e W N [ I N W N

(XY™

[ RN WU

5-5. k)

5-5. 1)

5-5. n)

[T > (x)Mix P
T
|T A
T
T > (x)Mdx 1,R
() Mcbx 2,3,>E
Ma 4,UE
T > MIS 2-5,>I
(x) (T > Mcx) 6,UI
| () (HEE > Isox) P
T
|HEE A
T
(x) (HEE > Ixx) 1,R
Hff > Laa 3,UE
Laa 2,4,>E
() Lax 5,UI
HEff > (x)Ixx 2-6,>I
. m)
i(x)m v_(%)Qx P
| () Px A
T
P 2,UE
v @ 3,vI
(x) (Px v Qx) 4,01
[ oox A
T
@ 6,UE
rAv@ 7,vI
(x) (Px v Qx) 8,UI
(x) (Px v Qx) 1,2-5,6-9,AC
(x) Hx P
I(le:x)nx>(x) (HoJx) P
HR 1,UE
(Ex) Hx 3,EI
(%) (Hx > Jx) 2,4,5E
HA > J4 5,UE
Ja 3,6,5E
(x)JIx 7,UI



5-5. o) 5-5. r) i 5-5. u) 5-5. V)

1 i(x) (Sx<=>0x) P 1 i-(x)Px P 1 |-(EX)Qx VH P 1 |-(B)Dx P
T
2 | (x)sx A 2 |- (Ex)-Px A 2 |Qa A 2 |Da A
I 1 b I
3 (%) (Sx<—>0x) 1,R 3 |-Pa A 3 (Ex)Qx 2,EI 3 (Ex) D 2,EI
4 sa 2,UE b 4 -(BX)Qx v H 1,R 4 - (Ex)Dx 1,R
5 Sa<->04 3,UE 4 (Ex) -Px 3,E1 5 H 3,4,VE 5 |- 2-4,-I
6 o4 4,5,0F 5 -(Ex)~Px 2,R 6 >H 2-5,>1 6 |-K& > -DAd 5W
7 (x)Ox 6,UL 6 3-5,RD 7 |<8VvH 6,C 7 |pA> KA 6,CP
7 (x) Px 6,UI 8 |(x) (=x v H) 7,0 8 | (x) (Dx > Rx) 7,U1
8 | (xyox A 8 -(x)Px 1,R
b 9 |(Ex)-Px 2-8,RD
9 (%) (Sx<->Qx) 1,R Note that lines 2-7 imitate 5-6.
10 | (& 8,UE 5-5. j), using -Px instead of Px.
11 | |Sé<—>08 9,UE 1 | (y) (Bx)Ixy P
12 sa 10,11, <E T
13 (x)Sx 12,U1 5-5. 5) 2 |(Ex)Ixb 1,UE
14 | (X%)Sx<=>(x)Ox 2-7,8-13,<1 3 [aj1ab A
1 |(x)Px>A P T
1 4 (y)Lay MISTAKE! b occurs in the assumption of
5-5. D) 2 |=(Ex) (Px > A) A the sub-derivation. Since line 3 governs
I line 4, we can’t apply UI to line 3.
1 | (Ex)Px > A P 3 |Pa >a a
I I 5 (Ex) (y) Lxy 4,EI
2 |Pa A 4 (Ex) (Px > A) 3,EI 6 | (BEx) (y)Ixy 2,3-5,EE
b § 5 -(Ex)(Px > A) 2,R
3 (Ex) Px 2,EI 6 -(Pd > A) 3-5,-1
4 (Ex)Px > A 1,R 7 P4 & -A 6,C
5 A 3,4,>E 8 Pa 7,88 5-7. a) 5-7. b)
6 >A 2-5,>1 9 = 7,8E
7 | (x)(Px > A) 6,UL 10 %) Px 8,U1 1 | (Ex)Ix P 1 |(Ex)(A > Px) P
11 | () Px 1,9,0C 2 |0 (Ix > Jx) P I
12 | (1) (Px > A) 2-11,RD T 2 |dla>rm A
5-5. q) 3 |d|1d A b
’ 1 3 (A A
1 |—(Ex)Px P 5-5. t) 4 (%) (Ix > Jx) 2,R T
I 5 d > Jd 4,UE 4 A>H 2,R
2 {Pa A 1 |-(x) (Ix > —Kx) P 6 Jd 3,5,5E 5 ) 2% | 3,4,5E
1 I 7 (Ex)Ix 6,EI 6 (Ex)Px 5,E1
3 (Ex) Px 2,EI 2 1=(Bx) (Ix & Kx) A 8 |(Ex)Jx 1,3-7,EE 7 A> (Ex)Px 3-6,>1
4 -(Ex)Px 1,R I 8 |A> (EX)Px 1,2-7,EE
5 |- 2~4,-1 3 |Ja & Ka A
6 |(x)-Px 5,UL I This problem can be worked just
4 (Ex) (Ox & Kx) 3,EI as well by assuming ‘A’ first and
5 -(Ex) (Jx & Kx) R then ‘A > R4,
6 -(J8 & K4) 3-5,-1
7 -J4 v -K& 6,IM
8 J8 > K& 7,C
9 (x) (Ix > -Kx) 8,Ul
10 -(x) (Ix > -Kx) 1,R
11 | (Ex) (Ix & Kx) 2-10,RD
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5-7. ¢) 5-7. f£) ’ 5-7. i) 5-7. 1)

1 | (Ex)Rmx P 1 | (Ex)Px v (Ex)Qx P 1 | (Bx) (Ixa<->Lex) P 1 | (Ex) (-Mxt v Mtx) P
2 (x) (-Hmx v Gxn) P I 2 |(NIxa P 2 () (Mx > Asx) P
T 2 | (Bx)Px A I T
3 |d|#nd A ; { 3 |b|Lba<->Leb A 3 |d|-Mdt v Med A
I 3 d|rd A I T
4 () (¢ v Gm) 2,R I 4 (x)ILxa 2,R 4 (X) (Mtx > Axx) 2,R
5 -Hnd v Gdn 4,UE 4 Mvd 3,vi 5 1ba 4,UE 5 Mtd > Add 4,UE
6 Gdn 3,5,VE 5 (Ex)(Px v Qx) 4,EI 6 Leb 3,5,<E 6 |Mat A
7 (Ex)Gxn 6,EI 6 (Ex) (Px vV Qx) 2,3-5,EE 7 (Ex) Lex 6,EI I
8 |(Ex)emn 1,3-7,EE 8 |(Ex)Lex 1,3-7,EE 7 -Mit v Mtd 3R
7 | [(Ex)Qx A 8 Mtd 6,7,VE
I 5-7. J) 9 Mtd > Add 5,R
5-7. d) 8 e|ge A 10 add 8,9,>E
T 1 | (x) (Gex > ~Gxs) P 11 | |Mdt > add 6-10,>I
1 |} (Ex) (Cfx & Cxf) P 9 Pe v Qe 8,vI I 12 Mt v add 11,
I 10 (Ex) (Px v Qx) 9,EI 2 | (Ex) Gxs A 13 (Ex) (-Mxt v Axx) 12,EI
2 Ja|cfa & caf A 11 (Ex) (Px v Qx) 7,8-10,EE I 14 | (Ex) (-Mxt v Axx) 1,3-13,EE
T 12 | (Ex)(Px v Qx) 3 d{Gas
3 Cfa 2,&E 1,2-6,7-11,AC 1 5-7. m)
4 (Ex)Cfx 3,EI 4 (X) (Gsx > -Gxs) 1,R
5 |(Ex)Cfx 1,2-4,EE 5-7. qg) 5 Gsd > -Gds 4,UE 1 |(Ex)Bwy v (EX)Nxf P
6 |blch & of A 6 -Gsd 3,5,DC 2 | (%) (g > x) P
b & 1 | (Ex)(Px > A) P 7 (Ex) —Gesx 6,EI 3 () (Nxf > CX) P
7 Cof 6,5E T 8 (Ex) -Gsx 2,3-7,EE b
8 (Ex)Cxt 7,ET 2 |ajpa>a A 9 |(Ex)Gxs > (Ex)-Gsx 2-8,>I 4 | (Ex) oy A
9 | (Ex)Cxt 1,6-8,EE f T
10 | (Bx)Cfx & (Ex)cxf  5,9,& 3 | (x)Px A 5 d|Hdg A
I 5-7. k) I
4 Pa 3,UE 6 (x) (g > Cx) 2,R
5 Pa>A 2,R 1 |(Ex)(Px v Qx) P 7 Hyg > 6,UE
5-7. e) 6 A 4,5,>E 2 (%) (Px > Kx) P 8 od 5,7,>E
7 (X)Px > A 3-6,>I 3 [(%) (Qx > Kx) P 9 (Ex)Cx 8,EI
1 | (Ex)(Px v Qx) P 8 |(X)Px>A 1,2-7,EE I 10 | |(Ex)x 4,5-9,EE
T 4 |[dMvad A
2 |lalpav@a A 5-7. h) I 11 | | (Ex)Nxf A
b 5 |Pa A I g
3 |Pa A 1 [(x)(Px > A) P I 12 | |e|Nef A
I I 6 (x) (Px > Kx) 2,R I
4 (Ex)Px 3,EI 2 | (Bx) Px A 7 >k 6,UE 13 (x)(Wxf > ) 3,R
5 (BEX)Px v (EX)Qx  4,vI I 8 K 5,7,5E 14 Nef > Ce 13,UE
3 d|ma A 9 (Ex)Kx 8,EI 15 Ce 12,14 ,>E
6 |Qa A T 16 (Ex)Cx 15,EI
I 4 (x) (Px > A) 1,R 10 jQa A 17 (Ex) Cx 11,12-16,EE
7 (Ex)Qx 6,EI 5 Pd>A 4,UE ;i 18 | (Ex)Cx 1,4-10,11-17,AC
8 (Ex)Px v (Bx)Qx 7,vI 6 A 3,5,5E 1 (%) (¢ > Kx) 3,R
9 (Ex)Px v (Ex)Qx 2,3-5,6-8,AC 7 A 2,3-6,EE 12 Q>K 11,UE
10 | (Ex)Px v (Ex)Qx 1,2-9,EE 8 |(B)Px>A 2-7,> 13 K 10,12,>E
14 (Ex) Kx 13,EI
15 (Ex)Kx 4,5-9,10-14,AC
16 | (Bx)Kx 1,4-15,EE
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5-7. n)
1 |(x)((Fxvex) >Ixx) P
2 | (Ex)=-Ixx P
T

3 |d|-Iad A

I
4 (x)((Fx v Gx) > Ixx) 1,R
5 (FA v Gd) > 1dd 4,UE
6 -(Fd v Gd) 3,5,DC
7 -Fd & -Gd 6,IM
8 -Fd 7,&E
9 =G4 7,5
10 (Ex)-Fx 8,EI
11 (Ex)-Gx 9,EI
12 (Ex)-Fx & (Ex)-Gx 10,11,&I
13 | (Ex)-Fx & (Ex)-Gx 2,3-12,EE
5-7. 0)
1 (x) (Fx > (Rxa v Rax)) P
2 | (Ex)-Ra

I

3 |d|-Rda A

I
4 | (x)-Rax A

T

5 -Rad 4,UE
6 (x) (Fx > (Pxa v Rax)) 1,R
7 > (Rda vRad) 6,UE
8 -Rda 3,R
9 -Rda & -Rad 5,8,&1
10 -(Rda v Rad) 9,IM
11 -Fd 7,10,DC
12 (Ex) -Fx 11,EI
13 (x)-Rax > (Ex)-Fx 4-12,>T
14 | (x)-Rax > (BEx)-Fx 2,3-13,EE

5-7. p)
1 | (Ex)Qg P
2 I(EX) (@ v Dgx) > (x)Dgx P
3 |d|edd A

I
4 Qdj v Dgd 3,vI
5 (Ex) (¢} v Dgx) 4,EI
6 (Ex) (@ v Dgx) > (x)Dgx 2,R
7 (x) Do 5,6,>E
8 Dga 7,UE
9 Dga v Qja 8,vI
10 (%) (Dgx v Qjx) 9,UI
11 | (x) (Dgx v Qjx) 1,3-10,EE
5-7. @
1 | (x)-Fx P

1

2 | (Ex)Fx A

b
3 djFd A

b
4 (x)-Fx 1,R
5 -Fd 4,UE
6 |-(A & -n) A
T

7 Fd 3,R
8 -Fd 5,R
9 A&-A 6-8,RD
10| |A&-A 2,39,EE
1| |a 10,&E
12 <A 10, &E
13 |-(Ex)Fx 2-12,-I

Notice that in q) we cannot take our contradiction in the form of ‘Fd’ ard
‘=-Fd’ fram the imnmermost to the second sub-derivation because ‘d’ is isolated

to the immermost derivation.
to derive another contradiction which does not use ‘d’.

We solve this problem by using ‘Fd’ ard ‘-Fd’
The need to do this

arises in the next few problems, so we introduce two new derived rules to
simplify our work.

X
=X

Y&Y O

Y&Y

for "contradiction®

-X
Y&Y
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5~7. r)
1 | (Ex)-Fx P
I
2 | (x)Px A
b
3 (Ex) -Fx 1,R
4 a|-Fa A
T
(x) Fx 2,R
Fa 5,UE
A&-A 4,6,0D
A& -A 3,4-7,EE
-(X)Fx 2-8,-I
5-7. s)
1 | (%) (Fxx > -Oxf) P
T
2 | (Ex) (Jxx & Jxf) A
b
3 d|Jad & Jaf A
T
4 (x) (Ixx > -Jxf) 1,R
5 Jad > -Jdf 4,UE
6 Jad 3,&E
7 Jaf 3,&E
8 ~Jdf 5,6,>E
9 A&-A 7,8,CD
10| |[A& -2 2,3-9,EE
11 |-(Ex) (Ixx & JIxf) 2-10,-I
5-7. t)
1 |(EX)Px Vv Qa P
2 |-rPx P
T
3 |Qa A
T
4 | (Ex)Qx 3,EI
5 | [(Ex)Px A
I
6 d|rd A
b
7 (x)-Px 2,R
8 -pd 7,UE
9 [=(Ex)Ox A
10 2 6,R
1 -Pd 8,R
12 (Ex)Ox 9-11,RD
13 (Ex)Qx 5,6-12,EE
14 | (Ex)Qx 1,3-4,5-13,AC

5-7. u)
1 |A> (Ex)Px P
I

2 |-Aav (Ex)Px 1,¢C
3 |-a A

I
4 -AvPa 3,vI
5 A>Pa 4,C
6 (Ex) (A > Px) 5,E1
7 | (Ex)Px A

I R
8 dipd A

T

9 A>PHR 8w
10 (Ex) (A > Px) 9,EI
11 (Ex) (A > Px) 7,8-10,EE
12 | (Ex) (A > Px) 2,3-6,7-11,AC
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5~8 i) Assume the rules in the text.

1 |(Ba)(...u...) Input for derived rule
2 [((..u...) > X
3 |b[(.-.b...) A
I
4 ) ((.oou...) >X) 2,R
5 (-=eb...) > X 4,UE
6 X 3,5,>E
7 |X 1,3-6,EE

ii) Assume all rules in the text except EE. Also assume the derived rule
given in 5-8 i) (derived form of EE).

1 |(Bu)(...u...) Input for derived rule

2 J(...b...) A Choose b as a campletely new name
:lt so it will be arbitrary in line 4.
3 X

(...5...) >x 2-3,51
W) ((s.u...) > X) 4,UT
X 1,5,EE (derived form)

[ R

Note that in part ii) of the proof we are using the derived EE rule to
qettheprim ve EE rule. Thus b, which appeared in the sub-derivation 2-3,
can appear in line 4. mtverequixebtobeisolatedtolinesz-:tto

guarantee that b is arbitrary at line 4.
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ANSWERS TO EXERCISES IN VOILIME II, CHAPTER 6

6-1. a)
1| (Bx)Ixx P
T
2 l|ajlaa A
I
3 (Ey) Lay 2,EX
4 (Ex) (By) Lxy 3,EX
5 | (Ex) (Ey)Ixy 1,2-4,EE
(x) Dex
counterexample to —————————
(x) (y) Lxy

D={a,b} ; Llaa & -Iab & -Iba & Ihb.

The relevant feature of the rules is this: in applying EI you can
existentially generalize on just ane instance of a name with more than aone
occurence. But in applying UI you must universally generalize on all
occurences of the name on which you are generalizing.

6-1. b)
1 %(x) (y) Lxy P
2 | (y)ldy 1,UE
3 |1a8 2,UE
4 | (X)Ixx 3,ua
(Ex) (Ey)Ixy
counterexanple to ————————— 1
(Bx) Lo

D={a,b} ; -laa & Iab & Iba & -Ikb

The relevant feature of the rules is this: in applying UE you are free
to instantiate a universally quantified sentence with a name that already
occurs. But in applying EE ydu must start a sub-derivation, instantiating
the existentially quantified sentence with an isolated name, and so a name
mldmisnalt.oﬂrevmoledenvatlm.

6-1. C)

1 | (x) (¥)Ixy P
=

2 |(y)i&y 1,UE

3 2,UE

4 [()Ixb 3,UI

5 | (Y) (x)ILxy 4,U1
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6-1. d) 6-1. g) : 6-1. i)

1 [ (Ex)Px v (Ex)Qx P
I ”
1 %(Ex) (Ey) Lxy P 1 :|[(Ex)Px & (Bx)Qx P ) (Ex)Px N
2 laj(Ey) A 2 | (Ex)Px 1,&E
.'It ey 3 | (E)Qx 1,5E 3 a!Pa A
3 b|1ab A 4 |a|Pa A . Pa v b VI
T ’
4 (Ex) Isdb 3,EI (Bx) Qx 3,R 5 (Ey) (Pa v Qv) 4,EL
5 (Ey) (B)Ixy - 4,EI 6 blao A g (m(?(‘) (gia(r;(ff, ‘Q,y gzv) 5 g:_EIEE
6 (Ey) (Ex) Lxy 2,3-5,EE Ey 13-6,
7 Ex) 1,2-6,EE 7 Pa 4,R
®r) Bty 8 Pa & Qb 6,7,&T 8 (Ex) Qx A
9 (Ey) (Pa & Qy) 8,EI
10 (Ex) (Ey) (Px & Qy) 9,EI 9 alga A
6-1. e) 11 | |(Ex) (By) (Px & Qy) 5,6-10,EE
12 |(Ex) (Ey) (Px & Q) 19 1?;;)' (9; van A
1 i(EX) () Ixy P 2,4-11,EE n o o o) oy 1o
13 (Ex) (Ey) (Px Vv Qy) 8,9-12,EE
2 aII(Y) 2y A 14 |(Ex)(Ey) (Px v @v) 1,2-7,8-13,AC
3 1ab " 2,UE 61. 3)
+EI .
g _ g(b)‘)(m)r.xy Z,UI 1 %(Ex) (Ey) (PxvQy) P
6 (Y) (EK)T-XY 1, 2-5IEE 2 a ( ) (m v ) A
(y) (Ex) %
ootmtem:mleto———l—xy—-; 6-1. h) 3 b|Pa v ¢b A
(Ex) (y) ILxy
1 | (x)Px v (x)Qx P 4 ;Pa_ A
D=(a,b} ; Laa & -lab & Iba & -Ikb I s (Ex)Px o ET
2| Loar A 6 | B v moax o
3 Fa 2,UE '
4 PAvEe 3,vi 7 ]LQL A
6-1. £) 5 (y) (P& v Q) 4,U1 8 (Ex)Qx 7,EI
6 | |lGmExva) suI 8 | O v oo o
1 [aPc e (90 = 10 (Ex)Px v (Ex)Qx 3,4-6,7-9,AC
2 I(x)Px 1,88 7| e A 11 | [(Ex)Px v (Ex)Qx 2,3-10,EE
3 [Goox 1,4E 8 | | 7,UE 12 | (B)Px v (Ex)Qx 1,2-11,EE
4 é 2,UE 9 PAveh 8,vI 1. X)
5 3,UE 10| [(YEavay 9,UI :
6 [PA&ch 4,5,&I 1| |x)(y)(PxvQ) 10,UI 1 l(X) () (Ixy > -Ixy) P
7 [(v)(Pa & Q) 6,U 12 | (x) (y) (Px v Qy) 2 2
- (y) (1ay > -18y) 1,UE
8 [(x)(y)(Px & Qy) 7,UL 1,2-6,7-11,AC 2 L}% . )_(m 2O
4 !Iaa a
5 Laa > -Laa 3,R
6 -laa 4,5,>E
7 |~138 4-6,-I
8 | (x)-Ixx 7,UL
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6-1. 1)

1

L(X) (y) (Px > Qy)

2 (Ex) Px
3 aIPa
4 (x) (y) (Px > Qy)
5 (y) (Pa > Qy) -
6 Pa > Qb
7 b
8 (x)Qx
9 (x)Qx
10 | (B)Px > (X)Qx

" 6-1. m)
1 i(m) (Ey) (Px > Qv)
2 (x) Px
3 (Ex) (Ey) (Px > Qy)
4 a| (Ey) (Fa > Q)
5 b|Pa > Qb
6 (%) Px
7 Pa
8 Qo
9 (Ex) Qx
10 (Ex) Ox
11 (Ex)Qx
12 [(X)Px > (Ex)Qx
6-1. n)
1 i (Ex) (y) (Px > Qv)
2 al (y) (Pa > Q)
3 l(x)m
4 (y) (Pa > Qy
5 pz)i o 3 )
6 Pa
7 Qb
8 (x)Qx
9 (xX)Px > (x)Qx
10 | (X)Px > (xX)Qx¢

» » 9

~ w o~

&

~

GOHE”

~

&

%Y

HPWNONWaEN
L]

2

~

6-1. o)

1 JI:(X) (Ey)(Px >Qy) P

2 I(Ex)m A

3 alpa A

4 (x) (Ey) (Px > Qy) 1,R

6 é“!p;“’“; oo, VE
>

7 Pa 3,R

8 (o3} 6,7,%E

9 (Ex) Qx 8,EI

10 (Ex)Qx 5,6-9,EE

1 (Ex)Qx 2,3-10,EE

12 | (Ex)Px > (Ex)Qx 2-11,>

6-1. p)

1 !(x)m > (X)OQx P

2 i—(l!x) (N(Px>Qy) A

3 I-pa A

4 b > —Pa 3w

5 Pa> Qb 4,CP

6 (y) (Pa > Qy) 5,UL

7 (Ex) (y) (Px > Qy) 6,EI

8 ~(Ex) (y) (Px > Qy) R

9 3-8,RD

10 (%) Px 9,UL

11 (X)Px > (X)Qx 1,R

12 (x)Qx 10,11,>E

13 B 12,UE

14 PA> 13,W

15 (y) (P& > Qy) 14,U1

16 (Ex) (y) (Px > Qy) 15,E1

17 | (BEx) (y) (Px > Q) 2-16,RD

6-1. q

1 | (%) (y)(Px v Qy) P

2 l-((x)m v_(x)0x) A

3 (x) Px A

4 I(x)m v (X)) 3,vI

5 =((¥)Px v (x)Qx) 2,R

6 -(%)Px 3-5,-1
7 (x) Ox A

8 X)Px v (X)Qx 7,vI

9 ((x)Px v (x)Qx) 2,R

10 -(x)Qx 7-9,-I
11 ~Pa A

12 x)(y)(Px v Qy) 1,R

13 Y)(Pa v Q) 12,UE
14 Pa v 13,UE
15 (o ) 11,14,VE
16 (x)Qx 15,UT
17 -(X)Qx 10,R

18 11-17,RD
19 (x)Px - 18,UL
20 | (x)Px v (X)Qx 2-19,RD
6-1. r)

1 | (Ex)(y)Ixy

: (Ey) (E2) (Hzy & -Py)

P
P
[(2) (W) ((Jzw & -PW) > Gz) P
A

a! (y)Jay

(Ey) (Ez) (Hzy & -Py) 2,R
A

bl(Ez) (Hzb & -Fb)

cle & -Fb A
(2) (W) ((Jzw & -PW) > Gz) 3,R
(W) ((Jaw & -Fw) > Ga) 8,UE
(Jab & -Pb) > Ga 9,UE
-Fb 7,&E
(y)Jay 4,R
Jab 12,UE
Jab & -Fb 11,13,&I
Ga 10,14,>E
(Ez)Gz 15,EI
(Ez)Gz 6,7-16,EE
(Ez)Gz 5,6-17,EE
(E2)Gz 1,4-18,EE
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6-2. a)

1 (x)Px
2 j(x)-ox

3 l (Ex) (Px<—>Qx)
4 a|Pa<->Qa
5 (x)Px
6 () Qx
7 Pa
8 Qa
9 ~Qa
10 A& -A
1 A& -A
12 |=(Ex) (Px<->Qx)
6-2. b)
1 (x) (Fx > Gx)
2 (x) (Gx > Hx)
3 -(Ex)Bx

I
4 (x)-Hx
5 |-HA&
6 |c&>Ha
7 |-G&
8 |F& > Ga
9 |-F&
10 | (x)-Fx
11 |-(Ex)Fx
6-2. c)
1 l-(X) (y) Ixy
2 | (Ex)-(y)Ixy
3 |aj=(y)lay
4 (By) -Lay
5 (Ex) (Ey) -Ixy
6 | (Ex) (Ey)-Ixy
6-2. d)
1 l-(EX) (Ey) Lxy
2 | (x)-(Ey)Lxy
3 |-(Ey)L8y
4 |(y)-13y
5 [ (x)(Y)-Ixy

» » ww

ShPggR
-
°
B

UU@O\?U’INH
™ 3

:

158

L) 2 W ¢

HBONERON&W
‘Ei‘

°
7

1,-]
2,UE
3,-]
4,UI
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6-2. €)

1 !-(EX) (Px v Ox) P

2 | (X)=(Px v Q) 1,-]

3 |-(FA v Q8) 2,UE

4 |-Pi& -Qd 3,IM

5 |-pa 4,58

6 a 4,5E

7 (x)-Px 5,UI

8 |(x)-ox 6,UI

9 |(x)-Px & (x)-Qx 7,8,&I

6-2. f)

1 !-—(x) (Px & Q2) P

2 | (Ex)-(Px & Qx) T 1,U

3 al-(Pa & Qa) A

4 -Pa v -Qa 3,IM

5 ~Pa A

6 |(Ex)-Px 5,EI

7 (Ex)-Px v (EX)-Qx 6,vI

8 !-Qa A

9 (Ex) -Qx 8,EI

10 (Ex)-Px v (Ex)-Ox 9,vI

11 | | (Ex)-Px v (Ex)-Qx
4,5-7,8-10,AC

12 |[(B)-Px v (Ex)=Qx  2,3-11,EE

6-2. g)

1 l(X) (-(Ey)Rxy & ~(Ey)Ryx) = P

2 |-(Ey)Rdy & -(Ey)Ryd 1,UE

3 |-(EBy)Ray 2,88

4 |(y)-Rdy 3,-]

5 | (x)(y)-Rxy 4,UL

6-2. h)

I(Ex) (Px > (y) (PY > Q)
|- (Ex)ox
I

!(X)PX

(Ex) (Px > (y) (Py > Qy))
aiPa > (v) (Py > Qy)

(%) Px
Pa
(y) (Py > Q)
Pa > Qa
Qa
(Ex) Ox
-(Ex)Qx
A& -A
A& -A
=-(x)Px

(X

w

GeoREgY®Na #

P
P

A

Ly
w

SESEE -
4 %

HNH\I?WO\U
By H

= O~
~
&
8

4,5-13,EE
3-14,-1

Notes: I could have applied -] to line 2 instead of lines 11 and 12, but
it would have taken an additional step. Also I instantiated line 4 before
line 5. Wark on existential generalizations before universal generalizations.

6-2. i)

1 :!:(EY) (Ez) ((x)~Rxy Vv _(x)-Rxz) P

2 i(Y) (z) (Ex) (Rxy & Rxz) A

3 (Ey) (Ez) ((x)-Rxy v (x)-Rez) 1,R

4 a| (Ez) ((x)-Rxa v (x)-Rxz) A

1
5 b| (x)-Rxa v (x)—Rxb A
I

6 (¥) (2) (Ex) (Rxy & Rxz) 2,R

7 (2) (Ex) (Ra & Rxz) 6,UE

8 (Ex) (Rxa & Rxb) 7,UE

9 c!Rca & Rch A

10 Rca 9,

11 Rch 9,&E

12 (x)-Ra v (x)-Rd 5,R

13 | (x)-Rxa A

1

14 -Rca 13,UE

15 Rca 10,R

16 -(x)-Rxa 13-15,-I

17 (x) R 12,16,VE

18 -Rcbh 17,UE

19 A& -A 11,18,CD

20 A& -A 8,9-19,EE

21 A& -A 4,5-20,EE

22 A& -A 3,4-21,EE

23 |-(y) (2) (Ex) (Rxy & Rxz) 2-22,-1
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6-3. e)
6~3. a) 6-3. b)

A& WN

6—4. a)
1| [=(Ex)(y) (Fy>Fx A
1 (x) (¥) A 1} |-(Gav —Ga) A i ¢ ) 1 | () (RoBx) & (Ex) (—Bx&(y)Ay) P "
= 2 L&_ A T
(y)13y 1,UE 2| |Ga&—Ga 1, 2 | () (Ax > Bx) 1,5E
Iéyﬁ)ﬁy g.tg 2 f;a g.g 3 Fé > Fa 2,W 3 | (Ex) (-Bx&(Y)Ay) 1,88
' » ' 4 (y) (Fy > Fa) 3,ur 4 |a|-Ba & (y)ay A
(Ex) (Ey) Lxy 4,EI 5| |ca 4,7E 5 (Ex) (Y) (Fy > Fx) 4,EI I
(x) (v)Ixy>(Ex) (Ey)Ixy 1-5,>I 6 [GA v -Ga& 3,5,(1-5) ,RD 6 -(Ex) (y) (Fy>Fx) 1,R 5 -Ba 4,4E
7 [ (%) (Gx v ~&x) 6,U1 71 I- 2-6,~I 6 (Y)2y 4,58
8 -F6 > -Fa 7,W 7 (%) (Ax > Bx) 2,R
9| [Fa>Fp 8,cP 8 A > Ba 7,UE
6-3. c) 10| | (y) (Fy > FB) 9,Ur 9 Aa 6,UE
11] | (Ex) (v) (Fy > Fx) 10,EI 10| |Ba 8,9,>E
1) [(x)(Ey)(Ax & By) A 12| (&) (v) (Fy > Fx) 1-11,RD 11| las-a 5,10,CD
I ' 12 |as-a 3,4-11,EE
2 (Ey) (A3 & By) 1,UE .
3 blAa & Bb . A 6-3. f)
4 (x) (Ey) (Ax & By) 1,R M
X ’ 1| |=(x) (Ey) (Fy>Fx) A
2 (Ezl))(:b Bg By) ;.UE i 1 | (x) (Reb>=Rob) & (Ex) oo P
C! 2 ~Fa A T
’ l—‘ 2 | (x) (Rib > —Rxb) 1,58
7 Aa & B 3 -Fc > -Fa 2,W 3 | (Ex)RD 1,&E
8 Eb 4 Fa > Fc 3,CP 4 |a]rab a
9 Ab 5 (Ey) (Fy > Fo)  4,EI
10 2b & Bb 6 (%) (Ey) (Fy > Fx) 5,UI 5 (%) (b > -Rub) 2,R
-1 (Ex) (Ax 7 -(x) (Ey) (Fy>Fx) 1,R 6 Rab > -Rab 5,UE
12 (Ex) (Ax & 1,EE 8 2-7,RD 7 -Rab 4,6,>E
13| |(Ex) (Ax & Bx +EE 91 |M>Fa 8,W 8 A& -A 4,7,CD
14} (x) (Ey) (Ax&By) > (Ex) (Ax&Bx 1-13,>I 10| | (Ey) (Fy > F8) 9,EI 9 |[a&-a 3,4-8,EE
: 11j }(x) (Ey) (Fy > Fx) 10,01
12| (x) (Ey) (Fy > Fx) 1-11,RD
6~4. C)
6-3. d)
1 | (%) ((y)Ixy&(Ey) -Iyx) P
1 JI:(EY) (Ky&(x) (Dx>Rxy) ) A 6-3. g) l Iya
2 | (y)1Ay&(Ey)- 1,UE
2| |aka & )(x>Raa) A 1 |-(rx) (Y)(FoFy) A 3 | (Ey)-Iy& 2,6E
1 4 |bj-Iba A
3 Ka 2,5E 2 -Fb A
4 09 (Dx > Ra)  2,&E e 5 | () (()Ixy&(Ey)-Lyx) 1,R
511 [0>ra 4,UE 3 (| |Fa>-m 2,% 6 | |(wibyaEy)-uppo 5,UE
6 lllb A 4 Fb > Fa 3,cp 7 (v) by 6,&E
5 (Y) (Fb > Fy) 4,U1 8 Iba 7,UE
7 b > Roba 5,R 6 (Ex) (v) (Fx > Fy) 5,EI 9 A& A 4,8,0D
8 FRoa 6,7,5E 7 -(Ex) (Y) (FoFy)  1,R 10 |[a& A 3,4-9,EE
9 Ka 3,R 8 2-7,RD
10 Ka & Rba 8,9,&I 9 FS > FB 8,W
1 (Ey) (Ry & Rby) 10,ET 10| {(y) (F& > Fy) 9,UI
12 (Ey) (Ky&Rby) 6-11,>I 11 | (E%) (y) (Fx > Fy) 10,EI
13 (x) (D> (Ey) (Ky&Rxy)) 12,Ur 12 (Ex) (V) (Fx > Fy) 1-11,RD
14| | (x) (x> (Ey) (Ky&Rxy)) 1,2-13,EE
15| (Ey) (Ry&(x) (DsoRxy) ) > (x) (Doe> (Ey) (Ry&Rxy) ) 1-14,>1 107',
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6-4. d)
1 {(x) (Ey) (Mx&—My) P
B S
4 b 3,&E
5 (x) (Ey) Mx&My) 1,R
9, (E%;))Q&b _:b My) i,UE

C!
8 M 7,&E
9 ) 4,R
10 A& -A 8,9,CD
11 | |A&-a 6,7-10,EE
12 |A&-A 2,3-11,EE
6-4. e)
1 %(X) (Ey) () (Bz) (Lxw&k-Lyz) P
2 | (Ey) (w) (E2) (Iaw&-Lyz) 1,UE
3 |b|(w) (E2) (Laws=1bz) A

I
4 (E2) (Iab & -1bz) 3,UE
5 c|Lab & -Ibc A

e
6 (x) (Ey) (w) (E2) (Lsw&-Lyz) 1,R
7 (Ey) (w) (E2) (Lbw&-Lyz) 6,UE
8 4| (w) (Ez) (Ibws-Ldz) A
T
9 (Ez) (Ibc & -Idz) 8,UE
10 e|lbc & -Ide A
—

11 1bc 10,&E
12 Iab & -Ibc 5,R
13 ~Ibc 12,&E
14 A& -A 11,13,
15 A& -A 9,10-14,EE
16 A& -A 7,8-15,EE
17 A&-A 4,5-16,EE
18 [A& -A 2,3-17,EE
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6-5. a)

1 |(x)Kx

2 [(V)-(Ky Vv Lya)
3 |Ka

4 [-(Ka v laa)

5 |-Ka & ~laa

6 |-Ka

7 |JA&-A

6-5. b)

1 | (x) (Ey)Rxy

2 | (Ex) (y)-]

3 al (y)-Ray

4 (%) (Ey) Ry

5 (Ey)Ray

6 b{Rab

7 (y)-Ray

8 -Rab

9 A& -A

10 A& -p

11 (A & -A

6~5. c)

1 | (Ex)Dx

2 | (x) (Dx>(Y) (2)Ry2)
3 I(Bt) (Ey) -Rxy

4 alm

5 (Ex)Dx

6 (x) (Dx>(y) (2)Ryz)
7 Da > (y) (2)Ryz
8 (Y) (2)Ryz

9 (Ex) (Ey)-Ry
10 b! (Ey) -Roy

11 ci-Rbc

12 (Y) (2)Ryz
13 (z)Rbz

14 Rbc

15 A& -A
16 A& -A

17 A& -A

18 |A & -A

k-]

WO N e

» ww

gy
g%

poose
W o o
135"
wH

11,14,0D
10,11-15,EE
9,10-16,EE
1,4-17,EE

6-5. d)

1 | (Ex) (Ey) (Fook(-Ryy&Rxy)) P
2 | (x)(y) (Ry>Ryx) P
3 J_(x) (y) (2) ( (Ry&Ryz) >Rcz) P

4 aa|I (Ey) (Raak (-Ryy&Ray) ) a
5 b|Raa & (-Rbb & Rab) A

T
6 Raa 5,&E
7 -Rbb & Rab 5,&E
8 -Rbb 7,68
9 Rab 7,&&
10 (%) (y) (Rxy>Ryx) 2,R
11 (Y) (Ray > Rya) 10,UE
12 Rab > Rba 11,UE
13 Rba 9,12,>E
14 (%) (¥) (2) ((Rxy&Ryz)>Rxz) 3,R
15 (¥) (2) ((Roy&Ryz) >Rbz) 14,UE
16 (2) ( (RbasRaz) >Rbz) 15,UE
17 (Rba & Rab) > Rbb  16,UE
18 Roa & Rab 13,9,&1
19 Rob 17,18,>E
20 AL -A 8,19,CD
21 | |A&-A 4,5-20,EE
22 |A & -A 1,4-21,EE
6-6. a)

IOGICALLY BQUIVALENT SENTENCES:

(x) (Y) (Px & Qy); (x)Px & (x)Qx
(Ex) (Ey) (Px & Qy); (Ex)Px & (Ex)Qx
(x)(¥) (Px v Qy): (X)Px v (x)Qx
(Ex) (Ey) (Px v Qv); (Ex)Px v (Ex)Qx
(%) (¥) (Px => Qy); (Ex)Px => (x)Qx
(Ex) (Ey) (Px => Qy); (x)Px -> (Ex)Qx
(Ex) (¥) (Px => Qy)i (X)Px => (X)Qx
(x) (Ey) (Px => Qy); (Ex)Px —> (Ex)Qx

6-6. b)

1 |(x)Rxa P

I
2 |R8a 1,UE
3 (Ex) Rxa 2,EI
1 | (x)Rxx P

I
2 |ras 1,UE
3 | (Ex)Rxx 2,EI

1d9

1

2
3

EXERCISES WHICH SHOW L.E.:

6-1. £f) ard 1st example in chp. 6
6-1. g) and 2rd example in chp. 6

6-1. h) and q)
6-1. i) and 3J)
6-1. 1) and 6-8. d)

6-1. m) and 3rd example in chp. 6

6-1. n) axd p)
6-1. o) ard 6-8. b)

[ () Px P

T

Pa 1,UE
(Ex)Px 2,EI



6-6. C)

IOGICALLY EQUIVALENT SENTENCES: ' EXERCISES WHICH SHOW L.E.:
(u) (Pu & Qu); (u)Pu & (U)Qu 5-5. d) and e)

(Eu) (Pu v Qu); (Bu)Pu v (Eu)Qu 5-7. e) amd f)
A = (u)Pu; (u) (A => Pu) 5-5. 1) amd k)
A = (Eu)Pu; (Eu) (A => Pu) 5-5. b) and u)
(u)Pu = A; (Bu) (Pu > 3) 5~5. 8) amd 5-7. @)
(Ea)Pu -> A; (u) (Pu => A) 5~5. p) and 5-7. h)

6-6. d)

(x) (Px v x) is not logically equivalent to (x)Px v (x)Qx

OOUNTEREXAMPLE: D={a,b} Pa & -Fb & <0a & @b In this interpretation,
(x) (Px v Qx) is true - that is, everthing is such that it is either P or Q.
[Nemely, a is P and b is Q.] But, (x)Px v (x)Ox is false since both
disjuncts are false - that is, it is false that everything is P (b is not],
and it is false that everything is Q [a is not].

(Bx) (Px & Ox) is not logically equivalent to (Ex)Px & (Ex)Qx

COUNTEREXAMPLIE: D={a,b}) Pa & -Fb & -Qa & b (Explanation is similar to
that above.)

6—6. e)

To show that (u) (V)Ruv is logically equivalent to (v) (u)Ruv, we show that the
arguments (u) (v)Ruv/(v) (u)Rav and (V) (u)Rav/ (u) (V)Ruv are valid:

1 | (u) (V)R P 1 | () ()R P

2 [(V)Rav 1,UE "2 | (u)Rus 1,UE
3 |R&E 2,UE 3 |RB] 2,UE
4 | (uRE 3,UI 4 |(V)RBV 3,UI
5 | (V) (W) Ruv 4,U1 5 | (u) (v)Ruv 4,U1

To show that (Eu) (Ev)Ruv is logically equivalent to (f:v) (Bu)Ruv, we show that
the arguments (Eu) (Ev)Ruv/ (Ev) (Bu)Ruv and (Ev) (Eu)Ruv/ (Eu) (Ev)Ruv are valid:

1 p 1 | (Ev) (Bu)R1v P

2 | a|(EV)Rav_ A 2 | aj(Bu)Rua A

3 b|Rab_ A 3 b|Rba_ A

4 (Bu) Rub 3,EI 4 (EV)Rov 3,EI

5 (Ev) (Bu)Ruav 4,EI 5 (Ev) (EV)Rav 4,EI

6 (Ev) (B)Rev ~ 2,3-5,EE 6 (E) (EV)Rxv  2,3-5,EE
7 | (Bv) (Bu)Ruv 1,2-6,EE 7 | (Bu) (EV)Ruv 1,2-6,EE
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o>

H 0o
B]—'O_ ou

(%) ((Ey) (LxyvLyx)>Lxx)
(EY) (Layvya)>Laa  5,UE
13b v Iba 4,vI
(Ey) (Lay v Lya) 7,EI
Laa 6,
(Ex) Lax 9,ET
1 (Ex) Isx 3,
(]h()m 2,

6-7. b)

1

2

w

Bbﬁs\omﬂﬁm#

l(x)(ﬂx > Ax) P.
!(EY) (Hy & Tay) A
b!Hb & Tab A

3] 3
() (B > Ax) 1
Hb > ab 5
Ab 4
3
7
9

+&E

R

,UE

,6,5E

Tab ,&E

Ab & Tab ,8,&I
(Ey) (Ay & Tay) 9,EI

(Ey) (Ay & Tay) 2,3-10,EE

(Ey) (Hy&Tay)> (Ey) (Ay&Tay)

(x) ((Ey) (Hy&Txy)>(Ey) (Ay&Txy))

1,R

2-11,>T
12,01
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6~7. c)

1 I (x) () ((E2) Lyz>Ixy) p

2 I(EX) (Ey) Ixy P

3 |a| (By)lay A

4 b!Iab A

5 (x) (y) ((Ez)Iyz>Ixy) 1,R

6 (y) ((Ez) Lyz>1Ly) 5,UE

7 (Ez)18z > 1A 6,UE

8 (Y) ((Ez) yz>18y) 5,UE

9 (Ez)laz > Ifta 8,UE

10 (Ez)Laz 4,EI

1n 18a 9,10,>E

12 (Ez)1dz 11,EI

13 18 7,12,>E

14 (y)18y 13,UI

15 (x) (y) Lxy 14,UI

16 () () Ixy 3,4-15,EE

17 | (%) (y)Ixy 2,3-16,EE

6-7. Q)

1 I (%) (y) ((Ez) (Rzy&~Ruz)>IxXY) 4

2 |-(Bx)Ixx P
b

W

[+

REGRERERY®Y

(y) ((Ez) (Rzy&-Raz) >Lay) 1,0E
(Ez) (Rza&~Raz)>Laa 3,UE
_ i-_m;; A

!naa A
-Rab 5,R
Roa & -Rab 6,7,&1
(Ez) (Rza & -Raz) 8,EI
(Ez) (Rza&-Raz)>Iaa 4,R
Iaa . 9,10,>E
(Ex) Lxext 11,EI
—(B>x) Lxx 2,R
~Fba 6-13,-1
-8B > -RhA 5-14,>T

(y) (-Ryb > Ry)  15,UI

(%) (v) (-Ryx>-Rxy)  16,U1
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6-7. €)

(x) ((By) Lxy>(Ey) ((2) Lyz&lxy)) P
(Ex) (Ey) Lxy P

T

>

VBN

3 a! (Ey) Lay A
b!Iab A

(%) ((By)Lxy>(Ey) ((z)Lyz&lxy)) L,R

‘| (By)Lay>(By) ((z) Lyz&lay) 5,UE

(Ey)Lay 4,EI
(Ey) ((2z) Lyz&lLay) 6,7,>E
c, (z)Icz & Iac

(z)1cz 9,

Iad 1

(Y)lcy n
12

(Ex) (y) Lxy
(Ex) (y) Lxy

SGREERES

1 |(X) (P> (y) (Hy>Rxy) ) p
2 | (Bx) (Px&(Ey) ~Rory) P

I
3 !(x)Hx A
4 (Ex) (Px&(Ey)-Rxy) 2,R
5 a|Pa & (Ey)-Ray A
—
6 Pa : 5,&
7 (Ey) -Ray 5,&E
8 b!-Rab A
9 (x) (Px>(y) (By>Rxy) ) 1,R
10 Pa > (y)(Hy >Ray)  9,UE .
1n Pa 6,R
12 (y) By > Ray) 10,11,>E
13 Hb > Rab ,UE
14 (X)Hx 3,R
15 Hb 14,UE
16 Rab 13,15,>E
17 A& -A 8,16,CD
18 A& -A 7,8-17,EE
19| |A&-2a 4,5-18,EE
20 |-(x)Hx 3-19,-1
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6-7. g)

1 | (x) (Bx>(y) (HyWxy)) P
2 | (Ex) (Hxx(y) (Dy>Wxy)) P
3 [ (x) (¥) (2) ((Wxy&Wyz) >Wxz) P
I
4 i!lIII"El & (y) (Dy > Way) A
5 Ha 4,&E
6 (y) (Dy > Way) 4,&E
7 Eb A
8 IDc A
9 (x) (Be (y) (Ry>Wxy) ) 1,R
10 B > (y) (Hy > W) 9,UE
11 B 7,R
12 (y) (Hy > Woy) 10,11,>E
13 (y) (Dy > Way) 6,R
14 Dc > Wac 13,UE
15 Wac 8,14,>E
16 Ha 5,R
17 Ha > Wha 12,UE
18 Wha 16,17,>E
19 (x) (y) (2) ((Wxy&Wyz)>Wxz) R,3
20 (Y) (2) ((Woy&Wyz) >Wbz) 19,U
21 (2) ((Woa&Waz)>Wbz) 20,UE
22 (Wba & Wac) > Wbc 21,UE
23 Wha & Wac 15,18, 41
24 kvbc 22,23,>E
25 e > wf 8-24,>I
26 (y)(Dy > Woy)  25,UL
27 | [EB > (y) (Dy > Woy) 7-26,>1
28 (x) (Bx>(y) (Dy>Wxy) ) 27,U1
29 | (x) (B> (y) (Dy>Wxy)) 2,4-28,EE
6-7. h)
1 %(X) (Ey) (Py > Ox) P
2 i-(EY) (x) (Py>Qpx) A 13
3 (¥)=(x) (Fy > Qx) 2,-)
4 =(x) (Pa > Qx) 3,UE
5 (Ex)-(Pa > Qx) 4,0
6 b|-(ra > gb) A
——t
7 Pipa & b 6,C
8 Pa 7,&E
9 5,6~8,EE
10 (x) Px 9,UI 22
11 cl—(m > Qo) A
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Pa & —Qc 11,c
—-Qc 12,&E
(x) (Ey) (Py > Qx) 1,R
(Ey) (Fy > Qc) 14,UE
d|Md > Qc A

(%) Px 10,R
Bl 17,UE
oc 16,18,>E
-Qc 13,R
A& -A 19,20,CD
A&-A 15,16-21,EE
AL -A 5,11-22,EE

(EY) (x) (Py > Qx) 2-23,RD

6-7. 1)
1 [(Ex)Px > (Ex)Qx P
i
2 L—(X) (Ey) (Px>Qy) A
3 (Ex) - (Ey) (P2>Qy) 2,-U
4 a!-(Ey) (Pa > Qy) A
5 (y)-(Pa > Qy) -4,X
6 -(Pa > Qb) 5,UE
7 Pa & (B 6,C
8 Pa 7,&E
9 -b 7,8E
10 (Ex) Px 8,EI
11 (x) -Qx 9,UI
12 (Ex)Px > (Ex)Qx 1,R
13 (Ex)Qx 10,12,>E
14 ci{Qc A
15 (%) -Qx 11,R
16 -Qc 15,UE
17 A& -A 14,16,CD
18 A& A 13,14-17,EE
19 | (A& -A 3,4-18,EE
20 | (x) (Ey) (Px > Qy) 2-19,RD

6-7. §)

)

1 :It(Ex)Px > (X)X

2 l—(X) ) (Px > Qv) A
3 (Ex)~(y) (P>Qy) 2,U
4 a!-(Y) (Pa>Qy) A
Dl e 4
- >
7 Pa & < 6,C
8 Pa 7,8
9 b 7,&E
10 (Ex) Px 8,ET
11 (E)Px > (x¥)Ox 1,R
12 (x)Qx 10,11,>E
13 ® 12,UE
14 A& -A 9,13,cD
15 A& -A 5,6-14,EE
16| [a&-a 3,4-15,EE
17 | (x) (y) (Px > Qy) 16, (2-16) ,RD
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67. k)

1
2
3

Y

N0 w

=0 0w~
[=]

(x) ((Ey)IynoTax)

(x) (B> ( (Ey) Ly> (Ey) Lyx) ) P

1= (Ex) Dok
() (Be>( (Ey) Ixy> (Ey) Lyx) ) 1,k
Ba> ( (Ey) Lay> (Ey) Lya) 5,UE

(Ey) Lay> (Ey) Lya
Lab

(Ey)Lay

(Ey)Lya > Laa
Laa

(Ex) Iacx
~ (Bx) Lack
-1aB

(y)-1lay
B4 > (y)-Lay
(%) (B> (y)-Lxy)

. 1)

(Ey)1ay>(Ey)Lya 7,R
(Ey)Lya

A

4,6,>E
A

8,EI

9,10,>E

(x) ((Ey) Lyno-Tacx) 2,R

12,UE
11,13,>E
14,ET
3,R
8-16,-1
17,U1
4-18,>T
19,UT

(%) (Fao> (Hxk (-Ox&-Kx) ) ) P
(20) ( (HxE~(Ey)Nxy) >Cx) P

A
L -
(20) (Fac> (Hx& (~Cx&=Kx) ) ) 1,R
Fa> (Hak (—Ca&-Ka) ) 4,UE
Ha & (-Ca & -Ka) 3,5,5E
Ha 6,8E
~Ca & -Ka 6,8E
-Ca 8,8E
!-(EY)Nay A
Ha 7,R
Ha & -(Ey)Nay 10,11,&T
(x) ((tbek—(Ey)Nxy) >Cx) 2,R
(Ha&~ (Ey)Nay) >Ca 13,UE
Ca 12,14,>E
-Ca 9,R
(Ey)Nay 10-16,RD
F& > (Ey)Nay 3-17,>1
(x) (Fx> (Ey)Nxy) 18,UI
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6-7. m)
1 |(y)(Cy > Dy) P
2 | (x) (Ey) ((Hx&CX) & (GySRyx) ) P
3 I(15!x)13»¢>(y) (2) (Ryz>Dy) P
4 |ca>na 1,UE
5 | (Ey) ( (HA&CS) & (Gy&RyS) ) 2,UE
6 [b| (HasCa) & (Gh&Rba) A

I
7 Ha & Ca 6,&E
8 Gb & Roa 6,&E
9 ca 7,
10 | [ca > Da 4,R
11 | (pa 9,10,>E
12 (Ex) Dx 11,ET
13 (Ex) Doe> (Y) (2) (Ryz>Dy, 3,R
14 (y) (2) (Ryz > Dy) 12,13,>E
15 (z) (Roz > Db) 14,UE
16 Roa > Db 15,UE
17 Rba 8,&E
18 | (b 16,17,>E
19 Gb 8,&E
20| |@&b 18,19,81
21 (Ex) (Gx & Dx) 20,EI
22 | (Ex) (Gx & Dx) 5,6-21,EE
6-7. n)
1 | (x) (y) ((Rdy&Rxd) >Rxy) P
2 | (x)(Bx > Rdx) P
3 | (Ex) (Bx & Rd) P

T
¢ |a|era A
5 Ba 4,88
6 P.; A
7 (x) (Bx > Rix) 2,R
8 B > Rib 7,UE
9 R 6,8,>E
10 (x) (y) ( (RdysRoad) >Rxy) 1,R
11 (y) ((Rdy&Rad) >Ray) 10,UE
12 (Rdb & Rad) > Rab 11,UE
13 Ba & Rad 4,R
14 Rad 13,&E
15 Rdb & Rad 9,14,&I
16 Rab 12,15,>E
17 | (B8 > Rab 6-16,>I
18 | {(y) (By > Ray) 17,01
19 | |Ba & (y)(By > Ray) 5,18,&I
20 (Ex) (Bx&(y) (By>Rxy)) 19,EX
21 | (Ex) (Bxk(y) (By>Rxy)) 3,4-20,EE
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mmmsr:smi)omn,m7

7-1. a)
1 a (Vx) (K¢ & Jx) P
2 -Ka -
3 * Ka & Ja 1lv
4 Ka 3 &
5 Ja 3 &
X
VALID
7-1. b)
1 a (Vx) (Fx > &x) P
2 -Ga P
3 -Fa -
4 * Fa > Ga 1V
I A |
S ~Fa Ga 4>
X
INVALID. C.E.: D<{a} -Fa & -Ga
7-1. ¢
1 h (x) (&x > Ix) P
2 * ~(Ch v Ih) -
3 ~h 2 -
4 ~Th 2w
5 * Ch > Th 1V
| A |
6 ~Ch Th 5>
X
INVALID. C.E.: D=th} -¢h & -Ih
7-1. d)
1 * A > (V)Mx P
2 A P
3 | * ~(Mg & Mi) —
8 |
4 -A g9, i (Mx)Mx 1>
X l—_._A j
> g i 3 -&
.6 My Mi 4v
X X
VALID
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7-1. e)
1 a, b (Vx)(Ex > Cx)
2 a, b (VX)Ex
3 ® -(Ca & Ob) |
| A
4 -Ca -
[ * Ea > Ca *E >
[ ———— I | =
6 -Ea Ca -Eb
7 Ea X Eb
X X
VALID
7-1. f)
1 g, e (Vx)(Ne<—>Px)
2 -
3 * Ne<->Pg |
| A
4 Ne —Ne
5 Py ~Bg
6 X * Ne<->Pe
| s
7 Ne
8 Pe
X
INVALID. C.E.: D={e,g} -Ne & -Pg & -Pe
7-1. q)
1 4, j (V) (Kx v Ax)
2 -Kj
3 -Ad
4 * K4 v Ad |
| A
5 xa 2Ad
6 * Kj v Aj X
———————— ——— ——————
7 Kj Aj

X

INVALID. C.E.: D=(d,j) -Ad & Aj & K& & ~Kj
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7-1. h)

1 a (Vx) (Dx v Gx) P
2 a (V) (D¢ > Jx) P
3 a (Vx) (Gx > JIx) P
4 -Ja -C
5 * Da > Ja 2V
| ” |
6 -Da Ja 5> .
7 * Ga > Ja X 3V
| —— |
8 -Ga Ja 7>
9 *DavG X 1v
| ——|
10 Da Ga 9V
X X VALID
7-1. i)
1 a, b (V) (Sx<->Tx) P
2 ® —(sb v Ta) -
3 -sb 2
4 ® —Ta 2 N
5 Ta 4 —
6 ® Sa<->Ta 1v
| —A [
7 Sa -Sa 6 <
8 Ta -Ta 6 <
9 # Sb<->Tb X i1V
| =
10 sb b 9 <
11 ™ -Tb 9 <
X
INVALID. C.E.: D={a,b) Ta & ~Tb & Sa & -Sb
7-1. §)
1 * -Tfg v (Vx)Px P
2 * Fh > (Vx)Qx P
3 * —(Tfg > ¢h) S
4 Tfg 3 >
5 ~Ch 3>
| A |
6 ~Tfg h (Vx)Px 1v
X |———————|
7 -Fh h  (W)Qx 2>
8 Fh | 6V
9 X ch 7V
X
VALID. Note that I ended line 9 even though I had not yet instantiated

I(Wx)Qx’ with ’f’ and ’g’. I noticed that I can get the branch to close by
using h. If you included instances of (Vx)Qx using f and g and marked the

branch as closed that would not have been a mistake (as long as you included
ah).
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7-2. a)

1 * A > (Jx)Gx P

2 A P
3 - I -
4 A * (JX)Gx 1>
5 X Ga 4)

INVALID. C.E.: D={a,b) A&Ga &k ~G. IfIhad used ’b’ in line 5, the
tree would have closed.

7-2. b)

1 * (]1x)Dx P

2 * (]x)-Dx P

3 -A -
4 Da 1]
5 -b 2]

INVALID. C.E.: D={a,b) -A & Da & -[b. If I had used the same name in
lines 4 and 5, the tree would have closed.

7-2. ¢)

1 * (Jx) (Px & Qx) P

2 * —(Pa v Qb) -C
3 -Pa 2 v
4 - 2 v
5 * Pc & Qc 1]
6 Pc 5 &
7 - Qc 5 &
INVALID. C.E.: D={a,b,c) -Pa & Pc & -Qb & Qc. If I had used ‘a’ or ‘b’ in

line 5, the tree would have closed.

7-2. d)

1 * ()x)Px P
2 * ()x)Qx P
3 * —(Pm<->Qm) -C
4 - Pa 1)
5 | e ] 2]
6 Pm -Illn 3 -
7 -Qmn Om 3 -

INVALID. C.E.: D={a,b,m) (Pa & Gb &Pm & -Qm); (Pa & Qb & -Pm & Qm). IfI
had used ‘m’ in lines 4 and 5, the tree would have closed.
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7-2. e)

1 *AVB P

2 * A > (]x)Nx P

3 * B> (Ix)Nx P

4 Ng -

5 II\ L lv

I____A__—_ l_._._.A

6 -A * (1x)Nx -A * (Ix)Nx 2>

7 X Na 6]
—— e |_._A__ — ——

8 FB * (10N -B % (JX)Nx B * (J)Nx 3>

9 Nb X Nb X Nb 8]

INVALID. C.E.: D={a,b,g} (A &Na & Nb & Ng); (A & Ng & Na & -B)

(B&-A & -Ng &Nb); (B &Na &Nb & Nq)
If I had used ‘g’ in line 9, the tree would have closed. Also note: the NEW

NAMES only have to be new to a branch.

7-3. a)
1 * (1x) (Px > Qx) P
2 * —(UX) (Px & -Ox) -
3 a (Vx) (Px & -Ox) 2 —
4 * Pa > Qa | 1]
5 -La Qa 4>
6 * Pa & Qa * Pa & Qa 3V
7 Pa Pa 6 &
8 oa -Qa 6 &
X X
VALID. Note that I worked on line 1 before line 3.
7-3. b)
1 * (Ix)Cx P
2 * —(]x)=Cx -
3 * (1x)-Cx 2 -
4 Ca 1]
5 b 3]
INVALID. C.E.: D={a,b} Ca & =(b. If I had used the same name in lines
4 and 5, the tree would have closed.
7-3. ©)
1 * (1%)JIx v (IX)Kx P
2 a (Vx) I P
3 * — (Vx)-Kx -
4 b (VX) ~Kx 3 —
5 * (]x)JIx * (])lz)Kx 1v
6 Ja Kb 5]
7 ~Ja | 2V
8 X -Kb 4V
VALID X

Note that in line 6the name need only be new to a branch. Also, in line 7, I
only used line 2 - that was enough to get the branch to close. Similarly, I
needed only line 4.
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7-3. d)

1 a (Vx) (Px > Qx) P
2 * (1x)Px P
3 * —(VX)Qx -
4 a (Vx)-Qx. 3 -
5 Pa 2]
6 * Pa > Qa | 1v
7 -La Qa 6 >
8 X -Qa 4V
X
VALID
7-3. e)
1 a, b (Vx) (Gx Vv Hx) P
2 * —(~(]x)=Gx v =(1x)-Hx) =
3 * -~ (]x)=-GX 2 -
4 * —(Jx)-Hx 2 -
5 * (]x)-Gx 3 —
6 * (]x)-Hx 4 —
7 -Ga 5]
8 b 6]
9 * Ga v Ha | 1V
10 tlia Ha 9v
11 X * Gb v Hb \ 1lv
12 G!‘.s Hb 11 v
X
INVALID. C.E.: D={a,b} -Ga & Gb & Ha & -ib
7-3. £)
1 * (1X)Px & (]1%)-Px P
2 * ~(-(Vx)Px & —(Vx)-Px) R
3 * (]x)Px 1&
4 * (]x)-Px l1&
5 Pa 31
6 - | 41
7 * —(\I’S‘l)l"x * ~— (Vx)-Px 2 -&
8 b (V) Px a (Vx) -Px 7 —
9 P -Pa 8V
X X

VALID. On line 8, I instantiated ’(Vx)Px’ only with ‘b’ and ’ (Vx)-Px’ only
with ‘a’ since that was enough to get both branches to close flrst Also,
doing lines 3 and 4 before line 2 saves work. The practical guide: "work
non-branching rules before branching rules" still applies!
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7-3. 9) .

1 * —(Vx)Px > (]X)Qx P

2 * =(()x)=Qx > =(Vx)-Px) -
3 * (Jx)~Qx 2>
4 * —(Vx)-Px 2>
5 a, b (Vx) =Px 4 —
6 | - | 3]
7 * —(Vx)Px * (1x)Ox 1>
8 a  (x)Px o 7 —i]
9 Pa | 8V
10 -Pa ~Pa 5V
1 X - 5V

INVALID. C.E.: D={a,b} =~Pa & -Pb & -Qa & Qb. I waited to instantiate line
5 with ’‘a’ until I introduced the new name ‘b’ working an (1x)Qx in line 7.
I could have saved a small amourt of writing by doing line 6 first, writing
’-pPa’ as line 7. But then I would have had to return to line 6 with ’b’. In
this case the ane order is as good as the other.

7-3. h)

1 * Jgq > (JX)KRx P

2 a (Vx) (Kx > Ix) P

3 * —-(Jq > -(Vx)-Ix) -
4 Jq 3 =
5 * —(Vx)-Ix 3>
6 a (Vx) -Ix | i 5 —
7 =Jq * (]X)Kx 1>
8 X Ka 7]
9 * Ka > la 2V

| = |

10 ~Ka Ia 9>
11 X -la 6V.

VALID. AtlimQ,I‘mlyhstantiatedzwiﬁl'aibeameIlodcedalnadand
saw that that would be enough to get all branches to close. If not all
had to retwrn to 2 and instantiate it with

'q’ as well.
7-3. 1)
1 * (Jx)Hx & (JX)Gx P
2 * —(Vx)~(HX & Gx) -
3 * (]x)HX 1&
4 * ()x)Gx 1&
5 a, b (Vx)-(Hx & Gx) 2 -
6 Ha 3]
7 G 4]
8 * -(Ha & Ga) | 5V
9 -Ha -Ga 8 -&
10 X * -(Hb & Gb) 5V
| et
11 -Hb - 10 ~&
INVALID. C.E.: D={a,b} Ha & -Hb & -Ga & -ib X
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7-3. §)
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1 * ()x)-Fx : P
2 * —(W)Fx > (Vx)-Px P
3 * —(Vx)Fx > (Vx)-Qx P
4 * —(Vx) (Px v Ox) =
5 a (Vx) (Px v Ox) 4 —
6 -Fa | 1]
7 * —(\Irx)m a (Vx)-Px 2>
8 a (Vx)Fx I -
| === I | =t I
9 * —(Vx)Fx (Vx) -Ox * —(Vx)Fx a  (Vx)-Ox 3>
10 a (Wx)Fx [ a  (W)Fx -Qa 9 —:v
1 Fa Fa | 8V
12 X X Fa 0V
13 X * Pa v Qa 5V
| ——|
14 Pa Qa 13v
15 ~Pa X 7V
X
VALID
7-4. al)
1 * (Vx)Px & (VX)Qx P
2 * —(Vx) (Px & Ox) =<
3 a (Vx) Px 1&
4 a (Vx)Ox 1&
5 * (1x)~(Px & Ox) 2 -v
6 | * -(Pa & Qa) | 51
7 -Pa -Qa 6 =&
8 Pa | - v
9 X Qa av
X
VALID
7-4. a2)
1 a, b (Vx)(Px & Ox) P
2 | * ~((Wx)Px & (VX)Ox) | -
3 * ~(Vx)Px * —(Vx)Ox 2 =&
4 * (1x)-Px * (1x)-Qx 3 -v
5 ~Pa - 4]
) * Pa & Qa * b & b 1V
7 Pa P 6 &
8 Qa o 3 6 &
X X
VALID



7-4. bl) ' 7-4. c2)
* (J)Px v (]X)Qx

1 P 1 a, b (VX) (Px v Qx)
2 * =(]%) (Px V Qx) < ! -
3 a, b (VX)-(Px v Qx) | 2 - 3 * ((vf)?‘(\;)g?‘)m)
4 * ()x)Px * (]0)0Qx lv ; : ;ﬁ’)‘?—g
5 Pa o 4] 6 * (]x)-Qx
6 * —(Pa v Qm) * (B v Qb) 3V 7 -Pa
7 -Pa -Fo 6w 8 -
8 -Qa - 6w 9 * PavQa
X X | A i
10 Pa Qa
VALID 1 p *B v
| I
12 P (o J
X
7-4. b2) INVALID. C.E D=(a,b} -FAa &b &Qa & P
: * :(](]’)‘%’xm ‘('Jofgu) :
=(()x v ()x -C
; e P
-(])x 2 v 1 * (Ix)Px & (]x)Qx
5 a (V) -Px 3 -] 2 * -%]))t) (Px & Qx)
6 a (Vx)-Qx 4 -] 3 * (]x)Px
7 l *PavQe | 1] 4 * (1x)0Qx
8 Pa Qa v 2 2 b (Vx)-(g ahe
9 -Pa | 5V 7 s
10 X -ga 6V 8 * —(Pa & Qa)
§ | A I
9 -Pa —Qa
VALID 10 X * -(Fb & ) ,
n iy e
7-4. ) X
L . (PP v (MG P INVALID. C.E D={a,b}) Pa& -Fb & -Qa & P
2 * =(Vx) (Px v Qx) -
3 * (Jx)-(Px v Qx) 2V 7-4. 42)
; * -(Pa_;aoa) 31
4 v 1 * ()x) (Px & Qx)
6 | ~0n | 4~ g * -((]f)Px & (]x)Qx)
7 a (V) Px a (V) Qx| 1lv 4 m;qn
8 Pa Qa v 5 Qa
b4 X | A |
6 * —(]x)Px * =(1x)0x
VALID 7 a (W)-Px a (Vi) -Ox
8 ~Pa Qa
X X
VALID
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7-4. el)

1 * A > (Vx)Px

2 * —(V) (A > Px)

3 * (Ix)-(A > Px)

4 * -(A> Pa)

5 A

6 | -Pa_ .
7 A (VX) Px
8 X Fa
VALID X
7-4. @2)

1 a (Vx) (A > Px)

2 * =-(A > (Vx)Px)

3 A

4 * —(Vi)Px

s * (]x)-Px

6 -Fa

7 *A>Pa

8 . L ' L
VALID X X
7-4. £1)

1 *A> (Jx)Px

2 * =(]x) (A > Px)

3 a, b V)-(A > Px) |
4 lz\ _ * (Jx)Px
5 * ~(A > Pa)

6 A

] -Pa I
8 X ™
9 * <(A > Fb)
10 A
11 -
VALID X
T4, £2)

1 * ()x) (A > Px)

2 * -(A > (Jx)Px)

3 A

4 * - (Jx)Px

5 a  (W)-Px

6 *A> Pa

; [y L
8 X -Pa
VALID X
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7-4. g1)

1 * (W)Px > A
2 * -(1%) (Px > &)
3 I a, b (V)-(Px > A)
4 * —(W)Px l
5 * ()%)-Px
6 -Fa
7 * ~(Fa > A) * (B > A)
8 Pa Y
9 A -A
VALID X X
7-4. q2)
1 * ()x) (Px > A)
2 * ~((W)Px > A)
3 (Vx)Px
4 -A
5 *Pa>A
: A |
6 -Pa A
7 Pa X
VALID X
7-4. hl)
1 * (J9Px > A
2 * =(Vx) (Px > A)
3 * (1x)-(Px > A)
4 % ~(Pa > A)
5 ra
6 -A
7 a-u%n i
8 a  (V)-Px X
9 -Fa
X
VALID
7-4. h2)
1 a (V) (Px > &)
2 * -((Ix)Px > A)
3 * (1%)Px
4 -A
5 Pa
6 *#Pa>A
7 & \
X X
VALID
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7-4. il1)
1 a (Vx) Px
2 * -(]x)Px
3 a (Vx)-Px
4 -Pa
5 Pa

X
VALID
7-4. i2)
1 * (Ix)Px
2 * - (Vx)Px
3 * (]x)-Px
4 Pa
5 -Fb

INVALID. C.E.: D={a,b} Pa & -Fb

7-4. j1)
1 * (VX)Px > A
2 * —(Vx) (Px > A)
3 * (1x)-(Px > A)
4 * —(Pa > A)
5 Pa
6 -A |
7 * -(v:lc)m A
8 * (]x)-Px X
9 -Pb
INVALID. C.E.: D={a,b) -A & Pa & -Pb
7-4. j2)
1 a (Vx) (Px > A)
2 * —((VX)Px > A)
3 a (Vx) Px
4 -A
5 Pa
6 * Pa > A
7 = A
X X
.

|
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7-4. k1)

1 * (1x) (Px > A)
2 * ~((1x)Px > A)
3 * (]x)Px
4 -A
5 * Pa > A
6 Pb
| A
, & A
INVALID. C.E.: D={a,b) -A & Pb & -Pa X
7-4. k2)
1 * (JX)Px > A
2 * —()x) (Px > A)
3 a, b (Vx)-(Px > A)
4 * ~(]x)Px II\
5 a  (Vx)-Px I
6 -Pa
7 * —(Pa > A) * —(Ib > A)
8 Pa Pb
9 -A -A
VALID X X
7-4. 1)
1 a (Vx) (Px > Q)
2 * (]x)Px
3 * —(1x)Qx
4 a (Vx) ~Qx
5 Pa
6 | * Pa > Qa
7 ~Pa !h
8 X -Qa
X
VALID
7-4. m)
1 # (1x) (Ixa<=->lex)
2 e (Vx) Lxa
3 » —(1x)Lex
4 a (Vx) -Lex
5 | #® Tba<~>Leb
6 Iba -Il.ba
7 Leb -Leb
8 Lea Lea
9 ~Iea -lea
X X
VALID
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8-1. d) TEST FOR CONTRADICTION
ANSWERS TO EXERCISES IN VOIIME II, CHAPTER 8

1 * (VX)Ix & (VX)-~Tx
2 a (V) JIx
3 a (V) ~Ix
8-1. a) TEST FOR CONTRADICTION 4 ~Ja
5 Ja
1 * (W)Dx v (]x)-Dx s X
A CONTRADICTTON
2 a (W)Dx *  (]x)-Dx lv
3 Da -» 2V;2) ‘
NOT A CONTRADICTION. C.E.: D={a} Da; D=(b} -Ib 8-1. e) TEST FOR CONTRADICTION
8~1. a) TEST FOR IOGICAL TRUTH 1 * (]x)Bx v (]x)-Bx
1 * =[(W)Dx v (]x)-Dx] =S 2 * (]%)Bx *  (]%)-Bx
2 * —(Vx)Dx 1 3 Ba ~-Ba
3 * =(]%)Dx 1w
4 * (]x)-Dx 2 -V NOT A CONTRADICTION. C.E.: D={a) Ba; D={a) -Ba
5 a (Vx) —Dx 3 -]
6 -Da 4] 8-1. e) TEST FCR LOGICAL TRUTH
7 * —Da 5V .
8 Da 7= 1 * —[(]%)Bx v (]x)-Bx]
LOGICAL TRUTH X 2 * —(Jx)Bx
3 * —(]x)-Bx
4 a (Vx) -Bx
8-1. b) TEST FOR CONTRADICTION 5 a (Vx) ——Bx
6 * —PBa
1 * (W)Rx & (Jx)-Kx s 7 Ba
2 a (Vx)Rx 1& 8 -Ba
3 * (]x)-Kx l& X
4 -Ka 3] IO0GICAL TRUTH
5 Ka 2V
CONTRADICTION X
8-1. f) TEST FCR CONTRADICTION
8-1. ¢) TEST FOR CONTRADICTION 1 * (]%)Px & (]x)-Px
2 * (]1%)Px
1 ® (Vx)Mx v (Vx)-Nx 8 3 * (]%)-Px
A, 4 m
2 a (VoNx a (W)-Nx iv 5 -
3 Na Na 2V
NOT A CONTRADICTION. C.E.: D={(a} Na; D=(a} -Na NOT A CONTRADICTION. C.E.: D={a,b} Pa&Fb
8-1. ¢) TEST FOR IOGICAL TRUTH 8-1. f) TEST FOR IOGICAL TRUTH
1 ® ~[(V)Rx v (Vx)-Bx] =5 1 * =[(]%¥)Px & ()x)-Px)]
2 ® —(Vx)Nx 1w A |
3 * = (Vx)-Nx 1 2 * ~()x)Px * ~(]x)-Px
4 ® (]x)-Nx ~ 2 -V 3 a (x)-Px - a (Vx) —Px
°5 ® ()x)—Nx 3V 4 -Pa . —pa
6 Na 4] 5 Pa
7 * —b 5]
8 Nb 7 - NOT A IOGICAL TRUTH. C.E.: D=(a} -Pa; D=(a} Pa
NOT A IOGICAL TRUTH. C.E.: D={a,b} -Na&Nb
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8-1. g) TEST FOR CONTRADICTION /
* {(WO)Gx v (W)Bx] & —(VX) (Gx v Hx)

1

2 * (Wx)Gx v (Vx)Hx

3 * ~(Vx) (Gx v Hx)

4 * (]Jx)-(Gx v Hx)

5 * -(Ga v Ha)

6 -Ga

7 -Ha

8 a (\hI()Gx a (Vx)Hx
9 Ga Ha
CONTRADICTION X X
8-1. h) TEST FOR OONTRADICTION

1 * (V) (Rx v Jx) > [(]x)~Kx > (]x)JX]

2 * —(Vx) (Kx v Jx) * ()%)-Kx > (]x)dx

I__.....A

3 * (1x)~(Kx v Jx) * =()%)-Kx *  ()x)Ix
4 ® —(Ka v Ja) a (V) —Kx Ja
5 -Ka . * —Ka

6 ~Ja ' Ka

NOT A CONTRADICTION. C.E.: D={a} -Ka&Ja; Ka; Ja

8-1. h) TEST FOR LOGICAL TRUTH

1 * =((Vx) (Re v Jx) > [(1%)-Kx > (]x)Ix]}
2 a (Wx)(Kx v Jx)

3 * =[(Jx)-Kx > (]x)JX]

4 ‘ * (]%)-Kx

5 * —=(1x)Jx

6 a (W)-Jx

7 -Ka

8 * Ka v Ja |
9 Ka Ja
10 X ~Ja
LOGICAL TRUTH X

8-1, i) TEST FOR CONTRADICTION

1 * [(M)Mx > (V) Nx] & (]x) (Mx & Nx)
2 * (Wx)Mx > (Vx)-Nx
3 * (]x) (-Mx & Nx)
4 * -Ma & Na
5 -Ma
6 Na |
| A
°7 * =(Vx)Mx a (Vx)Nx
8 * (]x)-Mx -Na
9 -Mb X
NOT A CONTRADICTION. C.E.: D=({a,b} -MasNa&Mb
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8-1. i) TEST FOR LOGICAL TRUTH

1 * —([(VOMx > (W)Nx] & (%) (Mx & Nx) )

2 % -[ (VM > (Vx)-Nx] * —(]%) (Mx & Nx)
3 a (Vi) Mx a (V) - (-Mx & Nx)
4 * — (V) -Nx * —(-Ma & Na)

5 * (]x)—Nx j——r—

6 * —Na * —=Ma

7 Na Ma

8 Ma

NOT A IOGICAL TRUTH. C.E.: D={a} Na&Ma; -Na

8-1. j) TEST FOR CONTRADICTION

1 * [(Ix)Bx > (V) (Ox > Nx)] > [(]x) (Hx & Ox) > (W)Nx]

2 * —[(]x)Hx > (Vx) (Ox > Nx)] *  (Ix) (Hx & Ox) > (Vx)Nx
3 * (Jx)Bx ——

4 * —(Vx) (Ox > Nx) * -(Ix)(Hx & Ox) a (Wx)Nx
5 * (]%)-(0x > Nx) a (Vk)-(Hx & Ox) Na

6 Ha * -(Ha & Oa)

7 * —(Cb > Nb) [——]

8 ob -Ha -Oa

9 b

NOT A OONTRADICTION. C.E.: D={a,b} Ha&Ob&Nb

8-1. j) TEST FOR LOGICAL TRUTH

1 * ={[(Jx)Hx > (Vx) (Ox > Nx)] > [(]x) (Hx & Ox) > (VX)Nx])}
2 * (Jx)Bx > (Vx) (Ox > Nx) ’

3 * ~[(1X) (HX & Ox) > (Vx)Nx]

4 * (Jx) (Hx & Ox)

5 * —(Vx)Nx

6 * (]x)Mx

7 * Ha & Ca

8 Ha

9 Oa

10 ~Nb

11 * -()Jx)Hx a )(o:lc > Nx)

12 a (Vx)-Hx * 0a > Na

13 -Ha | A |

14 X -0a Na
15 X * 0b > Nb
16 5

NOT A IOGICAL TRUTH. C.E.: D=(a,b} HaiOa&k-oiNa&-Cb
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8-1. k) TEST FOR OONTRADICTION

1 * (Ix)[-5x & (Gx vV Kx)] v [(Vx)Gx > (Vx) (Sx v Kx)] s
2 * ()x)[-Sx & (GX V Kx)] *  (W)Gx > (VX) (Sx v Kx) 1v
3 * ~Sa & (Ga v Ka) | et 2]
4 -Sa * -(W)Gx a (W) (Sx vRx) 3 &2>
5 * Ga v Ka *  (]x)-Gx * SavKa 3 &4 V3V
| —— —Ga |—"—
6 Ga Ka Sa Ka 5v
NOT A OONTRADICTICN. C.E.: D={a} -Sa&Ga; -Sa&Ka
8-1. k) TEST FOR LOGICAL TRUTH
1 ® —{(Ix)[-5% & (Gx VRx)] V [(W)Gx > (Vx) (Sx vV Kx)]} -5
2 ® -(Jx)[-Sx & (GX Vv Kx)] 1w
3 ® -[(X)Gx > (VX) (5x V Kx)] 1~
4 a (W)-[-5x & (Gx vV K¥)) 2 -]
5 (Vx)Gx 3>
6 ® -(Vx) (Sx v Kx) 3>
7 ® (]x)-(Sx v Kx) 6 -V
8 ® -(Sa v Ka) 7]
9 -Sa 8
10 ~Ka 8 «w
11 ® -[-5a & (Ga v Ka)] av
12 * —|Sa * -(Ga v Ka) 11 -&
13 Sa -Ga 12 —;wv
14 X -Ka 12 «
15 10GICAL TRUTH Ga 5V
X
8-1. 1) TEST FOR OONTRADICTION
1 * [I(W)Fx v M)Gx]<-3[(]>t)-m & —-(Vx)Gx) s
2 * (Ux)Fx v (Vx)Gx * -[(W)Fx v (Vx)Gx] lo
3 * (]x)-Fx & —(Vx)Gx * ~[(]%)-Fx & -(Vx)Gx] . 1o
4 * (]%)-Fx 3&
5 * =(Vx)Gx 3&
6 * (]x%)~Gx 5 v
7 -Fa 4]
8 - 6]
[ ——— I
9 a (W)Fx b (Vx)Gx 2v
10 Fa (e 9V
11 X X * ~(Vx)Fx 2
12 * —(Vx)Gx 2w
13 * ()x)-Fx 11 -V
14 * (]x)-Gx 12 <V
15 -Fe 13 ]
16 -cd 14 ]
17 * =(]x)-Fx * —(Vx)Gx 3 -&
18 c (Vx)—Fx 4 (Ww)ex 17 =);=—
19 * —Fc ad 18V
20 Fe X 19 —
CONTRADICTION X
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8-2. a)

1 * ()%)Px

2 * (Jx)-Px

3 Pa

4 ~Fb

CONSISTENT. MODEL: D={a,b} Pa&tib

8-2. b)

1 a (Vx)Px

2 a (Vx)-Px

3 -Pa

4 Pa

INCONSISTENT X

8-2. ¢)

1 a  (W)Px

2 * ()%)-Px

3 ~Pa

4 " Pa

INCONSISTENT X

8-2. d)

1 a  (Vx)-Fx

2 a (Vx)Sx

3 ® (10 [(-Fx > Sx) > Fx]

4 ® (-Fa > Sa) > Fa

5 * -(-Fa > Sa) ;l-a
6 -Fa

7 -Sa

8 Sa

9 X -
INOONSISTENT ;‘a
8-2. e)

1 * (IX)Gx & (Jx)Qx

2 * -()x) (Gx & Qx)

3 * ()x)6x

4 * ()x)0x

5 a  (VX)-(Gx & Q%)

6 Ga

7 ®

8 * -(Ga & Qa)

g l
9 - -Ga -0
10 X * —(@ & Ob)
11 -(l;b '(Ib
CONSISTENT. MODEL: D={a,b} GasQb&—Gb&—0a X
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8-2. f)

1 a (V) (Gx v Qx) s
2 * ~[(Vx)Gx v (Vx)Qx] s
3 - * —(VX)GX 2
4 * - (VX)QX 2
5 * (]%)-Gx 3
6 * (]30)-Ox 4
7 -Ga 5
8 - 6
9 * GavQa | 1
l A
10 Ga Qa 9
1n X * v 1
| |
12 e} [e o] 1
CONSISTENT. MODEL: D={a,b) -Ga&-Q(b&GbiQa X
8-2. q)
1 ® (1) (Ix v Dx) s
2 a (Vx) (Ix > -Hx) s
3 a (Vx) (Dx > Hx) s
4 a (Vx) [Jx<=>(Dx v Hx)] s
5 ® JavDbDa 11
6 ® Ja > -Ha 2V
7 ® Da > Ha 3V
8 ® Ja<->(Da v Ha) av
| ~ |
9 Ja Da 5v
——| |-———]
10 -Ja -Ha -Ja -Ha 6 >
X |——] |——| |
1 -Da Ha -Da Ha -Da 7>
| X X | X X
|1 ||
12 Ja a : Ja_ -Ja 8 <
113 % Da > Ha ~-(Da > Ha) Da > Ha ® ~(Da > Ha) 8 o
|———| X |
14 -Da 13 >;=
15 X -Ha 13 =
X

OONSISTENT. MODEL: D={a} -Da & Ja & -Ha

8-3. A ocontradiction is true in NO ciraumstances. A consistent sentence 1
true in SOME (one or more) htetpmtatims;hlogi@ltmth%smninm
ons. (A set of sentences is consistent if there is an

on in which they are all true. So one sentence is consistnet i
there is an interpretation in which that one sentence is true.) Thus a
logical truth is consistent, and a comtradiction is inconsistent (i.e., not
consistent) .

8-4. a) The sentences are logically equivalent. If all things are P and al:
all things are Q, then all things are both P and Q. and, conversely, if al

138

things are both P and Q, then all things are P and also all things are Q.

b) The sentences are logically equivalent. If either scmething is P or
something is Q, then there is something which is either P or is Q. aArd
conversely, if there is something which is either P or is Q, then there is
samething which is P or there is samething which is Q.

¢) The sentences are not logically equivalent. It can be true that
is either P or is Q, but not either everything is P or everything
is Q. The counterexample shows you how this can happen. If there are two -
things ard one is P ard the other is Q, everything is either P or Q. But if
the first is not Q and the secarxi is not P, then it is false that either
everything is P or everything is Q.

d) Again, the sentences are not logically equivalent. There can be
samething which is P and ANOTHER which is Q. This makes it true that
samething is P ard something is Q. But if the first is not Q and the second
is not P, there won’t be anything which is both P and Q.

Now go back and compare (a)-(d). Note how the universal quantifier
distributes over carjunctions hut not disjunctions, while the existential
quantifier distributes over disjunctions but not conjunctions. If you think
about it a bit you will see that this symmetry can be explained by appeal to
DeMorgan’s laws and the rules of logical equivalence =~(u) and —-(Eu).

e), £), g), and h): In these cases the palrs of sertences are logically
ecquivalent.

i), §), ad k) : The sentences are not logically equivalent.

Note for e), £f), g), h), j) and X): You can move either quantifier which
governs a corditional to the consequent of the conditional, if the quantified
variable is not feree in the antecedent. But you con’t mowe the quantifier
to the antecedent even if the quantified variable is not free in the

caditional converts to a universal quantifier when the quantifiers are moved
to the antecedent (with the quantified variable not occurring free in the
consequent). It is not hard to see that this is because a corditional of the
form X => Y is logically equivalent to =X v Y. when the quantifier moves in
from the whole conditional to the antecedent it has to move through the
negation sign, and this changes a universal quantifier to an existential
quantifier and and existential quantifier to a universal quantifier.

8-5. a) TEST FOR IOGICAL TRUTH

* ~(Vx) ((Vy)Py > Px)
* (10)-((Vy)Py > Px)
* -[(W)Py > Pa)
a (W)bky

-Pa ->

Pa 4V
LOGICAL TRUTH X

-V
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8-5. b) TEST FOR CONTRADICTION

1 a  (Vx)[(]y)By > Bx]
2 | ' * (JY)By > Ba
3 * -()Y)BY
4 a (W)-By
5 -Ba . :
NOT A CONTRADICTION. C.E.: D=(a} =Ba; D={a) Ba

8-5. b) TEST FOR LOGICAL TRUTH

* —(Vx) [(]Y)By > Bx]
* (1x)-[(]Y)By > Bx]
* —[(]y)By > Ba]

* (Jy)By
© -Ba

m —

O WwN =

NOT A .IOGICAL TRUTH. C.E.: D={a,b} -Ba&kb
8-5. ¢) 'nsr FOR CONTRADICTION

b (W)[()y)Cy & x]
* (Jy)Cy & -Ca
* (Jy)Cy
-Ca
(&)
* (Jy)Cy & -
av)cy
-

X

ém\lmmhwww

8-5. d) TEST FOR CONTRADICTION -

1 #® (1x) (ly) (Ixy & -Lyx)
2 #® (]y) (Lay & -Lya)
3 #® Iab & -lba

4 1ab

5 ~Iba

NOT A OONTRADICTION. C.E.: D={a,b) Iab&lba. Note: you can skip

line

hwwNHd’
ey
“vv o<

AR WNNED
e d— e

[N V]

rﬁ-mm-—n#v

you don‘t neglect to use different names when instantiating (Jx) and (]Y).

8-5. d) TEST FOR LOGICAL TRUTH
* —(]1x) (Jy) (Ixy & -Iyx)
a (W)-(]y) (Ixy & -Iyx)
® —(]y) (Lay & -Lya)
a (Vy)-(Lay & ~Iya)
® -(laa & -laa)

-1aa

§\la\ e WwN =

140

A IOGICAL TRUTH. C.E.: D={a) laa; D={a) -laa

8-5. ) TEST FOR CONTRADICTION

1 * (ly) [(VX)Rxy > (VX)Ryx]

2 | * (Vx)Raa > (Vx)Rax I

3 * —(Vx)Ria a (Vx)Rax
4 * (]x)-Rxa Raa
5 -Ra

NOT A CONIRADICTION. C.E.: D={a,b) -Roa; D={(a)
8-5. e) TEST FOR LOGICAL TRUTH

* =(]y) [()Rxy > (VX)Ryx]
b (Vy) =[ (x)Rxy > (VX)Ryx]
* —[(Vx)R@ > (Vx)Rax]
a (Vx) Ra
* - (Vx)Rax
* (]x)-Rax
-Rab

Raa
* =[ (W)Rxb > (Vx)Rox)
a (Vx) R

* - (Vx)Rox
* (1) -Rox
—Roc

:USESwm\lmmherH

Rab
X

IOGICAL TRUTH. Note that in this problem you must be

Raa

s-

2>
3 -

g
!
:
:

you work on first, if the problem is to be campleted as quickly as shown
here. Unfortunate choice of applying the (u) rule would make the tree mach

8-5, f) TEST FOR CONTRADICTION

ab (V) [(Vy)Txy & (]y)-Tyx]
*  (W)Tay & (]y)-Tya
(Vy)Tay
*  (Jy)-Tya
~Tha

* (Wy)Toy & (]y)-Tyb
a (W)Thy
* ()y)-Tyb
Toa
CONTRADICTION X

VRN W

8-5. g) TEST FOR CONTRADICTION

1 ® (]1x) (V) (Fx > Fy)
2 a (Vy) (Fa > Fy)

3 : | ® Fa >-Fa

4 -Fa

NOT A CONTRADICTION. C.E.: D=(a) -Fa; D={a) Fa
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8-5. g) TEST FOR LOGICAL TROTH

* ~(]x) (Vy) (Fx > Fy)
a (Vx) = (W) (Fx > Fy)
* -(Vy) (Fa > Fy)
* (1y)=(Fa > Fy)
* ~(Fa > Fb)
Fa
-Fo
* —(Vy) (Fb > Fy)
* ()Y)-(Fd > Fy)
* =(Fb > Fc)
o
-Fc
IOGICAL TRUTH X

REBvmvwouvrwnm

8-5. h) TEST FOR CONTRADICTION

ab,c (W) (ly) (Rxy & “Ryx)
* (ly) (Ray & -Rya)
* Rab & -Rba
Rab
. . -Rba
*  (Jy) (Roy & -Ryb)
* R & -Rcb
Rbc
-Rcb
(]y) (Rcy & -Ryc)

Boovwoveunr

INFINITE TREE. NOT A CONTRADICTION.

C.E.: D={a,b,C....); Rab & -Rba & Rbc & -Rcb & ...

8-5. h) TEST FOR LOGICAL TRUTH

1 * —(Vx) (Jy) (Rey & —Ryx)
2 * (1%)-()y) (Ry & “Ryx)
3 * -(Jy) (Ray & —Rya)

4 a (W)-(Ray & -Rya)
5 * -(Raa & -Raa)

6 =

7

NOT A IOGICAL TRUTH. C.E.: D<(a} =-Raa; Raa

8-6,. a)

1 * (1x) (1Y) Iny
2 * (%) ()Y)-Ixy
3 * (Jy)lay
4 * (ly)-lby
5 Lac

6 =Lhd

CONSISTENT. MODEL: D=<(a,b,c,d} Lack~Ibd. Note: You can skip lines 3

5 if you are sure not to neglect using new names!
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8-6. b)

1 a (Vx) (Vy) Ly 5

2 a (V) (Vy)-Iyx s

3 a (Vy)-Lya 2V

4 =Laa 3V

5 a (W)lay 1V

6 Laa 5V
INCONSISTENT X
8-6. C)

1 a  (x)(ly)Rxy S

2 * (]1x) (W) Ky S

3 b (Vy) -Fay 2]

4 * (Jy)kay 1v

5 Kab 4]

6 -Kab 3V
INCONSISTENT X
8-6, d)

1 a (W)Ax s

2 * -(]x)Bx S

3 a (W) ((Jy)(ax & -By) > [(ly)Ay > (W)~By]} s

4 a  (Wx)-Bx 2-)

5 -Ba 4V

6 *I(]Y) (ha & -By) > I(]Y)AY > (VWy)-By 3V

7 * ~(]y) (Aa & ~By) * (Jy)ay > =1 6

8 a (W)-(da & -By) —y"—" el 7 i]

9 I* -(Aa & -Ba) | * —(]y)Ay a (Vyi-By 7 V>
10 -Aa * —Ba a (W)-ay -Ba 9 =&:-];V
1n Aa : | | Aa 1 v]
12 X Ba -Aa 10 —;
13 X Aa 1V

X
CONSISTENT. MODEL: D<{a) -BakAa
8-6. e)

1 a,b (V) ()y)Mxy S
2 * (ly) (Vx)-Mxy s
3 a,b,c  (Wx)-Ma 2]

4 *  (Jy)May 1lv
5 Mab 4]

6 -Maa 3V
7 -Mba 3V
8 * (Jy)Mby 1v
9 Mbc 8 ]

10 -Mca 3V

%Fgmm'mhr:‘;gmsm MODEL: D=(a,b,c,...} Mab&Maa&—MbasMbcs—Mca. ..
he model ects a,b,c,...,. Each bears relation M to the next; each
fails to bear the relation M to a.]’ '
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8-6. 1)

1 "(]X)(]) & -RyY) & Rxy) S

2 ) (Vy) (Rxy > Ryx) s

3 b (VX)(Vy)(vz)[(ny&Ryz)>sz] S

4 * (ly)((Raa & -Ryy) & Ray) 1)
s *+ (Raa & -Rub) & Rab 4]
6 * Raa & -Rtb 5 &
7 Rab 5 &
8 Raa 6 &
9 -Rb 6 &
10 b (Vy) (Ray > Rya) 2V
1n * (Rab > Rba) l 10V
12 -Rab mlaa 1 >

X .
13 a (Vy) (Vz) [ (Roy & Ryz) > Rbz] 3V
14 b (Vz)[(Roa & Raz) > Rbz) 13V
15 b (Rba & Rab) > Rb 18V
16 * -(Rba & Rab) - Rb 15>
. A X
17 -Rba —R‘ab 16 ~&

X
INCONSISTENT. Linez'dasmstantiatedjustwimma:ﬂrb Oon line 3, I
instantiated just with x=b, y=a, and z=b. mwuvgabwtrelatams,lms
able to see that these instances would result in all branches closing. This
was a hard problem.

8-7. a)

1 * ~{(Vx) (Vy) (Px & Qy)<=>[(VX)Px & (Vx)Qnx]) -5

2 a,b (Vx)(Vy)(Px & Qy) * ~(Vx) (V) (Px & Qy) l1-o
3 - * =[(Vx)Px & (Vx)Ox) * (WxX)Px & (Vx)Ox 1<

[~ I -
4 * =(Vx)Px * —(Vx)Qx I =&
5 * (]x)-Px * (Jx)-Qx 4 -V
6 -PFa - 5]
7a (W)(Pa &Qy) b (W) (& Qy) * (1%)-(Vy) (Px & Q) 2 Vv
8 *Pa&Q@a * b & Qo YA,
9 Pa : )3 ) 8 &
10 Qa {0 <] 8 &
1n X X c (W)Px 3&
12 d (Vx)o 3&
1 * -(Vy) (Fc & Qy) 71
14 * (1Y)-(Pc & Qv) 13 V-
15 * -(Pc & Qd) 141
[ —— I .

16 -Pc -d 15 -&
17 Fc | 11v
18 X od 12V
TIOGICALLY PXQUIVALENT X

144
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8-7. b)
1 * -(I(]x) Qy) (Px & Qy)<:>[(IX)Bt & (Ix)ox))
2 * (1x) (Jy) (Px & Q) * =(1x) (y) (Px & Q)
3 * —((Ix)Px & (1x)Qx) * (1x)Px & ()x)Qx
4 * (ly) (Pa & Q) c  (x)-(ly) (Px & Qv)
5 *Pa & Qb
6 Fa
7 | (s <}
8 * ~()Px * =(]x)Qx
9 a (W)-Px b (Vx)-Qx
10 ~Pa b
1n X X * ()x)Px
12 * (Ix
13 FC
14 Qd
15 * —(ly) (Pc & Qy)
16 a (VW) -(Fc & Q)
17 * —~(Pc & Qd)
| —— [
18 -Pc -d
X X
LOGICALLY BQUIVALENT
8-7. C)
1 * ~ fVX) W) (Px v QY)<:>[(VX)B! v (Vx)Qx]}
2 a (Vx)(Vy)(Px Vv Qy) * —(Vx) (W) (Px v Qy)
3 * [ (VX)Px v (VR)Qx] * (Wx)Px v (VX)Qx
4 * ~(Wx)Px
5 * - (V) Qx
6 * (]x)-Px
7 * (1x)-Ox
8 -Pa
9 b
10 b (Vy) (Pa v Q) * (1x)=(Vy) (Px v Qy)
1n | * Pav Qb | * -(Vy) (Pc v Qy)
12 Pa (o< * (ly)-(Fc v Qy)
13 X X * —(FPc v Qd)
14 -Fc
15 -
| m—t [
16 (Vx) Px a (Wx)Qx
17 Fc Qd
X X

N
aom ‘_‘l-'l-' d)
B RV~
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8~7. d)

1

BESEEEEEEE vuvansws

* =((1x) (JY) (Px v Qy)<=>[(]X)Px Vv (]x)Qx]}

* (1% (Jy) (Px v Q)
* ~[(1X)Bx v (1%)0x)
* ~()x)Px
* ~(J0)Qx
a (Vx)-Px

b (Vx)-x
* (Jy) (Fa v Qy)
* Pav Qb

[ ——

|
-Pa’

?3
ox -

8:-7_. e) )

SERE

* ~(1x) (1Y) (Px v Qy)
* (Ix)Px v (Ix)Qx

cd - (Vx)-(1y)(Px v Q)

* (IX)IPx
Fc

1
2 A (W) (W)(P> Q)
35k =[EXPx > (WOOQX]
4 * (1x)Px
-5 *. - (Vx)Qx.
6 * ()3) -Ox
7 Pa
8 Qb
9 b (Vy)(Fa > Qy)
10 * Pa > Cb
e &
X X
15
16
17

E :'-’*”A_( (Vx) vy (Px >'-QY)<:>-‘[A(]X)~R‘ > (V®)Qx])

I
* (Ix)ox
‘ o
*~(ly)(FevQy):  * -(ly)(Pd v Qy)
c (W)-(FevQy) . d (W-(KdvQ)
* -(Fc v Qc) * —(Rd.v d)
-Fc -Rd
—-Qc -Qd
X X

* = (Vx) (Vy) (Px > Qy)
* (1) Px > (VX)Qx

* (1) =-(Vy) (Px > Qy)

* -(Vy) (ll”c > )

* (Jy)-(Fc > Qy)

* -(Fc > Qd)
Fc
* —(Jx)Px d  (M)ox
c (Vx)-Px Qd

-Pc X

X
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ONNEWWR R
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G898 6ebuvuaw
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VAR WW R R t’)
XY

g g
D

* =((1%) (Jy) (Px > Qy)<=>[ (VX)Px > (]x)Qx]}

* =(1x) (ly) (Px > Qy)
* (Vx)Px > (]x)Qx

c,d  (Vx)-=(ly) (Px > Q)
—— I
* =(Vx)Px * (1x)Qx
* (Ix)-Px d
-Pc |
* =(]y)(Fe > Qy) * =(ly)(Rd > Qy)
c (W)-(Fc >Qy) d (Vy)-(Rd > Qy)
* —(Fc > Qo) * -(Fd > qd)
Fc ra
- -Qd
X X

* =((1) (V) (Px > Qy)<=>[ (VX)Px > (Vx)Qx]}

8-7. f)

1
2 * (1)Qy) (x> Qy)
3 * —[(W)Px > (]x)Qx]
4 a (Vx) Px
5 * =(1x)Qx
6 b  (Wx)-Ox
7 * (ly) (Pa > Qy)

8 | * Pa > Qb |
9 -Pa b
10 Pa |
1 X e
12 X
13
14
15
16
17
18
19
LIOGICALLY EQUIVALENT

- 8-7. q)

1

2 * (1x) (Vy) (Px > Qy)

3 * =[(W)Px > (VX)Qx]
4 a (W)Px

5 * ~(Vx)Qx

6 * (Ix)-Qx

7 b (VW)(Pa> Q)

8 -

9 | * Pa > Qb |
10 -Pa b
11 Pa X
12 X
13
14
15
16
17
18
19
20
TOGICALLY EQUIVALENT

* =(1x) (Vy)

(Px > Qy)

* (V)Px > (Vx)Qx

Tc,e (Vx)-(VY) (Px > Qy)
* -(Vx)Px e (VWx)x
* (1x)-Px Qe
-Fc

I :
* =(W) (Fc > Qy) * - (V) (Pe > Qy),

* (1y)-(Fc > Qy)

* (Jy)-(Pe > Qy)

* —(Fc > Qd) * ~(Pe > Qf)
Fc Pe
- -of
X of
X
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8-7. h)

&

1 * —((Wx) (y) (Px > W)<:>[(IX)PX > (1x)Qx])
2 a (W) ()y) (Px > Qy) * (W) (Jy) (Px > Qy)
3 *—((Ix)Px > (1x)Qx) * (Ix)Px > (Ix)Ox
4 * ()%)Px
5 * =(1x)Qx
6 b (W)-Ox
7 Pa
8 * (1y) (Pa > Q) * (1x)-(ly) (Px > Qy)
9 * Pa > Ob * —(ly) (Fc > Qy)
| —— |
10 -Pa o cd (Vy)-(Fc > Qy)
1 X - |[——
12 X * ~(]x)Px
13, c  (VX)-Px
14 -Fc
15 * ~(PFc > Qc)
16 T
17 ~c
LOGICAILY BPQUIVALENT X

8-7. i) TEST ARGUMENT (]y) (W)IXY/(\D()(]Y)T-XY
(1y) (Vx) Ixy
* -(W)(]Y)IXY
* (1x)~(1y)Ixy
* (1x) (Vy)-Lxy
b (W)Ixa
a (Vy)-Iby
Iba
-Iba
The argument is valid. X

8~7. i) TEST ARGUMENT (Vx) (1y)Ixy/(]y) (Vx)Lxy
a,b,c (Vx) (1y) Ixy
*  =(Jy) (Vx)Ixy
*  (Vy)=(Vx)Ixy
a,b,c (V) (I1x)-Ixy
* (Jy)lay
Lab

* (Ix)-Lxa
~Lca

(ly)Iby

(1Y) Icy

(1x) -Ixb

(]x) -Ixc

DN W

E sﬁgwmqmmhump
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9,10,11 ,arﬂnwﬂlprodtx:eﬂnthernamwhidlmstqobad:mto
lines 1 and 4. Clearly the tree is infinite, so the argqument is invalid.
'meoa.mter-exanpleisq\uteamphated Since the argument from the first
to the second sentence is invalid the sentences are NOT ILOGICALLY EQUIVALENT.

8-7. J)
1 * - |(V)()[(JX)B’: & HY]<:>[(]X)BX & (Vy)Hyl) -5
2_a,c (W)[(]x)Bx & Hy] * ~(Vy) [ (1X)Bx & Hy] 1~
3 * T[(]X)Bx & (Vy)Hy) * (1x)Bx & (Vy)Ry 1l -~
4 * -(Ix)Bx * -(Vy)Hy 3 -&
5 a (Vx)-Bx * (Jy)-Hy 4 -1;-v
6 -Ba He 5 V;]
7 (1X)Bx & Ba  * (]x)Bx & Hc * (ly)-[(]x)Bx & Hy] 2 V;-v
8 * (]x)Bx (1%)Bx 7 &
9 Ha Hc 76&
10 Bb X 8]
11 -Bb 5V
12 X * ()x)Bx 3&
13 d (W)Hy 3 &
14 * —[(]x)Bx & Hd)] 7]

15 Be | 12 )

PESUSUSY VI
16 * —(]%)Bx -4 14 ~&
17 ‘ e (Wx)-Bx | 16 ~]
18 : -Be v} 17 V;13 V
X X

IOGTCALLY BEQUIVALENT

8-8. a)
1 * (1x) (1y) [ (V2)Lzx > Ixy) P
2 * —(1x) (]y)Ixy -
3 * (Wx)-(1y) Ixy 2 -]
4 a,b,c (Vx) (Vy)-Lxy 3 -]
5 * (Jy) [(Vx)Lza > lay] 1]
6 * (Vx)Lza > lab | 51
7 * -(Vz)Lza 1ab 6 >
8 b (VWy)-lay 4V
9 * (]z)-Lza -lab 7 =-V;8V
10 ~Ica X

1 -laa Lines 10~19

12 -Lab are fram

13 =lac line 4, V

14 -Iba all cambinaticns
15 -Ibb of a,b,c into

- 16 ~Lbc (Vx) (Vy) ~Lxy

17 -Ica

18 -Icd

19 : ~1ce

INVALID. C.E.: D={a,b,c} -Iaa&-lab&Lac&-Iba&-Ibb&-Ibcik—Lcak-Lobi~Loc
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ANSWERS TO EXERCISES IN VOLIME I, CHAPTER 9

9-1.

a) (Ex)Cx

b) (x)(¥)[(X & Cy) =
€) (Ex) (Ey) (Ez) (X & CY
d) (Ex) (Ey) (E2}{CX & Cy &
e) (x)(¥)(z)(wW)[(Cs &

9-2.

a) (Ex) (Ey) (Ez) [Px &
b) (Ex) (Ey) (Ez){Px &
(W)[(Pw & Iwa) => (X=W V Y=W

c) PeaRe & (%) [(Px & Rr) -> x=e)

& (W) [Cw =>(w=x vV W=y V Ww=2)]
VXMWYV YZVYWYV 2ZW)]

-9
Y
£
ki
<
I

]
1) (Ex){Cx & Gax & (y)[(w&oay) => x=y] & Fx}
3) () {Px => (Ey) (Ex) Myx & Qzy & (w) (Quy —> w=2)]}
k) (x){Px —> [(Ey)(Ez) (Ew) (Qyx & Qzx & Qwx) ~> (Y=2 V Y=w V z=w)]}, OR
(x) [Px -> —(Ey) (Ez) (Ew) (Qyx & QzX & QWX & Wiz & YW &z#w))

9-3. Suppose we are given the rules:
s=t
|s=s =TI P(s)
P(t) =E
Suppose we have a derivation on which s=t and P(t) already appear. We need t
show that P(s) can be derived fram the first two rules:

1l |s=t

2 |P(t) [The argumert fram the second
3 |s=s =T to the first form of =E works
4 |t=s 1,3,~E the same way.)

5 |p(s) 2,4,=E

9-4. To see that this holds, consider a case in which we have a branch on
vhich afa appears. Now, since the =I rule licenses us to write ren (for
any name, n) at any place on a branch, we could simply write a=a an the
branch an which aga appears. So, an one branch, we would have both aga [or,
-(a=a)] and a=a, which would close the branch. In general, if we wrote
self-idsmitisforeadxnameooumﬁgmabmm,wbrarmt\avin;m
for same name wauld close. This is just what the o rule does for us

NOTE: Answers for exercises 9-5 through 9-8 are given in the form of both
derivations and truth trees. 2ll of the derivations came first, followed by
all of the truth trees.

9-5. a)
1 |88 =I
(Ex) (x=a) 1,1

152

9-5. b)

1 =(Fa > Fb} A

2 a=h A

3 Fa 1,->

4 -Fb 1,=>

5 -Fa 2,4,=E

6 P 2-5,-1

7 |-(F& > FB) > &% 1-6,>T

8 1 (v}{~(F& > Fy) > 7,(¥)I
9 | (x) (¥) [-(Fx > Fy) > xdy] 8,(x)I
9-5. ¢)

1 Pa_ A

2 a=a =]

3 a=a & Pa 1,2 &1

4 | | (Ey) (a=y & Py) 3,EL

2 P4 > (Ey) (8=y & Py) 1-4,>1

A

7 | Ibla=b & P A

8 a=b 7,88

9 P 7,&E
10 Pa 8,9,=E
1 Pa 6,7~10,EE
12 |(Ey)(4=y & Py) > F& 6-11,>I
13 |PA<->(Ey) (&=y & Py) 5,12, <1
14 | (x) [Px<~>(Ey) (x=y & Py)] 13,UI
9-5. d)

1 Pa_ A

2 b=a A

3 Pa 1,R

4 P 2,3,<E
5 b=a > b 2-4,>I

6 (X) (x=a > Px) 5,UI

7 |PA => (x) (x4 > Px) 1-6,>1

8 > A

9 a=a > Pa 8,UE
10 a=a =T
1n Pa 9,10,>E
12 |(x)(x=a > Px) > Pa 8~-12,>T
13 |P&<->(x) (x=4 > Px) 7,12, <1

9-5, e)

1 (Ey) (Fx & -Fy) A

2 | |al(Ev) (Fa & -Fy) A

3 b(Fa & -Fb ‘A

4 a=b A

5 Fa 3,56

6 -Fb 3,&E

7 ~Fa 4,6,=E

8 s 4-7,~1

9 (Ey) (ayfy) 8,EI
10 (Ex) (Ey) (x4y) 9,EI
n (Ex) (Ey) (xty) 2,3-10,EE
12 (Ex) (Ey) (%) 1,2-11,EE
13 | (Ex) (Ey) (Fx&-Fy) > (Ex) (Ey) (x%)

1-12,>T

9-6.

1 ) (V) (Fy<=>y=x) P

2 ja —> A

3 Fa<->a=a 2,UE

4 A =]

51 |Fa 3,4,

6 | {¥FB<—>b=a 2,UE £

7 5 > B=a 5,<E

8 (Y) (Fy > y=a) 6,01

9 | [Fa & (y) (Fy > y=a) 5,10,&1
10 (Ex) [Fx&(y) (Fy > y=x)] 8,EI
11 | (Ex) [Fx&(y) (Fy > y=x)] 1,2-10,EE

1 [Fx&(Y) (Fy > y=x)] P

2 ja|Fa&(v) (Fy > y=a) A

3 Fa 2,&E

4 (Y) (Fy > y=a) 2,8E

5 B > 4,UE

6 b=a A

7 Fa 3,R

8 o 6,7,-E
9 B=a > Fb 6-8,>T
10 Fi<—>F=a 5,9,°o1
n (Y) (Fy<~>y=a) 10,UT
12 (Ex) (y) (Fy<->y=x) 11,ET
13 | (Ex) (y) (Fy<->y=x) 1,2-12,EE
9-7.
REFLEXIVITY:

1 [&=a =T
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)=
EI
,EI
4-12
UE
~E
UE

(Ey) (a#y)
(Ex) (Ey) (3%47)

R
6
—2,R
59, -1
4,10, &1
3,4-12,ER
13,01

11,ET

) [ R )

(x)-Rox
~Raa -
afb

Reb & a#b
(Ey) (Ray & aFy)

(x) (EBy) Rty

(Ex) (EY) (%4)
(Ey) (Rly & 8#y)
() (Ey} (Foy & 28y)

(x} (Ey)Rxy
(By)Ry

£
w w38 xx38Y
\D

P P R N P

&I
16,ET

(Ex) (By) (Rxaky&ody) 17,E1

14,15
(Ex) (BY) (K% & Ky & wdy)

~
~

13

& Jx)

Ka&Kbsab
(Ey) (KasRysaydy)

Ko
Ka

(Ex) (Kx & —Ix)
Ka & Ja
Ja
-Jb
ab
Ja
-~Jb
-Ja
b

4,5-18 EE

2 1 (0 -RxXx

3 | (Ey)Ray

4 (b|Rab
&b
Rab
Raa
(x) —Rxx
~Raa

4 IbjRab
&b
Rab
Raa

B ¢
3 |lajka & Ja

20 | (Bx) (By) (Kx & Ky & x4y)

= Y g4 a
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8 o mecBBCo9Y 8 wr¥ wiiig x xBBsaBhid
aaTa BB LN M ST O A PN R e ) =i N PP I I EE LD
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_ g 148X A 3 B
i = 2 Lopoer 1 T 48 gREEREE !
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8 sBax _— THRLL ¥ %20y
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9-8. d)
1
2
3
4
5
6
7
8

)
¥y=x)

~

&b
a=a
b=a
> b=
(y) (&=y > y=a)

(x) (¥) (=Y >

_\~

1
2
3
4
s
6

ey BNPA
PALLHAlsss

gy BNPOS
M NN G0N A

> g
a=C
=E

(%) (a=x<=>b=x)

28 "1
NI 194991
. 20i8tee, o geteraberl o gHbAgAR LYY
F AmmenONOR H Aaneneroa3g W Anowneneagd
o
8

gy EEE R R mmwm

PR T b Am e B PR

3z
) > x=2)

(8=y & y=2) >
) e=yiy=2

o £
AT A
T e s
o~ L
: s 21§
SBESSE . £
- T O Rada i

9-8. b)
7 .
2
3
4
5
6

> B
(x) (x=a > FX)

Fa_
o=
1 ira
- b
Ab=a

9-8. C)

1,3-19,EE
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9-8. 0)

1 | (Ex) (Px & (Y) (Py > y=x))
2 | (B)(PX & Qx)
3 [ajpa & Ca
4 B
5 (Ex) (Px & (y) (Py > y=x))
6 clbe & (V)(Py > y=C)
7 Pc
8 () (By > y=©)
9 Fa > a=c
10 Pa & Qa
n Pa
12 a=C
13 Pb > b=c
14 Fb
15 b=c
16 b=a
17 Qa
18 (s -}
19 d
20 m> QB
21 (x) (Px > Qx)
22 [ (%) (Px > Qu)
9-8. p)
=(Ex) (Fx & (y) (Fy > y=x))
YEX
alFa__
V) (Fy > y=a)
Fa

Fa & (y) (Fy > y=a)

=(y) (Fy > y=a)
(Ey)-(Fy > y=a)
bl|=(Fb > b=a)

(Ex) (Ey) (Fx & Fy & xdy)
(Ex) (By) (Fx & Fy & x#y)

CELGaGEEREBvmuanswnm

9-5. a)

1
2 a
3

(Ex) (Fx & (y) (Fy > y=x))
=(Ex) (Fx & (y) (Fy > y=x))

wWRaAAPHRPIYY

oS00

WHEHEPPOLEMANAW»IPYY
~ - &

e~ &

U} ~

vy

12,13,14,&1
15,EI

16,EI
10,11-17,EE
2,3-18,EE

-(1x) (x=a) -
(x)-(x=a) 1-v
afa

X
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9-5, b)
1 * o) (V) [-(Fx > Fy) >
g - * (1) AY)-[~(Fx > Fy) >&z3]7]
3 * ~[-(Fa > Fb) > ap)
: * -~(Fa > Fb)
p * - (agb)
; ay
8 -]
5 S
9-5. ¢) X
1 *=(X) [Pr<=>(1y) (2=y &
‘;’ *(1%) = [Px<=>(Jy) (%=y & g;]]
| * -[Pa<->(]¥) (Y & Fy))
; £ h
* =(]y) (a=y & Py)
6 a Wttt * (1Y) (a=y & Py)
7 * —(ama & Pa)
[—=——]
8 afa -Pa
13 X X * ab &b
11 o
I P
X
9-5. Q)
1 O‘ —[Pa<->(x) (x=a > Pa)]
g Pa -Ela
3 *. -E)]c))‘)(xiax; >Pa;d) a (x)(x=a > pa)
- *
2 #® ~(b=a > Pa) l-a_a;: ihe ]
b=a
; i e X
X
9-5. e)
1 * =1(0%) (y) (Fx & -Fy) > (1% ()y)
g * (%) (ly) (Fx & -W)]Y G]
3 * o =(1%) (y) (ety)
: * Fa & -fb
p a,b (%) (¥)~(xy)
s *  —(apb)
; =
9
10 s
x‘:
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9-6. Test argqument from first to second sertence.

1 * (1% (y) (Py<->y=x) P

2 * -1 [Fx & (y) (Fy > y=x)] <

3 a  (0-[Fx & (¥) (Fy > y=)] 2V
1 ba  (y) (Fy<=->y=a) 1]

5 * ~[Fa & (y)(Fy > y=a)] 3V
p | * Fa<->a=a | 4V
; Fa -Fa 6 <
8 a=a 3fa 6<
| |-—* *

9 -Fa * —(y) (Fy > y=a) >*

10 X * ()y)~-(Fy > y=a) sV

1 * —(Fb > b=a) 10 ]

P b 11 =

1 bia 11 =->

1 I * Fh<->b=a | 4v

18 b -Fb 4 <

16 b=a bea U<

X X
Test argument from the secand to the first sentence.
1 * (1) [Px & (y) (Fy > y=x) P
2 * =(1x) () (Fy<->y=x) *
3 a () ()y)-(Fy<->y=x) 2-hv
3 * Fa & (y)(Fy > y=a) 1]
5 Fa 4 &
6 b (v)(Fy > y=a) 1k
7 * (1Y) =(Fy<->y=a) 3V
8 *  ~(Fb<->b=a) 71
s | * Fb> bma | 6V
10 2] b ° 2
> | l ~Fa 10,11 =
13 -Fb b=a X 9>
X X

9-7. We have to show that the statements that =

and transitive are all logical truths.
REFLEXIVITY

1 * =(x) (3e=x)

2 * (%)= (x=x)

3 e
X
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is reflexive, symmetric

* =) (¥) ey > yex)
* (1x) (1y) - >
I _(ﬂ(’;g_a)m)

gl

[ ]
* o =(%) (Y) (2) [ (x=y
** (1041Y) (12)~[ ey & yor
* -[@d & b=c) > a=c)
&b & b=c '

[ ]

y=z) )>x-z].

A

DN WD § Ndwh g

<1714

.
)
L=

a (%) (x=a> Fx)
-Fa

b woR I

* a=a > Fa
~

> xmz]

g _

&

Fa
* ~(x) (x=a > Fx)
*  (1%)-(x=a > Fx)
* -(b=a> )
b=a

-
-Fa
X

NOUaWwN R Z

1

2 * ()x) (Fx & x=a)
-Fa

i * Fb & b=a

5 b3 )

s r

X
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9-8. i)

9-8. d)

v

PPP{155

*

(1x) (y) (Py<=>y=x)
Pa
P
b

~>> 00 004

a,b

() (Py<—>y=c)
Pa<—>a=C
Po<->b=

*
*

o O

Ta ¥

(1x)Px

(%) (x=a v x=b)

A

by
X
[ ]

ley

]W"_VV > o

AT AN

-(Pa v Fb)
Pc
-Pa
-
c=a v cb

~ <

A

R

—fg~

o O

1
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—gfix =
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SN0 [ I )] mnu Q_. AN FIO O~
] ww
>> A A —w 300
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1
v [y
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NSO 0 o~ }12345678 AN

9-8. k)

a?

a=b
~(x) (a=x<->b=x)
(1x) = (a=x<->b=x)

9-8. q)

9 g
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7~ 99a > 00un

|
agc
b=c
b#c

X

I
aga
bga

X

*
*

“NO

A,

- (a=c<=>b=C)

*

I
a=c
b#c
b=c
X

0o~

9-8. h)
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(X) (a=x<=>b=x)
ab
a=a<->b=a
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9-8. 1) 9-8. 0)
1 a  (x)()y)Rxy P 1 * (%) [Px & (y)(Py > y=x)] P
2 a (x) ~Rocx P 2 *  (]x) (Px & Qx) P
3 * —(1x) (1Y) (%Ay) =C 3 *  -(x) (Px > Qx) =
4 * (%) (Y)=(%y) 3 -] 4 *  (Ex)-(Px > Qx) 3-v
5 ab (%) (y)(=y) 4 — 5 * —(Pa > Qa) 4]
6 *  (]Y)Ray 1v 6 Pa 5 =>
7 “Rab 6] 7 - 5 =>
8 ~Raa 2V 8 * P& 2]
9 ab. 5V 9 * Pc & (y)(Py > y=c) 1)
10 Raa ~ 7,9 = 10 P 8 &
- X 1 ® 8 &
. - _ . FRE 12 Pc 9 &
- 9-8. m) e o L ' 13 a,b (y) (Py > y=c) 9 &
) ) 14 * Pa > &cC 13V
1 a (%) ()y)Ry P 15 *  Fb>b=x 13V
2 A a (X)-Rx P A !
3. *  —(x) ()y) (Ry & xpy) -C 16 —Pa a< 14 >
4 L () (¥) = (R & o) 3 Vi) X s t——
5 b. (V)-(Ray & .apy) . 7. 4] 17 -Pb b=c 15 >
6 ' * (lJY)Ray . - 1v 18 X - 16,17 =
7 Rab 6] 19 Q@ 11,17 =
8 * -(Rab & agh) | 5V X
9 -Rab * - (a9b) 8 -& 9-8. p)
10 X ab 9 —
n ~Raa 2V 1 *  —(Ix)[Fx & (y) (Fy > y=x)] P
12 ‘Raa 7,10 = 2 * ()x) Fx P
X 3 ¥ =(1x) (Jy) (Fx & Fy & x#y) =
: 4 a,b (x) (Y)-(Fx & Fy & x#y) 3 -)
9-8. n) 5 a  (x)-[Fx & (y) (Fy > Y=x)] 1-]
6 Fa 2
1 * (1% (Kx & Ix) P 7 * ~[Fa & (y) (Fy > y=a)] 5V
2 *  (]%) (K% & =Jx) P | A
3 =(1x) (Jy) (% & Ry & %dy) = 8 -Fa *  =(y)(Fy > y=a) 7 -&
-4 ab (x) ()= (Kx & Ky & xéy) 3 -] 9 X *  (ly)-(Fy > y=a) 8 -V
5 * Ka & Ja 1] 10 * ~(Fb > b=a) 9]
6 * Ko & -Fb 2] 11 b 10 —>
7 Ka 5& 12 bfa 10 ->
8 Ja 5& 13 * —(Fa & Fb & agb) 4V
9 Kb 6 & |
10 _ ~Jb 6 & 14 -Fa -Fb * (i) 13 ~&
11 | * -(Ka&ml)_& azb) | 4 v 15 X X ab 14 —
. X
12 -Ka -Kb *  —(agib) 11 -&
13 X : X : a=b 12 — 9-9. Suppose player A belangs to two soccer teams, Team I and Team II.
14 -Ja 10,13 = Suppose further that A is teammates with player B on Team I, and with player
X Con Team II. In this case, A holds the relation being-teammates-on-a-

soccer-team to B, ard A holds this relation to C, but B does not hold the
relation to C. Thus, the relation being-teammates—-on—a-soccer-team fails
to be an equivalence relation in this case, as it is non-transitive.

There may be circumstances under which this relaticn is an eguivalence
relation even though one or more people belong to more than one team -
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namely, those circumstances in which whenever a player, P, is on more than

ane team, all of his teammates are also on all of the teams that P plays on.

This would correspard, in the above example, to the circumstances in which
player C was also a member of Team I, and Player B a member of Team II. In
such ciramstances, the relation bei tes—on—-a-soccer-team would be
an equivalence one, since it would be transitive as well as reflexive and
symmetric.

NOTE: Answers for exercises 9-10 and 9-11 are given in the form of both

derivations and truth trees. All of the derivations come first, followed by

all of the txuth trees.

9-10. a) 9-11. ¢)
1] |ffa)=c & £(a)=b A 1 100 (£00)60) P
2 f(a)=c 1,&E 2 jf(a)#a 1,UE
3| [t@=D , 1,6E 3 | (Ey)(£(3)sy) 2,EI
4] [ob 2,3,=E 4 [ (Ex) (Ey) (xéy) 3,EI
5 |(£@)=2 & £(3)=H) > &B 1-4,>I
6 | (2) [(£(2)=C&f(z)=B) >3] 5,UI 9-11. d)
7 {(y) (2) [£(2)=C&f(z)=y)->E=y] 6,UL
8 | (x) (v) (2) [£(2)=x&E(2)=y) —>x=y] 1 | (Bx) (£(x)#x) P
7,0 2 |a|f(a A
3 (Ey) (£(a)#y) 2,EI
9-10. b) 4 (Ex) (Ey) (£(x)s%y) 3,EI
5 | (Ex) (EY) (£(x)#Y) 1,2-4,EE
1 [ )=(EX) (F£(X)v-Fx) A
2 (x) -~ (F£f (x) v-Fx) 1,-] 9-11. e)
3 -(Ff(a)v-Fa 2,UE
4 ~Ff(a) &—Fa 3,M 1 |(Ex) (y) (£(¥)=x) P
s | |-Ff(a) 4,8E 2 ja|{y) (F(y)=a) A
6| |—Fa 5,8E 3| [f(b)=a 2,UE
7] |Fa 6,— 4| |f(c)=a 2,UE
8 (x) Fx 7,UL 5 | |£)=F(c) 3,4,<E
9 [ |Ff(a) 8,UE 6 (y) (E()=E(y)) 5,UL
10 | (Ex) (Ff(x)v-Fx) 1-9,RD 7 (%) (Y) (E(x)=E(y)) 6,UL
8 | (x) (¥) (E(x)=E£(Y)) 1,2-7,EE
9-11. £)
9-11. a) 1|00 (v) (e(x.vI=a(y,x)) P
2 | |Fu(a.,b] A
1 lxFx P 3 (x) () (9(x,Y)=g(y,x)) 1L,R
2 |Fg(d) 1,UE 4 (v) (g(a,y=g(y,a)) 3,UE
3 [ (x)Fg(x) 2,ur 5 1 |g(a,b)=g(b,a) . 4,UE
6 | |Fg(b,a) 2,5,=E
9-11. b) 7 {Fg(a,B)->Fg(b,a) 2-6,>1
8 (Y)[P’G(3,Y)'>N(Y,3)] 7,Ul
1100 (V) (x=y) P 9 | (x)(y) (Fg(x,y)->Fg(y,x)] 8,UI
2 H(y) (£(a)=y) 1,UE
3 |£(8)=a 2,UE
4 | (x) (£(X)=x) 3,ur
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9-11. g)

BD.:'S\DQ\IO\UI&UNH

() (LE =)

££(a)=£f (a)
££ (a)=E£ (b)
(x) (££(x)=x)
ff(a)=a
ff(b)=d
a=ff(b)

a=b

£(8)=£(B) > &b

(Y) [(£(AQ)=E(y) > aY)

(x) (V) (E(x)=E((y) > x=Y]

.!!{"U

5>

-

HD—'xQAUIUIHN
S

R

v

-

Ss

9-11. h)

[
’D:O\DGJ\IO\UIhUN"'

g

b~

1 (y) (2) (a(y,z)=x)

Z
(2) (g(y,C)=a)
qg(b,8)=a

g

9(8,8)=9(d,8)
(%) (g(B,8)=g(d,))
(z) (W) (g(B,C)=g(z,w))

PUEON WL
CEEE]

S8

(%) (¥) (2) (W) (g (x,Y)=g(z,w))

1,2-11,

9-11. )

rbbbEBvovanawnr

5=
oE
EE

Ff(a)
~Ff(b)

Ff(a)

-F£(b)

Ff (by
f(a)#£(b)
(Ey) (f(a)#£(y))
(Ex) (Ey) (£(x)#£(y))
(Ex) (Ey) (£(x)#£(y))
(Ex) (By) (£(x)}#£(y))

° o
Y

9-11. i)

LX) (V) (FA0CY)
(2) (EX) (Ey) (29 (x,Y))
t(JEK) (Ey) (&=g(x,Y))

claa,g)
(x) (Y)Fg(x,y)
(Y)Fg(b,y)
Fg(b,c)
Fa 6,9,=E
Fa 5,6-10,EE

EPE

CBEBvovaunsuwnr

(x)Fx 12,UI
x) () Fa(x,y)>(x)Fx  2-13,>I

s

&
th

(v} (z) (w) (a(B,y)=g(z,w)) 9,UI
(x) () (2) (W) (q(x,y)ﬂ(z,‘i%)m

EE

-~ -
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9-11. k)
(X)(V) (Y > g(X,Viska(V, X))

b

(x) () [y > g(x,y)#g(y,%)]

(y) [ty > g(a,y)¥ig(Y.a))

2y > g(a,b)g(b,a)

g(a,b)#g(b,a)

(v) [g(a,b)#y > g(g(a,b),y)#d(Y,9(a,b))] 3,

g(a,b)}#g(b,a) > g(g(a,b),g(b,a))#g(g(b,a),g(ab)) 7,

g(g(a,b) ,g(b,a))#g(g(b,a),g(a,b)) 6,
> q(g(ala) lg(sla) )#g(q(B,a) lg(als)) ’ 2-9,>1

(y) (a#y > (9(9(,y) ,9(y.8))#5(9(y,8),9(],y))]} 10,UI

(x) (y) (& > [9(g(x,Y),9(Y,.X) }¥a(g(y,x),g(x,¥))]} 11,UX

9-11. 1)

R
,UE
,UE
+5,>E

Nk WY

UES‘D@QO\MQQNH

| (x) (¥) 3¢ty > (Fa(X,y)<->-Fq(y,x))1 4
(¥) [y > (Fg(&,y)<->-Fg(y,8)) 1,UE
355 > (1’9(3'5)<'>"RJ(5:3)) 2,UE
b A
&b > (Fg(a,b)<->-Fg(b,a)) 3,R

Fy(a,b)<->~Fg(b,a)
g(a,bl=g(b.a)

4

A

A
Fy(a,b)<->Fg(b,a)  6,R

8,9

7

1

-Fg(b,a) /9,<E
g(a,b)=g(b,a) R
-Fg(a,b) 0,11,=E
-Fg(a,b) 8-12,-1
~Fg(b,a) - 7,13,=E
- |Fa(a,b)y<->-Fg(b,a) 6,R
Fg(a,b) 14,15,<E
g(a, b)#(b, a) 7-16,-1
5 > (9(315)9‘9(5:3)) 4-17 >1

(y) (&4y > (9(8,y)#3(y,d))]  18,UI
(x) (Y) [y > (9(x,y)#a(y,x))] 19,UI

SeEaabEEBEBvovanawnkm

£
o
]

* —(Vx) (Vy) (Vz) [(£(2)=x & £(z)=y) > x=Y]
* (Ix) (1Y) (12)-[(f(2)=x & f(2)=y) > x=Y]
* ~[(E(c)=a & f(c)=b) > a=b]

* f(c)=a & f(c)=b

aid

f(c)=a
f(c)=b
aDb
X

N BN
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9-10.

VRN WN

b)

. a)

. b)

. C)

.

* -(1x) (FE(x) v -Fx)
a,f(a) (Vx)-(F£(x) v -Fx)
* -(Ff(a) v -Fa)
-Ff(a)
-—Fa

* -(PE£f(a) v F£(a))

~Fff(a)
* —Ff(a)
Ff(a)
X

g@@) - (x)Fx..
* —(Vx)Fg(x)

* ()x)-Fg(x)-
-Fg(a) .

Fg(a)

. X

f(a) . (Vx) (Vy)-(x=y)
* —~(Vx) (£(x)=x)
* (1x)=(£(x)=x)
f(a)7a
a (W) (f(a)=y)
f(a)=a
X

a () (f(x)#x)

* =(1x)(1y) (o)

* (W)~ (1Y) -(%fy)

f(a) (Vx) (Vy)-(xfy)
f(a)#a

a  (Vy)-(f(a)fy)
-(f(;)#l)

* (1x) (£(x)9x)
* —(1x) (]y) (E(x)#y)
* (Vx)=(1y) (£(x)#y)
f(a) (Vx) (W)= (£(x)#Y)
f(a)#a

a (W=(f(aiy)
-(f(2))
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9-11. e) 9-11. h)

1 * (%) (V) (£(y)=x) P 1 *  (1x) (V) (Vz) (9(Y,2)=x)
2 * =(Vx) (Vy) (£(x)=£(Y)] -C 2 * = (Vx) (V) (Vz) (W) (9 (x,Y)=g(z,W)]
3 * (1%)-(Vy) (£(x)=£(Y)] 2 v 3 b,d (W) (Vz) (g(y,2)=a)
4 * (1) (JY) (E(xX)#E(Y) ] 3-v 4 * (1x)-(Vy) (Vz) (W) (9 (%,¥)=g(Z,W)]
5 b,c (Vy) (£(y)=a) 1] 5 * (1x) (Jy)-(Vz) (W) [9(x,y)=g(z,w) ]
6 * (Jy) (ED)¥#£(Y) ] 4] 6 * (1x) (1y) (12) - (W) (9(x,Y)=g(z,W) ]
7 £ (b)#f(c) 6] 7 * (1x) (Jy) ()2) (Jw)=(9(x,¥)=g(Z,w) ]
8 f(b)=a 5V 8 *  (ly) (12) (Jw) [(g(b,Y)#g(Z,W) ]
9 f(c)=a 5V 9 *  (12) ()W) [g(b,C)#g(z,W) ]
10 f(b)=t(c) 6,7 = 10 *  (Jw) [g,c)¥#g(d,w)]
X 1 g(b,C)g(d,e)
12 c (vz)(g(b,z)=a)
¢ 13 g(b,c)=a
9-11. £) 14 e (Vz)(g(d,z)=a)
15 g(d,e)=a
1 a (V%) (V) [9(x,y)=g(Y,x)] P 16 g(b,c)=g(d,e)
2 * —(Vx) (Vy) [Fg(x,y) > Fg(y,x)] - X
3 *  ()x)-(Vy) (Fg(x,y) > Fg(y:x)] 2-v
4 *  (Ix) (Jy)-(Fa(x,y) > Fg(y,x)] 3 v
5 *  (ly)-(Fg(a,y) > Fg(y,a)] 4] 9-11. i)
6 * -[Fg(a,b) > Fg(b,a)] 5]
7 Fg{a,b) 6 -> 1 a (Vz) (1x) (Jy) [2=9(X,Y) ]
8 , -Fg(b,a) 6 —> 2 * —[(Vx) (V)Fg(%,y) > (Vx)Fx]
9 b (Vy) (9(a,y)=g(y,a)] 1v 3 b (Vx) (Vy)Fg(x,y)
10 g(a,b)=g(b,a) 9V 4 *  —(Vx)Fx
1n -Fg(a,b) 8,10 = 5 * (Jx)-Fx
X 6 -Fa
7 * (1x) (1Y) [2=9(x,Y)]
8 * (Jy) {a=g(b,y))
9-11. g) 9 a=g(b,c
10 c (Vy)Fg(b,y)
1 a,b (Vx) (££(x)=x) P 1 Fg(b,c)
2 *  =(Vx) (Vy) [(£(x)=£(y) > x=y) - 12 ~Fg(b,c)
3 * (1)~ (Vy) (£(x)=£(y) > x=y] 2 v X
4 * (3%) ()Y)-(E(x)=£(y) > x=v] 3V .
5 *  (Qy)-(f)=f(y) > a=y] 4] 9-11. j)
6 * —[f(a)=f(b) > a=b)] 5]
7 f(a)=t(b) 6 > 1 * (1x) (YY) (FE(x) & -Ff(y)]
8 ag 6 —> 2 * (1% ()y) [£(x)#£(y)]
9 ff(a)=a 1v 3 *  (Vx)-(y) [E£(x)#£(Y) ]
10 f£(b)=b 1v 4 a (W) (Vy)-[E(x)#E(y)]
1u ff(a)=b 7,10 = 5 * (Jy)[Ff(a) & -FE(y)]
12 ab 9,11 = 6 *  Ff(a) & ~Ff(b)
X 7 Ff(a)
8 -F£(b)
9 b (Vy)-[{f(a)}#f(y)]
10 * -[f(a)#£(b)]
11 f(a)=t(b)
12 ~Ff(a)
X
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9-11. k)

1 a,; g(a,b) (Vx) (Vy) [xdy > q(x,y)alg(y,x)] P

2 * = (V%) (Vy) [aky > 9(g(x,¥) g (Y, x))#a(g(y.x) ,9(x,y)) ] =

3 * (%)= (V) Doty > 9(g (%, Y) (Y, %) )A&I(G(Y,X) (X)) ] 2 v
4 * (Ix) Jy) =Dy > 9(a(x,Y) 9 (Y, %) )#I(I(Y,X) ,I(X,¥))] 13-V
5 * (]Y)'(w > g(g(a:Y) Ig(YI_a) )#g(g(YIa) Ig(aIY))] 4 ]

6 * —[a# > g(g(a,b) 'g(b;:t);),‘g(g(b'a) 9(a,b))] 56] S
7 : -
8 * ~[g(g{a,b):g(b,a))#z(g(D,a),9(a,b))] 6 =
9 g(g(alb)':g(bla) )=9(9(b:a) 9(a,b)) 8 —
10 b (Vy) (a#y > g(a,y)s#g(Y,a)] 1V
11 '* .oy > g(a,b);lg(b,a) w0V
12 b <. gf(a,b)Fg(b,a) 1 >

. X .
13 m,a) (W) [g(a,b#y > g(gab),y)#g(y.g(ab)] 1V
1 T b ,8) S (g 3(0,a) Ha(a(ER) 3@ B V
. A |
15 -tg(a,bl#g(b.a)l . g(g(a,b) ,g(b,a) )ﬂ(q(g,a) 9(a,b)) 14 >
X .

9-11. 1)

1 a (V) (W) %ty > [Fg(x,y)<->-Fg(y,x)]} P

2 * —(Vx) (V) [%fy > 9(x,¥Y)#9(y,X)] -

3 * (1x)=(Vy) [ty > 9(x,Y)#9(Y,x)) 2 =V

4 * (1x)-()Y) -Do¥y > 9(x,Y)Fa(Y,X)] 3-v

5 *  (y)-[a#y > g(a,y)¥gly,a)] 4]

6 . * —[apo > g(a,b)¥g(b,a)] 5]

7 ) 6 ->

8" * -[g(a,b)#g(b,a)] 6 ->

9 . g(alb)=g(bla) 8 —
10 b ) (aty > [Fg(a,y)<->-Fg(y,a)]} 1v
11 * o > (P\;(a,bl(»-!\;(b,a)] 0V
12 'ﬁl * F\J(a:b)<‘>'f"-}(b,a) 11 >

X ~

13 Fg(a,b) -Fg(a,b) 12 <
14 'F\J(b:a) —Fg(b,a) 12 <
15 ~Fg(a,b) * —Fg(a,b) 9,14 =
16 X E;()a(,b) 15 —

9-12. [Note: Many other placements of the existential q;ant::tfiexs provide
logically equivalent, and so equally correct answers. Also,in every case
uniqueness .can be expressed with a biconditiomal, as in prablem 9-6.)

a) (Ex) [Sxa & .(¥)(Sye —> y=x). & Bx]
b, (Ex) [Swe & () (Sye -> y=x) & Cxa)
c) (Ex) [P & (y)(Fyc: & (y) (Fyc => y=x) & a=x]
d) (Ex) (Sxe & (y) (Sye => y=x) &:Lax] .
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e) (Ex)(Sxa & (Y) (Sya -> y=x) & Lax)

f) (Bx)[Bx & (¥)(By —> y=x) & Lox)

9) (Ex){(Ey)(Fry & Fya) & (2)[(Ey) (Fzy & Fya) -> z=x] & Dx)

h) (Ex) (Ey)(Sxe & (2) (Sze > z=x) & Sya & (z)(Sya —> z=y) & X=y]

i) (Ex) (Ey) (Bx & (2) (Bx -> z=x) & Dy & (2) (D2 -> z=y) & Oxy)

j) (BEx)(Ey)(Sxa & (z)[(Sza & z#x) -> Cxz] & Fye & (2) (Fze -> z=Y) & X=Y)
k) (Ex) (Ey) (Eu) (Ev)(Fye & (2)Fze ~> z=y) & Sxy & (2)(Szy -> z=X) & Sva &
(2) (Sza => z=v) & Fuv & (2) (Fzv => z=u) & CGa])

9-13. When an expression has two definite descriptions we have four options
for negation. We can let neither, or just the first, or just the second, or
both definite description have primary scope. Thus the negation of i) could
be:

-(Ex) (Ey) [Bx & (2)(Bx —> z=x) & Dy & (2) (Dz => z=y) & Cxy)

(Ex) ([Bx & (2) (Bx => z=x) & -(Ey)[Dy & (2) (D2 -> z=y) & Cxy))

R

(Ey)(Dy & (2) (Dz -> z=y) & —(Ex)[Bx & (2) (Bz ~> z=%x) & Oxy])
(Ex) (By) [Bx & (2) (Bx —> z=x) & Dy & (2) (D2 —> z=y) & -Cxy)

More than two definite descriptions can be treated analogously. In

the only interesting options are when all definite descriptions or, of
the definite descriptions have primary soope, and so these are the énly ones
I provide here in the answers,

Answers in which all the definite descriptions have primary scope:

a) (Ex) [Sxe & (y)(Sye -> y=x) & -Bx]

b) (Bx)[Sxe & (Y) (Sye —> y=x) & -Cxa)

c) (Ex)[Fxc & (y) (Fyc & (y) (Fyc => y=x) & apx]

d) (Ex)(Sxe & (y)(Sye -> y=x) & -Lax]

e) (Ex)(Sxa & (Y)(Sya —> y=x) & -Lax]

f) (Bx)[Bx & (y) (By => y=x) & -Lcx)

g) (Bx){(Ey) (Fxy & Fya) & (2)[(Ey) (Fzy &Fya) -> z=x] & -Dx)

h) (Ex) (Ey) [Sxe & (2)(Sze -> z=x) & Sya & (2)(Sya —> z=Y) & xdy)

1) (Ex) (Ey)(Bx & (2) (Bx => z=x) & Dy & (2)(Dz -> z=y) & —Cxy])

J) (Ex) (Ey) (Sxa & (z)[(Sza & 2#x) —> Oxz) & Fye & (2) (Fze —> z=Y)& X%#y)
k) (Ex) (Ey) (Bu) (Ev) [Fye & (2)Fze -> z=y) & Sxy & (2) (Szy -> z=x)& Sva &
(2)(Sza => z=v) & Fuv & (2) (Fzv -> z=u) & -Om)

Answers in which all the definite descriptions have secandary scope are
obtained by simply negating all of the answers in exercise 9-12.
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ANSWERS TO EXERCISES IN VOLIME II, CHAPTER 10

10~1. a)Used as part of the metalanguage. b) Mentioned as part of the abject
language. <) Used as part of the metalanguage. d) Mentioned as part of the
netalanquage.

10-2. a) Semantic fact b) Syntactic fact c) Syntactic fact d)Semantic
fact e) Syntactic fact f) Semantic fact g) Semantic fact h)Syntactic
fact

10-3. Given the assumption that Zj= X and Z}= Y we have to show that Z|= X&Y,
that is that if we have an interpretation, I, in which all the sentences in 2
are true, I is also an interpretation in which X&Y is true. So let us
suppose that we have an interpretation, I, in which all the senterces in 2
are true. Since we are given that Z|= X, we know that X is true in I.
Likewise, since we are given that 2}= Y we know that Y is true in I

since X and Y are both true in I, so is X&Y, by the truth table definition of
&, ’

10~4. &E: If Z|- X&Y then Z|- X and 2}~ Y. To show that this is sound
we must show that if Zj= X&Y, then Z2|= X and Z|= Y. Suppose that Zj= X&Y
and suppose that we have an interpretation, I in which all the sentences in 2
are true. Then X&Y is true in I. But then X and Y are themselves each true
in I, by the truth table definition of ’&’.

For the remaining rules I will streamline exposition. The rule is
always stated using single turnstiles. To show soundness we must demonstrate
the correspording statement with double turnstiles. In each casel will do
this by assuming that we are given an interpretation, I, in which all the
sentences in 2 are true and then show that the sentence ar sentences
following the relevant double turnstile are also true I.

vI: If Z}- X, then Z|- Xv¥, and if Z|- Y, then 2
Since all sentences in 2 are true in I and Zj= X is assumed, X is true
in I. It follows that XvY is true in I by the iti
‘v, If 2f= Y is assumed, XvY is likewise true in I.

- VvE: If 2} XY and 2}~ -X, then 2} Y. If Z}- XvY¥ and
2 X.

Since all sentences in 2 are true in I and Z}= Xv¥Y and
assumed, both XvY and -X are true in I. Then Y is true in I, by the truth
table definition of ‘v/. Soundness of the second half of the rule is the
same.

<=>I: If 2}~ X->Y and Z|- Y->X, then Z|- X<->Y. .

We are given that all sentences in 2 are true in I and both 2= X->Y
and Zf= Y->X. Suppose that X is true in I, Then, since X->Y is true in I,
Y is also true in I. On the other hamd, suppose that Y is true in I. Then,
since Y->X is true in I, X is also true in I. Then the truth table
definition of ’<->’ tells us that X<->Y is true in I.

<=>E: If Z}- X<->Y¥, then both Z|- X->Y and Z}- Y->X.
Since all sentences in 2 are true in I and 2= X<->Y is assumed, X<->Y
is true in I. Then inspection of the truth table definition of ’<->/
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immediately tells us that X~->Y and Y->X are both true in I.

->E: If Z}- X->Y and Z}- X, then Z|- Y.

Since all sentences in Z are true in I and 2f= X->Y and 2}= X, X~->Y
and Y are both true in I. Then the truth table definition of /—=>’ tells us
that Y is true in I also.

-E: If 2|~ —X, then Z}- X.
Since all sentences in Z are true in I and Zp= —X, —X is true in I.
The truth table definition of /-’ then tells us that X is true in I.

Treatment of ->I and -I require a samewhat different strategy,since
these rules call for appeal to sub-derivations. This matter is discussed
more fully in Volume II, Sectian 13-2. But briefly:

->I: If Z,X|- Y, then Z}- X->Y.

We have to show that if Z,X|= Y, then Z}= X->Y. Iet I, with all
ser_Itemasn}ztmeinI,begiven. We have to consider two cases. Case 1:
X is false in I. Then X->Y is true in I, since a conditional with a false
antecedent is always true. Case 2: X is true in I. Since we are
thata.allsentexnesinZazetmeinI,wehaveﬂlatallsentexwinz,}(are
truemI Since we are assuming that Z,Xj= Y, we then have that Y is true
in I. Since X and Y are both true in I, X->Y is true in I.

-I: If 2,X|- Y&-Y, then Z}- X.

Let’s suppose that all sentences in 2 are
Z,Xp= Y&-Y. But Y&Y can’t be true in I, as it
smter'mearemxeinI,XweremxeinIa:ﬂz,x#Y&-.sinoeweare
assmmpx;thatZ,X#Y&—YarﬂallsentminZazetmeinI,Xm.lstmtbe
true in I, and so is false in I. That is, -X is true in I.

10-5. a) Not sound. Iet 2 be the set {-A,B). Then we have-A,B ~
and -A,Bf= B but NOT -A,Bf= A. ) ehBf= A->B

b) Sound. Suppose that both Z| X<->Y and 2} -X. Now suppose that
allsenterwir.mZaretmeinI. "n_mx<->Yarﬂ':XaretrueinI, and the
tzlegthytable definition of ’<->’ tells us that -Y is true in I also. So
. c) Sound. Suppose we have Z|- [(u)P(u) v (u)Q(u)] and an
mte:pret;atlm, I, in which all the sentences in 2 are true. Then(u)P(u) v
(v)Q(u) is true in I, so that one of the disjuncts is true in I. Iet us
suppose that it is (u)P(u) which is true in I. Then all the substitution
instances, P(s), of (u)P(u) are true in I. But then so are all substitution
Quﬁ(utam)] e t”.rl.r;;s.?lnvIQ(s')n";eOf (u) [P(u) v Q)] mlei in I, so that(u)[P(u) v

. is the £ the isj

o« iy argument same other disjunct, (u)Q(u),

@) Not sound. Let 2 be the set Pa,-Pb}. Then -
P T { ) Pa,-Pbf= (Ex)Px but

e) Not sound. Let 2 be the set {Pa,-Pb,-Qa,0b}. Then
Pa,-Pb,Qa,(bl= [(Ex)Px & (Ex)Qx) but NOT Pa,-Pb,~Qa,0b|= (Ex) (Px& Qx].

10-6. 'metnxthtablemethodfordeterudmxgthevalidityofsenten:el ic
axgmnertswrksl?ywrit;}rgdamgtnmhtablefordlﬂnsermmi.ged
a:ﬂﬂmsmplymspectlrgtl’xelmofﬁxetnxthtabletoseemtherinall
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lines in which the premises are all true the conclusion is also true. Given
a finite mmber of sentences which use a finite mumber of sentence letters,

such a truth table can always be constructed. Sincethereareaﬂyfmitely
many lines to inspect, the procedure will give a definite answer after soame
finite mmber of steps.

10-7. We need no subscripts on the double turnstile. The double turnstile
means that any interpretation which makes all sentences to the left of the
dauble turnstile true also makes the sentence to the right true. But there
is only one definition of truth in an interpretation. OConsequently there is
anly one wvay to understand the double turnstile.

10-8. Assume that Y|~ Z and Y*sX. Y|~ Z means that there is a proof of Z
using premises in Y. But Y*sX just means that any sentence in Y is a
sentence in X. Henceaproofonusuu;premsesinYlsalsoaproofofz
usl_in;pranisesinx So there is a proof of Z using sentences in X, that is
X 2.

10-9. Assume that Yj= Z and Y*sX. Assume that I is an interpretation in
which all the sentences of X are true. We have to show that Z is true in I.
Y*sX just means that any sentence in Y is a sentence in X, so all the
sentences in Y are true in I. Since we are assuming Y|= 2, it follows that
Z is true in I.

10-10. |~ X means that there is a proof of X using no premises. |= X
means that X is true in all interpretations.

10-11. We need to show that (EI)Mod(I,X) iff MOT X}= A&~A. I will do this by
showing that -(EI)Mod(I,X) iff x|= Ak-A. The key 1s that no I makes A&~A
true. How then could every I which makes all the sentences in X true make
AS-A true? Only by there being no I which makes all the sentences in X true,
that is, -(EI)Mod(I,X). Conversely, if -(EI)Mod(I,X), then since there

are no I’s which make all the sentences in X true, it is vacuously true that
any such I makes As%-A true. (The last step can be confusing. The point is
that if every substitution instance of ‘Px’ is false, then ’(x) (Px-> Qx)’ is
automatically true, since all substitution instances of ’/(x) (Px—>Qx)’ are
corditionals true because of having a false antecedent.)

10-12. The demonstration of the equivalence of D6 and D6’ suffices to show
that D7 and D7/ are likewise equivalent if we note that the rule-E tells us
that -(EI)Mod(I,X) and (I)-Mod(I,X) are equivalent.

10-13. As defined in D6, D6’, D7 and D7’ consistency and inconsistency all
concern which sentences are true or fail to be true in same or all
interpretations. Truth in interpretations is a semantic fact. So these
definitions all characterize semantic notions of consistency and
inconsistency.

To say that a set of sentences, X, is semantically inconsistent is to
say that there is no I in which all the sentences in X are true. A parallel
notion of syntactic consistency and inconsistency will concern what is ar is
not provable. We can prove that X is semantically inconsistent by providing
a derivation using premises taken from X and deriving a contradiction. So
the sensible syntactic counterpart of semantic inconsistency is provability
of a contradictian:
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