Civil Engineering 2 Mathematics Autumn 2011

Solutions 3

( ) f(z) =z, odd about z = 0, therefore an = 0= Fr=>2", bysinnz.
= 1" wzsinnz dv = #{[ wcosnz]” 4+ [T cosnwdr} = —2LSNT —
( 73 i f(z) is continuous for —7 < z < 7 so
S n+1
Z sin nz, |z| < 7; .

Though from the expression of Fy we have Fy(mw) = Ff(—m) = 0so Fy = f only
for |x| < 7.

(ii) f(z) = x27evenaboutx:0:b =0= Fy=3ap+ Y, ancosnz.
=17 22 do = L =1 [T 2?cosna dz = (by parts twice) = %.

f(a:) is continuous for —m <z <mand Ff(r) = Ff(—m) = 72, so series is valid

for || <7

n

cos nx for|z| <.

R

(iii) f(z) = sinhz, odd about x =0 = a, =0 = Ff( ) =Y 00 bysinnz.

w = % [T sinhzsinnz de = 1{[coshzsinnz]” —n [" coshzcosnzde} =
—2 [sinh z cos nm]iw—”; J7_sinhzsinnazdr = (14+n?)b, = —2%(—1)" sinh 7 =
by, = (—1)"‘*‘1”(12_;‘”2) sinhw. f(x) is continuous for —7 < x < 7 and Fy(w) =

Fy(—m) =0, so series is valid for |z| < 7 :

o0

2sinh 7

Fy(x) =sinh z = 1 "+1l+ 5 sin nz, for|z| < 7.
n

n=1




2. cosaz is even about z = 0 so b, = 0 and f(z) = Fy(z) = 3ao +
>0 L ancosnz. The expansion is valid for | z [< 7 by continuity and by
looking at the periodic extension of cos(ax).

ap =1 [T cosax do =2snom

n==x[" cosazcosnz dr = 5- [T cos(n+ o)z + cos(n — a)z dx

sin am

2 n+aoa n—ao i n+ao n—ao T n+ao

= (-1 )”2047(5‘“32 zy- So cosaw = sinom Zflozl(—l)"ij&i‘“z;’) cosn,
for |z| < 7. As a — m, all terms of the series — 0 except for a,, :

G = liMa—ym %7322)‘” To evaluate limit above you can use L'Hopital’s

1 |:sin(n+a);v + sin(nfoz)w]7T _ 1 (sin(a7r+n7r) N sin(omrfnﬂ)) __ cosnw (Sinaﬂ'
™

rule, so limg_.m, (@7 —m?) e ~ S

1. Thus, This means that the Fourier Series converges to cos mx as

a — m.

3. The cosine series converges to f(z) for 0 < z < 2 (because (z — 1)2
continuous and also the periodic extension of its even extension is continuous),
so (z—1)? = tag+ > 0. ancosnrz ,0<z < 2.
ag = f02(3: —1)2 dz =2/3,

n = fOQ(:c — 1)%cos 2% dx = (by parts twice) = —3% when n is even and 0
when n is odd.

= (z—1)2 =44+ %> 7 cos(nmz)5, 0 < z < 2 where we used the fact
that even numbers can be written as 2n.

Parseval = fo o) de=3ad+ >0 a2 =2/5=2/9+> " 16/(n*n?)

1 7x*t2 2 gt
= —=—(z—=)=—.
;n‘l 16(5 9) 90

4. f(z) even about x = 0 and continuous. Also its periodic extension is
continuous. = Fy(z) = $ag + Y_po Gn COSNT.

ap=21[" f(x) da;:f{fi)( + L) dx + [ 175)dx}:1,
an:l{f (14 Z)cosnz dz + [ 1—7)cosnxda:}—2f07r(1—%)cosnm
2

s

= (by parts) = — = ((— ) 1), so a, = 0 (n even), 4/(nm)? (n odd).
Therefore Fy = f(x ) =1+ ﬂZ Y oreo (2k+1)2 cos(2k + 1)z for z € [—m,7].
Putting z =0: f(0)=1=1 + = D (2,6“)

> 1 T
:>k§:;(2k+1)2 T8

(=1)™2asinar __ (—=1)™2 lim sinardanrcosar _ (=1)™2mnr(=1)"
= a—m -

n—a«

)



5. Sine series: Fy =Y 7 b, sinnz.

0 n even

_ 2 4 _(_1\n\ —
by, = fo (m—z) sinnx dx = by parts = —5(1—(—1) )_{  odd

Fy(m) = F(0) =0 so

n3

oo

8 sin (2k — 1)z
_ — <z <.
= z(r—x) 77,;_1 2k — 1) ,0<z <7

The expansion is valid on [0, 7] because the odd and periodic (of period 27)
extension of f is everywhere continuous
Cosine series: ag = fo (r —z) do = %
A2
= 2 [ a(r—z) cosnz dv = (by parts) = — 5 (1+(-1)") = { 4/n” n even

0 n odd
Fy(z) = % — > @ cos 2kx

> 2k
= z(r—x) = % ZOS a: ,0<z <.

The expansion is valid on [0, 7] because the even and periodic (of period 2m)
extension of f is everywhere continuous.

(a) put = = 0 in FCS to get | Y72, & = =

(b)putx=7r/2inFCStoget%2———Ek 1 k2 . =Y (_k2

(c)putx:ﬂ'/2inFSStoget’T =3y 1%;5 e Cotl

Applying Parseval’s formula to the FSS we have:
T oo 2 %) oo 76
2 fo 2*(m—2)?de =307 By = (3)" 0 (2ki1)5 = D k—1 (2ki1)6 =~ 960
because 7 /30 = [ 2?(n — x)*da.
71‘6
et 7716 =Y 2711 5+ X (2n£1)6 = 2% (ZZO 1 LG) + 960

6

= Yoty e = (7°/960)/(1 — 55) = 5.

6. Sine series is >~ b, sin(nmz/L) where b, = %fOL(l + Z)sin (212) dz.
Integrating by parts we find: b, = -2 (1 — 2(—1)"). The functlon is contin-
uous and F¢(0) = F¢(L) =0, so

only for z € (0, L).



