Civil Engineering 2 Mathematics Autumn 2011

Solutions 2

1.
1 T1+ T3 +trg =1 1 T1+x3=0
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So if t # 1, working bottom to top, we have
z3=1/(t—1), 23 = —2/[t(1 —=t?)], 22 = 0, x1 = —1/(t — 1).

In order for the system to have a solution the two expressions for x3 have to
match 1/(t — 1) = =2/[t(1 —t?)] = t?+t—-2=0=t = —2 and t = 1, but we
exclude t = 1. If ¢ = 1 the system does not have a solution (look at the formula
for x5 or substitute ¢ = 1 into the system and try and solve it).

2. For A: write

1 0 0 0 U117 U112 U113 U4 1 0 0 0
l21 1 0 0 0 U22 U3 U224 o 0 1 1 -1
l31 l32 1 0 0 0 uz3 Us4 o 0 1 -1 1
l41 l42 l43 1 0 0 0 U4g4 0 2 0 -1

First row of L by first to last column of U gives

u1r = 1,uze = 0,u13 = 0,u14 = 0.

Second row of L by first to last column of U gives

lo1 = 0,u22 = 1,u93 = 1,u2g = —1.

Third row of L by first to last column of U gives

l31 =0,l35 =1,14+u33 = —1so usz = —2, —1 +uzg =1 8o ugq = 2.

Fourth row of L by first to last column of U gives
lyg1 = 0,140 = 2,143 = 1,ugq4 = —1. To solve the system: Az = b < LUx = b.

1000 Y1 1
_ _ ... 10 1 0 0 y2| |0

Let Uz = y and solve Ly = b, which is 01 1 0 v | = o) SO
0 2 11 Y4 3

working top to bottom y; = 1,y2 = 0,y3 = 0,y4 = 3. Now solve Uz = y,

1 0 0 0 T 1
Lo o1 1 -1 z2 | |0 .
which is 00 -2 2 2| |0 Working bottom to top we get
00 0 -1 Ty 3
ry=-3,—203—6=0=>23=-3,20=0,27 = 1.
For B: write
1 0 0 U1 U2 U113 1 -1 1
l21 1 0 0 U22 U223 = 1 0 1
l31 l32 1 0 0 Uuss 3 -1 0



We work as before and find uy; = 1,u12 = —1,u13 = 1,

lo1=1,-1+u2 =0,1+ux3 =1,

l31 =3,-3+130=—1,3+u33 =0.

Br =d & LUx = d. Let Ur = y, so LUx = d & Ly = d. Solve

1 00 % 5
Ly=d: |1 1 0 y2 | = | 1 | working top to bottom we have y; =
3 21 Y3 0
5541y = 1,15 — 8 + y3 = 0, hence y = (5,—4,—7). Now solve Uz =
1 -1 1 T 5
y: |0 1 0 zo | = | —4 | working bottom to top we have —3x3 =
0o 0 -3 x3 -7

—7,29 = —4,21 + 4+ 7/3 = 5 hence the result.

The last is way too easy...E is already lower diagonal, so an LU factorization is
just £ = E I, with I the identity matrix. Because it is lower triangular you can
easily solve the system.

3. For the first matrix, call it A. det(A— M) =0 X3 -9\ + 150 -7T=0&
(A —=T7)(A—1)2 = 0. So the eigenvalues are A\ = 7 and A = 1.
A=TAv= = (A-THv=0

751}1 - 21)2 — V3 — 0 V1 = —U3
—12vy 4+ 24v3 =0 = Vo = 203
Ovgy +0v3 =0 UgeR\{O}

So if we choose vz = 1 we get the eigenvector v = (—1,2,1).

A=1:(A—I)z =0 = x1 = 229 + x5, where x5 and x3 can be any real number
(but they cannot be both zero.) Choose zo = 0,23 = 1 and get the eigenvector
w = (1,0,1), Choose z3 = 0,25 = 1 and get the eigenvector u = (2,1,0).

-1 2 1
The matrix C = | 2 1 0 | is invertible (detC = —6 # 0), so it is the
1 0 1
7 0 0
diagonalizing matrix. Check that C™1AC =0 1 0 |=A.
0 0 1
To calculate A3*: A = CAC~!so A= CA3*C L.
e 0 0
To solve the system: et = Ce®'C~1=C| 0 e 0 |C7!
0 0 &

et 4 Bet 2(et _ e7t) et _ Tt

=11 2(et —e™) 2(et +2e™) 2(—ef +€™) |. The general solution is y(t) =
et — Tt 2(_et + e?t) et 4 et

etc where ¢ = (cl, ca, 03) is a vector of generic constants.

For the second matrix, let me call it B. Characteristic polynomial: (1 —X)?(2—
A) = 0= X =1,2 and 1 has algebraic multiplicity two. (B —2I)xz = 0 =



-1 1 0 1 0

0O -1 0 z9 | = | 0 |. Working bottom to top Ox3 = 0,22 =0,21 =0
0 0 0 I3 0
so we choose z3 = 1 and we get v; = (0,0,1). For A = 1: (B — Iz =
010 1 0
0=1]0 0 O o | = | 0| = z3 = 0,20 = 0,021 = 0. So we choose
0 01 3 0

xz1 =1 and we get vy = (1,0,0). So we get only 2 eigenvectors, hence B is not
diagonalizable.

4. The matrix A is

0 0 1
A=|3 7 -9
0 2 -1

Characteristic polynomial is det(A — AI) = —A% — 11\ + 6A% + 6. One root is
easy to see and it is A = 1. Dividing the characteristic polynomial by (A — 1)
gives —A? 4+ 5\ — 6, the roots of which are A = 2 and A\ = 3. The corresponding
eigenvectors are (1,1,1),(1,3,2) and (1,6, 3), so the matrix A is diagonalizable

111
and the diagonalizing matrixis C=|1 3 6
1 2 3
1 00
We know that A = CAC~! where A =| 0 2 0 |. The general solution is
0 0 3

then given by y = e4*D, D = (di,dy,d3) € R3 vector of generic constants.
y=eAtD = (CACTNID — CeAtC-1D. Because D is arbitrary, C~1D is still a
vector of arbitrary constants, which we keep calling D (with abuse of notation),
hence the general solution is

Y1 et 0 0 di dyet + dye?t + dze’t
y= | y2 =C| 0 €* 0 dy | = | diet + 3doe? + 6dze®
Y3 0 0 €% ds dq et + 2d262t + 3d363t
a 1 0
5. A=| 0 a 1 |=al+ N3 with N5 defined in handout. Solution is y(t) =
0 0 a
e'y(0) so we need to calculate e4t. al and N3 commute so et = e®TeNst,
. 1t t%)2
e = ed] and eMNst = 3777 (Nz!t) =T+ Nst+N3t?/2=|0 1 ¢t
00 1
1t 22 ]|1 et
Putting everything together y(t) = e | 0 1 ¢ 0|=1] 0
0 0 1 0 0

If a < 0 then y(t) approaches the origin as t — +oc0, if a = 0 then y(t) remains
in (1,0,0) V¢ > 0.



6. Letting X = (z,y,2), the system can be rewritten as X = AX where

1 0 0
A=|0 0 w|= 10 and J has been defined in your lecture notes.
0 wJ
0 —w 0
The general solution is X (t) = e*C with C' = (c1, ¢, c3) generic vector of R®.
t 0
At = 0 wJ |5
z(t) ¢ o et 0 0 a1
y(t) | = eMC = wty |C =10 coswt sinwt || cy |. Imposing
0 e .
z(t) 0 —sinwt coswt || c3

the initial conditions we have z(0) =1=¢; =1, y(0) =1 = ¢y =1, z(7/w) =
—1=c3=1.



