Civil Engineering 2 Mathematics Autumn 2011

Solutions 4

1. Let u = X(2)T(t) = X"/X = T"/T = —\? for an oscillatory (peri-
odic) solution in x. Hence X = A; sin Az + Ay cos Az, T = Bj sin A\t + Bs cos At.
b.c’s = X(0) = X(7) = 0 =4, =0 & sin(Ar) = 0 ==\ =n (an integer).
Condition on du/0t = T'(0) = 0 = B; = 0. General solution is therefore

o0 .
uw=23" aysinnz cosnt. Initial condition on u = sinz+2sin7z = Y > | a, sinnx (x).

Could proceed by using half-range Fourier sine series formula or (easier) by
equating coefficients of sinnz in (x). This gives a; = 1, ay = 2 and all other
a,, s zero. Thus the solution is 4 = sin z cost + 2 sin 7x cos 7¢.

2. Let u = X(2)T(t) = X"/X = T'/T = —)? for a solution tht decays
exponentially in time. = X = Ajsin Az + Ascos Az, T = By exp(—A?t). b.c’s
= X'(0)=X'"(L)=0=A4; =0 & sinA\L =0= X =nn/L. Then

_1 S 2 2,72
u= 34 + nzlan cos(nmz /L) exp(—n’m“t/L?).
Initial condition = f( ) = fao + >0 L apcos(nrz/L) (0 <z < L). Half-range
FCS = a, = (2/L) fo ycos(nmx/L)dx, for n =0,1,2,....

(i) f(x) = 2°. Then a, = (2/L) fo z? cos(nmx/L)dx = (by parts twice)
= (2L)2(—1)", and ag = 2L*/3. Therefore solution is

w=tr (2 )i " cos (M) xp (- 1)

(ii) In this case a, = (2/L) fo cos(nmx/L)dx =(2/nm)sin(nr/2) and
ag = 1. So the solution foruisu = 1 + 23> | Mnﬂ/z) 212 exp (—n?n?t/L?).

(iii) a,, = (2/L) fOL(l/Q) cos(2nz/L) cos(nma /L) dx :1/2 if n = 2 and zero otherwise

COos (

(by evaluating the integral or otherwise). Thus we have u = 2 cos (229”) exp (— %t) .

3. Let u = X(2)Y(y). If X”/X = -Y"/Y = A\? we obtain contradic-
tion. Similar for A = 0. Also, note that for both (i) and (ii) v = 0 on
x =0 & x = 2 so we require a solution periodic in z. In other words, let u =
X(z)Y(y) = X"/X = -Y"/Y = —\? for periodicity in z. Then X = A cos Az+
Bsin Az, Y = Ccosh A\y+Dsinh Ay. b.c.’s X(0) = X(2) =0 =>4 =0&sin2\ =
0=X=nn/2.Y(0) =0= C=0. Thustu = Y .-, B, sin(nrz/2)sinh(nmy/2)
for both (i) & (ii).

(i) Condition on y =4 = 1 =3 | B, sin(nmrz/2)sinh(2n7), (0 < z < 2).
Half-range FS = B, sinh(2nn) = f02 sin(nrz/2)dz =--- = (2/nm)(1 — (-1)") =




sin( 2% ) sinh(“5¥) Put

n sinh(2nm)

0 if n is even & 4/(n7) if n odd. Solutionisu =23 .4
n = 2m — 1 to get answer on question sheet.

(ii) This time we have sin(rz/2) = > ° | B, sin(nrz/2)sinh(2n7), (0 <
z < 2). Equating coefficients of sin(nmz/2) we have By sinh(27) = 1, B, = 0 otherwise.

Thus, u = %

4. be’s = X(0) = X"'0) =0= A+C =0and —A+C = 0 and
alsoA=C =0. Then X(L) = X"(L) = 0 = BsinfL + DsinhL = 0 and
—#Bsin L + BDsinh L = 0 = Dsinh 3L = 0 and Bsin L = 0 =D =0

and BL = nw. Thus: X = Bsin(nmz/L). Qu/0t =0att =0=T'(0) =0
b=0= T = acos(cf*) = acos(cn?®r?t/L?). So,

u= Z B, sin(nmz /L) cos(n’n?ct/L?) ().

Att=0: f(z) =) .2, Bysin(nrz/L) (0 <z < L)

L
= B, = (2/L)/0 f(z)sin(nmx/L) dz (+).

So, solution is (%) with B,, given by (+). The frequency is the coeflicient of ¢
and is proportional to n2. In Q1 the frequency o n.

5. (i) a=2,b=1,c=0= b2 —4ac =1 > 0 = hyperbolic; (ii) a = 0,b =
0,c = 1 = b? — 4ac = 0 = parabolic; (iii) a = —1,b = 5,c = 4 = b?> — dac =
41 > 0 = hyperbolic; (iv) a = 6,b = —1,c =5 = b%> —4ac = —119 < 0 =
elliptic.

6. Here a = 2,b = —1,¢c = —1 = b® — 4ac = 9 > 0 = hyperbolic, as
required. Then let £ = z + By, n = = + dy. Then uy = ug + Uy, uy = Pue +
Sy, Ugy = Buge + Suny + (B + O)ugy, Uz = Ugg + Uy + 2ugn, uyy = Puge +
82upy + 2Bug,. Substitute into pde to get (2 — 3 — B%)uge + (2 — 6 — 62Uy, +
(4 —285 — B — S)ug, = 0. Let 3,5 be the roots of 2 —z — 22 = 0 = (z +
2)(x—1) =0= f=-2,6 =1. So new variables are £ =z — 2y, n =z +y
and the transformed pde is 99%u/0¢0n = 0. Integrating both sides twice, once
w.r.t. & and another time w.r.to n (see lecture), we get u = F(n) + G(§),
ie. u=F(x+y)+G(x—2y). Apply be. u =0ony =0= 0= F(z) +
G(z). Thus: uw = F(z +y) — F(z — 2y). Then 0u/dy = F'(z+y) +2F'(z —2y).
Apply condition on y = 0 : 3F'(z) = 2zexp(—2?) = F(x) = %fxe’ﬂdx =
—%6_952 + C. Therefore solution is u = %(e_(“c_Qy)2 - e_(””+y)2).

7. Asin Q6 let £ = x + By, n = = + Jy. After some work the pde becomes
(—6=B+8%uge+(—6—0+82)uyy+(28 — (B+08) —12)ugy +(3—B)ue +(3—08)u, =



—25y. Let 3,0 beroots of —6—x+2? = 0= (z—3)(z+2)=0= =3, = —2.
So § = x+3y, n = v—2y and pde becomes —25u¢,, + Su, = —25y= ugy, — %un =

y = (& —mn). Let 7 = u,. Then 7¢ — 17 = (¢ — n)/5. Integrating factor is
e€/% = o8/ = L [(€—m)e¥/°de = (by parts) = (€ —5)e™/7+ G(n) =
ou/on=n—€6—-5+G(n)et/> = u= L —&n—5n+ G(n)et/® + H(€). In terms
of x and y the general solution is therefore:

u= %(:v —2y)® — (x+3y)(x — 2y) — 5(z — 2y) + Gz — 2y)e"*)/5 + H(x + 3y).

Applying bc on u at y = 0 we have —22/2 = 22/2 — 2% — 5z + G(x)e®/® +
H(z) = H(z) =5z — G(z)e”/® = H'(z) =5 — (G’ + 1G)e”/®. Now at y = 0,
ou/dy = —2x — x + 10 — 2G" (z)e*/5 + %G(az)ex/s + 3H'(z). Using expression
for H' from above we have (Ou/0y),_, = —3z + 25 — 5G’(z)e*/5. Applying bc
we have G'(z) = 1 = G(z) = x + C. Then H(x) = 5z — ze”/® — Ce®/5 and the
solution for u is therefore u = (z — 2y)? — (x + 3y)(z — 2y) — 5(z — 2y) + (z —
2y)e@+30)/5 1 Ce@+30)/5 1 5(x + 3y) — (x4 3y)e@T39)/5 — Ce(#+39)/5 The terms
involving the arbitrary constant cancel, and after some simplification we obtain
u = —21z% + 25y + 8y? — 3zy — Sye*+3V)/5,




