Solutions 6

(1) (a) 6+4i
(b) 5+ 14i
(c) 28 + 96¢
(@ B+ 2
(e) 3 —3i.
(f) S5 + 35%i
(2) (a) £ 5(1—1).
(b) £(v2+ V30).
(¢) £(6 —T79).
(3) (a) L(~1: v30).
(b) 13+ V7).

(c) The roots are 1+ 2i and 1 + .
(4) Let a+bi be a Gaussian integer. Squaring it, we get (a? — b?) + 2abi.
Observe now that (a? — b?)% + (2ab)? = (a? + b*)2. Thus

(a® — b?,2ab, a® + %)

is a Pythagorean triple.
(5) By De Moivre’s theorem

(cosz 4 isinx)® = cos 5x + i sin 5.
Expand the LHS using the binomial theorem to get
(cosz)® + 5(cos x)*(isinz) + 10(cos ) (i sin z)? + 10(cos z)?(i sin z)?
+5(cos ) (isinz)? + (isinz)5.
Simplifying and equating real and complex parts we get
cos 5z = cos® & — 10 cos® sin? x + 5 cos zsin? z

and
. _ 4 2 3 .5
sindx = 5cos” xrsinx — 10 cos” x sin” x + sin® x.

(6) (a) We have that e’ = cos x+isinx and e~ = cos(—xz)+isin(—z) =

cosz — isinz. Thus e — e~ = 2isinz. It follows that
sinz = (e — e™™)

(b) Using the calculations of (a) above, we have that e 4+ ¢~ =
2 cosx and so we get the result.

We have that cosz = %(ei‘” +e7%). Taking fourth powers of both

sides we get that
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This simplifies to

1
3 (cosdx + 4cos2zx + 3),

as required. ‘
Put z = ¢*. We interpret i* to mean exp(iln(i)). Now

exp(i(g +2rk)) =i
where k is any integer. It follows that

In(i) = i(5 + 2rk).
Thus T

In(z) = — (= + 27k).

2
Hence

i' = exp(— (3 + 27k)).
All of these values are real.



