Civil Engineering 2 Mathematics Autumn 2011

Solutions 5

i j k
1. Vx A=|9/0x 0/0y 08/0z | = (22 +22)i— (2% +22)k.
22y  —2zz  2yz
i j k
SoVx(Vx A)=| 9/0x 0/dy 0/0z = (2z + 2)j.
2z 4 2z 0 -2 -2z

Now, V- A = 2 (2%y) + 8%(—2932:) + 2 (2yz) = 2zy + 2y.

Then V(V - A) = ia%(Qxy + 2y) —l—ja%(%vy +2y) + k%(Zasy +2y) =2yi+
(2x +2)j

Also, V2A = 9?A /02> + 9 A/dy? + 9?A/02% = 2yi.

Thus, V(V-A) - V2A = 2yi+ (22+2)j—2yi= 22 +2)j =V x (Vx A),
as required.

2. (i) (A-V)=2yz 8/895 — 2%y 0/0y + 122 9/0z.
Then (A-V)¢ = 2yz (2:5 yz>)— xzya%(2x2yz3)+x228%(2x2y23) = 8xy?zt — 22ty23 + 623y2?;

(ii) Vo = i%(?:ﬁyzg) +j%(2x2y23) + k%(ZzQyzg) = day23i+ 2202235 +
622y2%k.
Then A-(V¢) = (2yz)(4xyz3)—(2%y) (22223)+(222) (622y2?) = S8xy?2t — 2zyz3 + 623y2?t.

(iil) (B - V) =z 61(2yz1—x yj+az k)—l—yza%(Zyzi—nyj—l—szk) -

—2(2y21 —2%yj+ xzzk)
== (22?2 — 22y?) i — (2Pyz + 223y) j + (2222 — 222y2) k;

i _] k
(iv) Ax (Vo) =| 2yz —az?%y axz2°
dryz® 22223 6x2yz?

= (—6aty?2? — 20325) 1 — (12229223 — 42%y2%) j + (da?yz? + 42%y%23) k;

i j K
(V) AxV =| 2yz -2y x2* |=1i(- :cy&fa:faay)f_]@yz—f
0/0x 9/dy 9/0z
Tz am) +k(2yzay +x yay)
Thus, (A X V)¢ =i(— xzygf xz? gi) (2yz% ai)) + k (2yz +
22y 32)



== (=6aty?2? — 20325)i — (12229223 — 42?y2®) j + (4da?y2* + 4239?23 k.

Note that the answers to (i)&(ii), and (iv)&(v) are the same - this is always
true.

3. ) V-v=Z@)+ Ly +L(E=1+1+1=3

i i K
Vxv=|09/0x 08/0y 9/0z |=0i+0j+0k=0.
x y z

(ii) Note that if r? = 2% + y? + 22 then 9r/0z = z/r,0r/0y = y/r and
or/0z=z/r.

So Vv =g (a/r)+ 5 (y/r) + 5 (z/r)

= (1/r) = (x/r?) (9r/0x) + (1/r) = (y/r?) (Or/dy) + (1/7) = (2/r?) (0r/0z)

= (3/r) — (@ +y* +22)/r° = 2/r.

i j k
0/0x 0/0y 0/0z
x/r y/r  z/r
= §(= (/1) 000y +(y/r2) (01 /02)) =3 (~(=/1) 0r )00 +(a/r2) 0r[02))+

k (—(y/r*)(0r/dz) + (x/r?)(0r/dy))
=i(—yz/r3 +yz/r3) —j(—zx/r3 + 2z2/r3) + k (—2y/r3 + 2y /r3) = 0.

Vxv=

(iii) v=wk x (zi+yj) = = —wyi+wzj.
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Then V- v =2 (-wy) + 2 (wz) =

y
i j K
Vxv=|0/0x 0/0y 0/0z |=0i—0j+ (w+w)k=2wk.
—wy Wz 0
i j k
(iv) v=wkx(r/r)=| 0 0 w|=—(wy/r)i+ (wz/r)j].
z/r y/r 0

Then V-v = %(—wy/r)—i—%(wx/r) = (wy/r?) (Or/0z)— (wz/r?) (Or/0y) =
wry/rd —wzy/r3 = 0.

i ; K
Vxv=/| 0/0x 0/oy 0/0z | = k(w/r — (wz/r?)(0r/d0z) + w/1r —
—wy/r wz/r 0
(wy/r?)(0r/0y))

=k (2w/r —wz?/rd —wy?/r3) = (w/r) k.



4. V- (¢G) = 5-(¢G1) + £ (6G2) + £ (¢G3)

= (0¢/0x) G1 + ¢(90G1/0x) + (9¢/0y) G2 + $(0G2/0y) + (0¢/0z) G3 +
$(0G3/0z)

=¢(V-G)+ (Vo) - G, as required.

Using this result V- ((y/ar®)r) = (y/2r®)V-r+V(y/zr3) -r. Now V-r =3
(fromQ3(i)), and

V(y/or®) =1i(—y/a?r® — (3y/2r')(0r/0x)) +] (1/2r® — (3y/zr?)(r/0y)) +
k ((—3y/zr*)(0r/0z)). Because r = /a2 + 42 + 22,

use Or/0x = x/r, Or/0y = y/r, Or/0z = z/r to get

V(y/zrd) v = —y/ar® + y/zrd — (3y/zr®)(2? + y* + 2%) = =3y /ar.

Thus V - ((y/2zr3)r) = 3y/xr® — 3y/xr3 = 0.

i j k
0/0x  0/0y  0/0z
0¢/0x 09/0y 0d/0z

5. (1) V x (VqS) = = i(¢zy - ¢yz) _j(¢zx -

¢xz) +k (¢ym - ¢my) =0.
i j K
0/0x 00y 0/0z
Ay Ay As

(i) Vx A = = i(Asy — A2:) — j(Asx — A12) +

k(Asg — Ayy).
Then V - (V X A) = %(A;gy — Agz) — %(Agz — Alz) + %(Agx — Aly)
= ASyx - A2zz - Ad:}cy + Alzy + A2zz - Alyz =0.



