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Solutions 5

1. ∇× A =

∣
∣
∣
∣
∣
∣

i j k
∂/∂x ∂/∂y ∂/∂z
x2y −2xz 2yz

∣
∣
∣
∣
∣
∣
= (2x + 2z) i − (x2 + 2z)k.

So ∇× (∇× A) =

∣
∣
∣
∣
∣
∣

i j k
∂/∂x ∂/∂y ∂/∂z

2x + 2z 0 −x2 − 2z

∣
∣
∣
∣
∣
∣
= (2x + 2) j.

Now, ∇ ∙ A = ∂
∂x (x2y) + ∂

∂y (−2xz) + ∂
∂z (2yz) = 2xy + 2y.

Then ∇(∇ ∙ A) = i ∂
∂x (2xy + 2y) + j ∂

∂y (2xy + 2y) + k ∂
∂z (2xy + 2y) = 2y i +

(2x + 2) j.

Also, ∇̃2A = ∂2A/∂x2 + ∂2A/∂y2 + ∂2A/∂z2 = 2y i.

Thus, ∇(∇∙A)−∇̃2A = 2yi+(2x+2) j− 2y i = (2x + 2) j = ∇× (∇× A),
as required.

2. (i) (A ∙ ∇) = 2yz ∂/∂x − x2y ∂/∂y + xz2 ∂/∂z.

Then (A∙∇)φ = 2yz ∂
∂x (2x2yz3)−x2y ∂

∂y (2x2yz3)+xz2 ∂
∂z (2x2yz3) = 8xy2z4 − 2x4yz3 + 6x3yz4;

(ii) ∇φ = i ∂
∂x (2x2yz3) + j ∂

∂y (2x2yz3) + k ∂
∂z (2x2yz3) = 4xyz3 i + 2x2z3j +

6x2yz2k.

Then A∙(∇φ) = (2yz)(4xyz3)−(x2y)(2x2z3)+(xz2)(6x2yz2) = 8xy2z4 − 2x4yz3 + 6x3yz4.

(iii) (B ∙ ∇)A = x2 ∂
∂x (2yz i − x2y j + xz2k) + yz ∂

∂y (2yz i − x2y j + xz2k) −

xy ∂
∂z (2yz i − x2y j + xz2k)
= ∙ ∙ ∙ = (2yz2 − 2xy2) i − (x2yz + 2x3y) j + (x2z2 − 2x2yz)k;

(iv) A × (∇φ) =

∣
∣
∣
∣
∣
∣

i j k
2yz −x2y xz2

4xyz3 2x2z3 6x2yz2

∣
∣
∣
∣
∣
∣

= (−6x4y2z2 − 2x3z5) i − (12x2y2z3 − 4x2yz5) j + (4x2yz4 + 4x3y2z3)k;

(v) A × ∇ =

∣
∣
∣
∣
∣
∣

i j k
2yz −x2y xz2

∂/∂x ∂/∂y ∂/∂z

∣
∣
∣
∣
∣
∣

= i (−x2y ∂
∂z − xz2 ∂

∂y ) − j (2yz ∂
∂z −

xz2 ∂
∂x ) + k (2yz ∂

∂y + x2y ∂
∂x ).

Thus, (A ×∇) φ = i (−x2y ∂φ
∂z − xz2 ∂φ

∂y ) − j (2yz ∂φ
∂z − xz2 ∂φ

∂x ) + k (2yz ∂φ
∂y +

x2y ∂φ
∂x )
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= ∙ ∙ ∙ = (−6x4y2z2 − 2x3z5)i − (12x2y2z3 − 4x2yz5) j + (4x2yz4 + 4x3y2z3)k.

Note that the answers to (i)&(ii), and (iv)&(v) are the same - this is always
true.

3. (i) ∇ ∙ v = ∂
∂x (x) + ∂

∂y (y) + ∂
∂z (z) = 1 + 1 + 1 = 3.

∇× v =

∣
∣
∣
∣
∣
∣

i j k
∂/∂x ∂/∂y ∂/∂z

x y z

∣
∣
∣
∣
∣
∣
= 0 i + 0 j + 0k = 0.

(ii) Note that if r2 = x2 + y2 + z2 then ∂r/∂x = x/r, ∂r/∂y = y/r and
∂r/∂z = z/r.

So ∇ ∙ v = ∂
∂x (x/r) + ∂

∂y (y/r) + ∂
∂z (z/r)

= (1/r) − (x/r2) (∂r/∂x) + (1/r) − (y/r2) (∂r/∂y) + (1/r) − (z/r2) (∂r/∂z)
= (3/r) − (x2 + y2 + z2)/r3 = 2/r.

∇× v =

∣
∣
∣
∣
∣
∣

i j k
∂/∂x ∂/∂y ∂/∂z
x/r y/r z/r

∣
∣
∣
∣
∣
∣

= i (−(z/r2)(∂r/∂y)+(y/r2)(∂r/∂z))−j (−(z/r2)(∂r/∂x)+(x/r2)(∂r/∂z))+
k (−(y/r2)(∂r/∂x) + (x/r2)(∂r/∂y))

= i (−yz/r3 + yz/r3) − j (−zx/r3 + zx/r3) + k (−xy/r3 + xy/r3) = 0.

(iii) v = ω k × (x i + y j) =

∣
∣
∣
∣
∣
∣

i j k
0 0 ω
x y 0

∣
∣
∣
∣
∣
∣
= −ωy i + ωx j.

Then ∇ ∙ v = ∂
∂x (−ωy) + ∂

∂y (ωx) = 0.

∇× v =

∣
∣
∣
∣
∣
∣

i j k
∂/∂x ∂/∂y ∂/∂z
−ωy ωx 0

∣
∣
∣
∣
∣
∣
= 0i − 0 j + (ω + ω)k = 2ω k.

(iv) v = ω k × (r/r) =

∣
∣
∣
∣
∣
∣

i j k
0 0 ω

x/r y/r 0

∣
∣
∣
∣
∣
∣
= −(ωy/r) i + (ωx/r) j.

Then ∇∙v = ∂
∂x (−ωy/r)+ ∂

∂y (ωx/r) = (ωy/r2) (∂r/∂x)−
(
ωx/r2

)
(∂r/∂y) =

ωxy/r3 − ωxy/r3 = 0.

∇ × v =

∣
∣
∣
∣
∣
∣

i j k
∂/∂x ∂/∂y ∂/∂z
−ωy/r ωx/r 0

∣
∣
∣
∣
∣
∣

= k (ω/r − (ωx/r2)(∂r/∂x) + ω/r −

(ωy/r2)(∂r/∂y))

= k (2ω/r − ωx2/r3 − ωy2/r3) = (ω/r) k.
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4. ∇ ∙ (φG) = ∂
∂x (φG1) + ∂

∂y (φG2) + ∂
∂z (φG3)

= (∂φ/∂x) G1 + φ(∂G1/∂x) + (∂φ/∂y) G2 + φ(∂G2/∂y) + (∂φ/∂z) G3 +
φ(∂G3/∂z)

= φ(∇ ∙ G) + (∇φ) ∙ G, as required.

Using this result ∇ ∙ ((y/xr3)r) = (y/xr3)∇ ∙ r+∇(y/xr3) ∙ r. Now ∇ ∙ r = 3
(fromQ3(i)), and

∇(y/xr3) = i (−y/x2r3 − (3y/xr4)(∂r/∂x))+ j (1/xr3 − (3y/xr4)(∂r/∂y))+
k ((−3y/xr4)(∂r/∂z)). Because r =

√
x2 + y2 + z2,

use ∂r/∂x = x/r, ∂r/∂y = y/r, ∂r/∂z = z/r to get

∇(y/xr3) ∙ r = −y/xr3 + y/xr3 − (3y/xr5)(x2 + y2 + z2) = −3y/xr3.

Thus ∇ ∙ ((y/xr3)r) = 3y/xr3 − 3y/xr3 = 0.

5. (i) ∇ × (∇φ) =

∣
∣
∣
∣
∣
∣

i j k
∂/∂x ∂/∂y ∂/∂z
∂φ/∂x ∂φ/∂y ∂φ/∂z

∣
∣
∣
∣
∣
∣

= i (φzy − φyz) − j (φzx −

φxz) + k (φyx − φxy) = 0.

(ii) ∇ × A =

∣
∣
∣
∣
∣
∣

i j k
∂/∂x ∂/∂y ∂/∂z
A1 A2 A3

∣
∣
∣
∣
∣
∣

= i (A3y − A2z) − j (A3x − A1z) +

k (A2x − A1y).

Then ∇ ∙ (∇× A) = ∂
∂x (A3y − A2z) − ∂

∂y (A3x − A1z) + ∂
∂z (A2x − A1y)

= A3yx − A2zx − A3xy + A1zy + A2xz − A1yz = 0.
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